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Preface

The subject of this book is the laws of formation and propagation of electro-
magnetic waves. It is an advanced textbook for college and university stu-
dents, PhD students, and scientists.

Two main objectives were set by the author when writing this book. The
first one consists in relatively complete description of the modern state of
high-frequency electrodynamics. Studying the book should give a reader an
ability to understand the monographs and journal articles of this field as well
as to take an active part in conferences and seminars. In particular, certain
brevity of the derivation is caused by this objective. Almost throughout the
book all intermediate derivations are omitted and replaced by their descrip-
tions. Carrying out of the omitted derivation by a reader is probably the best
way to have an in-depth study of the subject. In the book the qualitative so-
lution to a problem and its analysis are often given right after formulating the
problem and only then derivation of the solution is carried out. A new idea is
understood easier if it is formulated and analyzed at the same time, whereas
the logic of derivation is more easily grasped if the reader knows to what he or
she is led. Besides, having familiarized himself or herself only with problem
formulation and result, the reader may omit derivations.

The second objective challenging the author is to give a reader who has al-
ready studied electrodynamics within a general university course of physics,
the foundation sufficient for enabling him or her to work on some practical
problems of this type. The structure of the book is determined by this objec-
tive.

High-frequency electrodynamics is a common area of physics and mathe-
matics (being, on the author’s opinion, a branch of physics). The physical ap-
proach consists in maximally “nondestructive” simplification permitting us to
replace the real problem by a certain idealized one which preserves all “essen-
tial” peculiarities of the real problem, but can be exactly solved. The notion
“essential” cannot be determined formally. Formulation of the idealized prob-
lem cannot be algorithmized. It should rely on experience, imagination, and
intuition. The mathematical approach consists in quantitative description of
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the idealized model with exactly formulated properties. The question about
the degree of consistency between the model and the real object is not a subject
of mathematics.

Study of the high-frequency electrodynamics can be carried out in two
ways: by following the investigation objects or the solution methods for cor-
responding problems. The first way, usual in physics textbooks, is chosen in
the book.

Methods of diffraction theory are described, as a rule, in connection with
solving certain electrodynamic problems arisen when developing different
practical devices. Exposition of these methods is always very brief; it only
delivers the main idea to a reader and indicates the branch of mathemati-
cal physics, and the notions used in the methods. Detailed derivation of the
diffraction theory basis would only increase the size of the book almost twice.

The book can be used for getting familiarized with a concrete problem with-
out studying the whole discipline. For instance, it is not obligatory to know
the theory of open resonators when developing antireflection coatings. The
background material, necessary for reading, is given in several first sections
of each chapter.

Of course, the author does not pretend to the complete covering of the sub-
ject announced in the book title. Exposition of the whole high-frequency elec-
trodynamics including the numerical methods even in a brief style similar to
that in this book would take three to four volumes like this one. Detailed anal-
ysis of a number of particular problems requires creation of the whole library
such as, for instance, the IEEE series. Selection of problems included into the
book is determined not only by their significance but also by the scientific in-
terests of the author.

As an autonomous science, high-frequency electrodynamics was formed in
the forties of the last century. Appearance of radiolocation as a way of the tar-
get determination in air, on ground, and sea was the main stimulus of works
in this field. In these years novel theories were developed such as antenna
theory, including multivibrator and parabolic (mirror) antennas, the theory
of waveguide elements, theory of radiowave propagation, accounting nonho-
mogeneity and curvature of the ground surface as well as atmosphere nonho-
mogeneity, etc. Of course, classical diffraction problems (on cylinder, sphere,
half-plane) and those connected with signal transmission by means of mega-
hertz waves have been solved earlier, but this direction has not been develop-
ing intensively.

In these years, as well as nowadays, development of science was stimu-
lated by military investments whereas the scientific interests were secondary
consequences of works on the “defence” objectives. This situation is not only
immoral and economically inexpedient but also illogical. However, probably,
it has always existed. Even Archimedes was a military engineer in a mod-



Preface

ern terminology. Calculating the circumference and determining the carrying
power of liquid were secondary, nonessential results of his main activity.

When writing this book, the author used material of two textbooks writ-
ten on the notes of the lectures taught by him as a professor of the Moscow
Institute of Physics and Technology. These books High-frequency Electrodynam-
ics and Backgrounds of Diffraction Theory (with a co-author) were published by
Nauka in Moscow in 1966 and 1982, respectively. The present book, however,
is written on the basis of a lot of newly obtained results (see, e. g., the author’s
overview, “Half-century progress in high-frequency electromagnetics,” Jour-
nal of Communications Technology and Electronics, 49 (2004), 9, 963-972). As a
rule, key points are highlighted in different ways. Wherever possible, new
trends in the development of this branch of science are accounted in the pro-
posed book.

The reference list containing the main English-written literature in high-
frequency electrodynamics was compiled by Professor Manfred Thumm to
whom I address my gratitude for this, as well as for other help in publishing
this book. The complementary list contains several monographs and papers
originally published in Russian and then translated into English. Only few pa-
pers are selected from a very long list of those related to the subject. Unfortu-
nately, many extra-class monographs published in Russian are not translated.
Such books are not included into the list.

Numbers in the brackets after the book title in the complementary list refer
to the book sections which are developed in details there.

The author is deeply grateful to Professor Nikolai N. Voitovich for his care-
ful translation of the manuscript into English and its scientific editing. He has
also written Subsections 5.3.6, 6.2.4, and participated in writing Subsection
5.3.3. The author also thanks Oleg Kusyi for his contribution to the transla-
tion and technical preparation of the book. Special thanks are due to Ulrike
Werner, Melanie Rohn, and Yogesh Kukshal for thorough editing and prepar-
ing the manuscript and for the permanent attention to the project.

B. Z. Katsenelenbaum Israel, January, 2006
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1
The Maxwell Equations

1.1
Complex amplitudes

1.1.1
Harmonic (monochromatic) oscillations

High-frequency electrodynamics deals with the electromagnetic field consist-
ing of two vector fields: electric and magnetic. These fields depend on spatial
coordinates (i.e., on the vector 7(x,y,z)) and time t. Almost throughout the
book only those fields dependent on t by the so-called harmonic law are con-
sidered. Each field component a(7,t) consists of two summands proportional
to cos wt and sin wt, respectively:

a(7,t) = A°(7) coswt + A*(7) sin wt. (1.1)

Fields that have all of their components in the above form are called harmonic
or monochromatic fields.

The parameter w is called the circular frequency. It has the dimensionality
s~! and differs from the frequency f, usually used in radioengineering, by
the multiplier 271: w = 27f, where f = 1/T (T is an oscillation period).
In the further formulas a proportional value k = w/c is used instead of w,
where c is the light velocity in vacuum, ¢ = 3 x 10 m/s. The value k has
the dimensionality cm~! and is called the wave number. However, we call k
itself the frequency, omitting the multiplier 27t/c, by which k differs from f:
k = 2m/c- f. The wavelength A = 27 /k often participates in formulas. The
frequency f is inversely proportional to A: f = c/A.

Monochromatic fields are of interest because the majority of radiating de-
vices create fields with the time dependence close to (1.1). It is explained by
resonant nature of radiating devices used in radioengineering. Harmonic os-
cillations are also of interest because almost every process is described by the
time functions which can be expressed as a sum or integral of functions of the
type (1.1), that is, as superposition of harmonic oscillations.
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1 The Maxwell Equations

1.1.2
Complex amplitudes

There is a mathematical technique which permits us to exclude explicit time
occurrence while describing harmonic oscillations. This technique implies
that a complex function (complex amplitude) introduced as

A(F) = A(F) —iAS(F), i=+/—1, (1.2)

is considered instead of the function a(7,t) (1.1), containing two functions of
the coordinates A°(7¥) and A°(7). Then the function a(7,t) is expressed as

a(7,t) = Re [A (7) eiwf] . (1.3)

This equality can be easily verified using the Euler formula exp(iwt) =
cos wt + i sinwt. The complex function A(7) can be presented in the form

A(7) = |A(7)|exp [—ia (F)], (1.4)
where

A7) = /14 AP + [45 ()],

(7 (7 (1.5)
cosu (¥) = 1:1‘\((7))|' sina (7) = A )

The function a(7, t) can now be expressed as
a(7,t) = |A(7)| cos [wt — a (F)] . (1.6)

The physical meaning of the modulus |A(7)| of the complex amplitude A(7)
is that it equals the maximal value of a(7,t) as a function of time. In fact, the
phase a(7) is not interesting; only the difference of the phases of two harmonic
processes is essential. If one of the processes has the complex amplitude A and
the other has the amplitude B = |B| exp(—ip), then they are synchronous if
« — B = 0; the first process is ahead of the second one in time if « — f > 0 and
lags behind itif &« — g < 0.

All linear operations on the fields can be performed on the complex am-
plitudes A(¥) without considering the physical amplitudes a(7, t), simply by
replacing a(7,t) by A(7,t). This is possible because of the operation of ex-
tracting the real part of a complex number, which connects a(7, t) with A(7, t)
by (1.3), is additive and, therefore, interchangeable with any other additive
operation. For instance,

Re [(A +B) eiwf} — Re [Aeiwf] 4 Re [Bei“”} : 17)
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Hence, the complex amplitude corresponding to the sum of two functions
a(7,t) and b(7, t) equals the sum of the complex amplitudes corresponding to
each of the functions. Similarly, the equality

Re {ag_y) w”} = %Re [A(?)e“‘”} (1.8)
together with (1.1) means that the complex amplitude corresponding to the
function da(7,t)/0x equals the derivative of the complex amplitude of the
function a(7, t) with respect to x.

It is easy to verify that the complex amplitude of the function da(7, t) /0t is
iwA(7), that is, differentiation of the function a(7, t) with respect to t is equiv-
alent to multiplying the complex amplitude with iw, as follows:

%Re {Aei“’t} = Re [iwAei“’t} . (1.9)

Introducing the complex amplitudes instead of the harmonic functions sim-
plifies all the calculations. Any operation over the functions of the type (1.1)
requires equating the terms at cos wt and sin wt, which is more complicated
than performing operations on complex functions. There is another advan-
tage in using the complex amplitudes. In many diffraction problems, ana-
lytical properties of functions of a complex variable are used. Applying this
technique to the functions which are not complex themselves would require
very cumbersome derivations. This difficulty does not arise when operating
with the complex amplitudes.

Introducing the complex amplitudes by (1.3) is usually described by the ex-
pression “Time dependence is taken in the form of exp(iwt).” In nearly 50 per
cent of monographs and papers the time dependence is taken as exp(—iwt).
While reading a paper or a book, you must find out to which half it belongs.
Since the imaginary unit is introduced by choosing the time dependence, the
sign of i would be opposite throughout your book if the time dependence is
taken as exp(—iwt). Note that the usual definition of the imaginary unit as a
square root of —1 is ambiguous; it does not specify which of the two roots i is.

1.1.3
The period-average product of two harmonic functions

Nonlinear operations cannot be performed on the complex amplitudes. The
product of two harmonic functions a(7,t) and b(7,t) equals

a(F,t) - b7 ) = % |A||B| {cos(a — B) + cos(2wt —a — )}, (1.10)
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1 The Maxwell Equations

that is, it depends on t differently than in (1.1). However, the period-average
product, introduced as

T
a0 B = %/a(?,t)-b(?,t) dt, (1.11)
0

equals the first summand in (1.10), which contains moduli and phases of the
complex amplitudes, so that

a-b= %Re [A-B'], (1.12)
where asterisk means the complex conjugation.

Therefore, in almost all calculations related to the monochromatic fields,
we can operate with the complex amplitudes A(7) instead of passing to the
physical values a(7, t).

The complex amplitudes of electric and magnetic fields are denoted by E (7)
and H (7), respectively. These two complex vectors are called electric and mag-
netic fields.

1.2
The Maxwell equations

1.2.1
The conduction current and the extrinsic current

In this section we give the Maxwell equations describing the laws of the field
E(F) and H(7) behavior in space. The equations contain two more fields,
namely, the electric and magnetic inductions. The complex amplitudes of these
fields are called the inductions, denoted as D (7) and B (7), respectively. Fur-
ther, we will consider a connection between the inductions and fields.

Besides, two other vectors, namely, the volume densities of the conduction
current and the extrinsic current take part in the Maxwell equations. Their
complex amplitudes are denoted by j (7) and & (7), respectively.

The conduction current density is proportional to the electric field E,

j=oE. (1.13)

The proportionality coefficient ¢ is called the conductivity; it is a property of
the medium where the field E and current density j are considered. The con-
ductivity has the dimensionality s~!; ¢ = 0 in vacuum and nonconducting
media.



1.2 The Maxwell equations

The extrinsic current density /! (7) has, in general, a different meaning
than j. In applied electrodynamics problems, the extrinsic current appears
as a prescribed value, similar to the outside force in dynamics. It can be speci-
fied explicitly; then &t (7) is the known vector function. The current may also
be given in an implicit form as a wave of specified magnitude and structure,
coming from infinity. In this case there is no term /& in the equation; instead,
the solution must contain the oncoming wave.

Separation of the current into the conduction and extrinsic ones depends
on the problem formulation. Let, for instance, an antenna in the form of a
metallic cylinder be investigated. The current flowing on its surface can be
treated as an extrinsic (given) current, and then the field created by it in the
surrounding space is studied. Otherwise, the field created by a line feeding
the radiating device may be considered as a given field. Then the current flow-
ing on the line and creating the field is found from the requirement that this
field together with the prescribed one satisfies specified conditions. The prob-
lem formulated in this way is closer to the actual one and the result obtained
is more informative. Needless to say that solving the problem in this formula-
tion is more difficult. The current on the cylinder should be considered as an
induced one, that is, the current of conductivity created by the field, but not
as an exterior one. The density j(7) is found from the solution of the problem.
1.2.2
The Maxwell equations

The Maxwell equations are a system of two vector (that is, of six scalar) partial
differential equations of the first order. We write them for the complex ampli-
tudes of the fields, inductions, and current densities. The time derivation is
replaced by a multiplication by iw, and k stands for the w/c multiplier. The
equations become

rot H — ikD = 47”7+ 4T”fexf, (1.14a)

rotE + ikB = 0. (1.14b)

We give some elementary consequences of these equations. Taking the di-
vergence of (1.14b) and keeping in mind the vector identity

divrot A =0, (1.15)
we arrive at the scalar equation

divB = 0. (1.16)
Introducing the so-called charge density by the formula

1 .. =
0= Ede (1.17)

5
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and replacing (only in this formula) multiplication by iw with the time differ-
entiation d/0df, we obtain from (1.14a)

P~ —aiv(+ ). (1.18)

This is one of the main equations of alternating current theory, the so-called
continuity equation. There is usually no need for introducing the charge den-
sity (1.17) and using equation (1.18) when studying the harmonic fields, that
is, in high-frequency electrodynamics. Similar to (1.17), equation (1.16) can
be treated as an assertion that the absence of magnetic charges follows from
(1.14).

In the domain where neither material objects nor extrinsic currents exist,
that is, where fE 0 and ]_"e"t = 0, there are also no charges, that is, D =E, and,
similar to (1.16),

divE = 0. (1.19)

Sometimes the set of the Maxwell equations consists not only of equation
(1.14) but also of equations (1.16) (1.19), and (1.17). In these cases (1.17) is
treated not as a definition of p, but as an equation for D. In the text below, the
system of the Maxwell equations is understood as system (1.14) or any of its
other notations.

123
Dielectric permittivity and magnetic permeability of a medium

The inductions are linearly related to the fields. Coefficients of these relations
constitute a medium in which the fields E, H and inductions D, B are consid-
ered.

In most media, D depends only on E, as well as B on H, so that

L O

=¢E, (1.20a)
B = uH. (1.20b)

The difference in notation of € and y will be explained below. The coefficient
¢ is called the dielectric permittivity (further, permittivity) and u the magnetic
permeability (further, permeability) of the medium. We accept that € and y are
dimensionless; € = 1, y = 1 in vacuum.

In anisotropic media the vector D is not parallel to E, and, generally speak-
ing, B and H are not parallel, either. In such media, € (sometimes also ) is a
tensor, not a scalar, and it is described by all its components €7, where T and
o take the values x, y, z. The expression ZE is the product of a tensor and a
vector; it is a vector with the components

Dy=) &%E,, D,=) &E, D,=) E, (1.21)
g g

o



1.2 The Maxwell equations

where the summation is made over the three values ¢ = {x,y,z}. The above
equalities are basic for crystal optics and interdisciplinary sciences. Further,
almost everywhere in the text € and y are scalar.

In nonhomogeneous media, € and u are functions of the coordinates. In
general, they are complex, that is, for instance, D and E are not in-phase. In
linear electrodynamics, which is only considered in the book, € and y do not
depend on E and H. Such dependence takes place only for large fields.

124
The polarization current

In order to explain the difference between the induction D and field E, we
rewrite (1.14) in the form

iw

yraChe 1)E|. (1.22)

= 47 “oxt |, 7 iw =
rotH = |/ +]+EE+
The magnetic field is created by the currents j* and j, the displacement current
iw/ 47[E, and the current with density iw/ 47[([3 —E ). The assertion that the
magnetic field is created by the time-varying electrical field in vacuum, that is,
by the displacement current, is the basis of the whole Maxwell theory. The last
term in (1.22) is called the polarization current. It exists only in material objects.

We explain the process of appearance of the polarization current on a model
of a simplest medium. Imagine a medium containing a plenty of small metal-
lic particles. The distance between any two particles is large in comparison
with their sizes and small with the distance, where the field E varies signifi-
cantly, for instance, in comparison with the length of the wave propagating in
the medium.

A particle is being polarized under the influence of the electric field E, that
is, positive and negative charges are gathering on opposite sides of the par-
ticle. If the field E varies with time, then the charges displace; for instance,
if E changes its sign, then the charges interchange. The displacement of the
charges is the polarization current. It is proportional to the time derivative of
the field, that is, to the vector iwE, and, together with three other summands
in (1.22), creates the magnetic field, and, therefore, appears in (1.14).

We give two formulas connecting € with medium parameters. Each particle
is characterized by a parameter p (polarization coefficient) which is determined
from the condition that the field E causes the polarization current iwpE. In
the general case, p is a tensor and the current is not parallel to E; however,
we assume it to be a scalar in our simplest model. Tensorial nature of p is
not essential here because the value D is the induction averaged over many
particles, and, therefore, the particle orientation disappears. The value of p is
obtained from the solution of the electrostatic problem. It has the order of the
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particle volume (if the particle is not very prolate or flattened). For instance,
in the case of a sphere, p is equal to the cube of its radius. A number N of the
particles per unit volume of the medium is large; however, the total volume
of all the particles in the unit volume (particle concentration) is assumed to be
small. Under this condition, € depends only on the dimensionless quantity
Np. All the above considerations as well as the below formulas (1.23) and
(1.24) for € are valid only at not very high frequencies, more precisely, when
the field varies slightly at the distance of the particle size.

The simplest formula for € is obtained if Np is so small that the mutual in-
fluence of the particles can be neglected. Then the polarization current density
is equal to the sum of all the polarization currents caused only by the field E
influence on the particles of unit volume. In this case

e=14wa, a=471Np. (1.23)

The above formula is known as the formula of molecular optics.

We derive a more precise formula by taking into consideration that each
particle is influenced not only by the applied field E but also by the fields of
other polarized particles. Then

~  142a/3

=143 (1.24)
(the Lorentz—Lorence formula). Formula (1.23) coincides with the first two terms
on the right-hand side of expansion (1.24) in the series in parameter «. For-
mula (1.24) is also valid only at « < 1; however, this restriction is not so
strong as for (1.23).

The mutual influence of the particles should be taken into account more
properly when considering a larger particle concentration. In this case € de-
pends not only on the polarization factor but also on other electrodynamic
parameters of the particle. The theory, resulting in formulas (1.23), (1.24) and
other more complicated and accurate formulas, was developed for natural
materials, in which molecules or atoms play the role of particles in our model.
Needless to say that the polarization process in such materials is more compli-
cated than in metallic particles; it cannot be treated as charge separation only.
However, the process is also characterized by the quantity (tensor) p, and it
causes the appearance of the polarization current iwpE. In crystals the parti-
cles are not chaotically positioned and, in principle, the polarization current is
not parallel to the field; € is a tensor.

The theory based on the model described is also applicable to artificial me-
dia, so-called composites. These media contain small particles of macroscopic
sizes, incorporated into a material with € ~ 1, p ~ 1. If the particle sizes
are small, then the composite object behaves like the same object from a nat-
ural material having the effective € and y. The above formulas (as well as the
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similar ones for y) express the effective parameters of the composite in terms
of the particle characteristics. The interest to the composites is caused by the
possibility of creating the media with desired electrodynamic parameters by
choosing the material, shape, size, and number of particles.

Another model for which the explicit expression for € can be found is a set of
free electrons (plasma). Being influenced by an electric field, they are fast os-
cillating with the field frequency. The amplitude of the oscillations is inversely
proportional to the inertia of electrons, that is, to their mass m, and also to the
force acting on them, that is, to their charge e. The amplitude decreases when
the frequency increases. The field of the unit volume is proportional to the
amplitude multiplied by the charge and the number N of electrons per unit
volume. The permittivity of such medium is

2
_ e
= 1 - 4 —— . 1.2
g(w) nmsz (1.25)

If the collisions and effects like “friction” are taken into account, then ¢ also
acquires the imaginary part. According to (1.25), € = 0 at w = wy, where

w3 = 4m—N. (1.26)

If w < wg, then € < 0. In the medium of free electrons, the electric field
and induction are oppositely directed at low frequencies. If w > wy, then
0 <&€<1 Atw — oo, € — 1, the sign of the field acting on the electrons
changes fast and they have no time to displace; the polarization current is
small at the high frequencies. This remark does not relate to this model only.
The permittivity tends to unity as w — oo in any media.

The permeability u behaves in a similar way; 4 — 1 as w — oco. The fre-
quency value at which |¢ — 1| and |y — 1| become small depends on the phys-
ical mechanism of appearance of the polarization. For plasma, such frequen-
cies are noticeably larger than wy.

The mechanism causing the distinction between the induction B and field
H can be explained similarly to that causing the distinction between D and E,
which has been described for our simple model. Rewrite equation (1.14b) in
the form

rotE = —ikH — ik(B — H). (1.27)

The electric field E is created not only by the time-varying magnetic field in
vacuum (the first term in (1.27)) but also by the time-varying field (B—H),
which exists only in the material medium. A set of permanent magnets can
serve as a model of the medium for describing the appearance of the addi-
tional magnetic field. If there is no external magnetic field, then the magnet

9
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axes are oriented chaotically and magnetic fields created by the magnets mu-
tually cancel. Under the influence of the external magnetic field, the axes be-
come mostly oriented along it and the magnetic fields created by the magnets
are not fully compensated. An additional magnetic field is created. When
the applied magnetic field changes, then the extra magnetic field also changes
and, therefore, it creates the electric field. This effect is described by the sec-
ond term in (1.27). The additional field B — H is proportional to H, so that if
B — H # 0, then the factor y in (1.20b) differs from unity. It is clear that the
mogel dfzscribes only one (probably, the most demonstrative) process leading
to B # H.

1.2.5
The frequency dispersion and the spatial dispersion (chirality)

Formula (1.20a) states that at a given point and time moment, the electric in-
duction is determined only by the value of the electric field at the same point
and time moment. This statement needs two specifications.

The first specification implies that the induction depends also on the time
derivative of the field. For the fields varying by the harmonic law, the speci-
fication does not require more complicated formula (1.20a), but leads to € be-
coming the function of frequency, € = &(w). This effect is called the frequency
dispersion.

The second specification is connected with the phenomenon of spatial dis-
persion. The induction D depends not only on the field E(7) but also on its
spatial derivatives. At the arbitrary dependence E(7), formula (1.20a) is not
valid in media where the above effect is essential. It remains valid only if the
field varies in space just like in the plane wave. However, in this case € should
be treated as a function of the normal direction to the wave front; in the same
manner as for the frequency dispersion it is a function of the frequency. If we
do not restrict ourselves to the fields of plane waves (as we did to the har-
monic fields above), then it is not possible to take into account the existence of
the spatial dispersion by assuming ¢ to be dependent on the normal.

It can be shown that the first derivatives of E (7) appear in D(7) only as a
combination of rot E if the fields depend on 7 arbitrarily. Since at the points
where no extrinsic currents exist, the fields E () and H (7) satisfy equations
(1.14) with right-hand side zero. The relation between induction and fields
can be written in the symmetric form, without derivatives, as follows:

D =¢E —ixH, B=uH+ixE. (1.28)

It is a generalization of formula (1.20), valid only for the media where the
spatial dispersion may be neglected. The “cross” terms —isxH and ixE are
introduced into (1.28) in a special form: with the same factor s« (chirality factor),



1.2 The Maxwell equations

opposite signs in front of them, and separated multiplier i. The expediency of
this form of equations connecting inductions with fields will be shown later.

The appearance of the cross terms in the constitutive equations (1.27) for
chiral media can be explained by physical reasons without referring to a for-
mally nonlocal dependence between D and E (and B and H, respectively).
Return to the model of dielectric as a set of metallic particles. The presence
of the term proportional to E in the expression for B means that the current
induced by the field E creates not only the electric field (described by the dif-
ference € — 1) but also the magnetic field described by the term —isE in the
expression for B.

This magnetic field is created only by the particles not having the plane of
symmetry. For instance, if the particles are ball- or ellipsoid-shaped, then the
field E creates a very low magnetic field proportional to (ka)2, where a is the
particle size. The induction-to-field connection in such “nonchiral” dielectric,
natural or artificial (that is, composite), is given by (1.20). The simplest exam-
ple of the element possessing the pronounced chiral property is a planar open
ring with free ends connected to the two oppositely directed linear wires lying
in the plane perpendicular to the ring plane. The electric field parallel to the
wires excites the current in them, flowing also along the ring. The current in
the wires creates the electric field (resulting in € # 1), and the current in the
ring creates the magnetic field, and, therefore, 5 # 0. In a similar way, one
can explain the appearance of the term —isH in the expression for D when
the particles have no plane symmetry.

In the chiral media, the electrodynamic processes are going on in a different
way than in the nonchiral ones. The most known chirality phenomenon is the
rotation of the polarization plane. It will be considered in Chapter 2.

1.2.6
Complex permittivity

Equation (1.14) is simplified after substituting the conduction current density
and induction with use of (1.13) and (1.20), respectively. Then (1.14) becomes
rot H — ikeE = 4—7-[]_@“,
c (1.29)

rot E + ikuH = 0.

In such a form the Maxwell equations are applicable only to the nonchiral
media.
The factor ¢ in (1.29) equals

e—7_ i (1.30)
w

1
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We call it the complex permittivity, sometimes, however, omitting the word
“complex.” The Maxwell equations are understood as system (1.29). Rewrite
it in the extended form in the Cartesian coordinates x, y, z:

a;;/lz SOl gep, = M aaiz - 4 ikH =0,
a;i" — % —ikeE, = 47” i aa% — %—% +ikuH, =0, (1.31)
aa—? — a;;" —ikeE, = 47” i aa% - aa_ny +ikpuH: =0,
and in the cylindrical coordinates 7, ¢, ¢:
%aaljoz _ a% — ikeE, = 4%]'5“, %aaE(; - af—z‘” +ikuH, =0,
a;ZI’ — % —ikeE, = 47” P % — % +ikuHy =0, (1.32)
%a(gl;lqo) B %aalj _ikeE, — 4Tnjgxtl %a(r;go) B %% 4 ik, = 0.

1.2.7
The radiation condition

System (1.29) should be complemented by the condition that the fields are cre-
ated only by the current /%, that is, there are no waves incoming from infinity.
This condition can be written in the form of an asymptotic equality, which im-
plies that the field has the structure of an outgoing wave in any domain out-
side the sphere containing all the objects and currents. This condition is called
the radiation (or Sommerfeld) condition. In the spherical coordinates R, ¢, ¢ it
is written for the meridional Ey, Hy and azimuthal E,, H, components of the
vectors E and H, and has the form

(1.33)

Fo= o= g el [0 ()]

This dependence of the complex amplitudes on R means that the physical
fields are proportional to the functions

cos(wt —kR)  sin(wt —kR)
kR ’ kR

(1.34)

in the higher order with respect to the parameter 1/kR. The spheres R =
ct + const are (asymptotically) equiphase ones. The surfaces expand with
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the velocity ¢ as t increases, that is, (1.33) represents a divergent spherical
wave. The complex amplitudes of the convergent wave incoming from the
infinity would be proportional to exp(ikR)/kR. Condition (1.33) means that
such waves are not present in the field. The more simpler requirement that
the field decreases not slower than 1/kR as kR — oo would not be enough to
exclude the incoming waves. For doing this it is also necessary to specify how
the wave phase depends on R.

The functions F; (¢, ¢) and F,(9, ¢) are not given in conditions (1.33). They
can be found only after solving the problem, that is, after finding the fields
E (7) and H (7) at the given &,

There is another way to exclude the waves incoming from infinity. It can
be required that the field tends to zero as R — oo, if the real k is replaced
by k = k' +ik”, k" < 0. Obviously, at such k the field decreases only for
waves which depend on R as exp(—ikR)/kR, that is, for the outgoing waves
and infinitely increases for the incoming waves as R — co. One can prove
that at k” — 0 the solution of the problem with the above requirement passes
to the solution of the problem with k" = 0 satisfying the radiation condition
(1.33). The last statement is called the limiting absorption principle. This way of
excluding the incoming waves is also applicable to the problems with object
expanding to infinity, for which the radiation condition should be modified to
exclude not only the incoming spherical waves but also the plane waves.

There are no waves with amplitudes of all components decreasing atkR — oo
faster than in (1.33), for instance, as 1/(kR)?. It follows from (1.29) that the
fields with all components decreasing at infinity faster than 1/kR are identical
zeros. Further, we will specify this assertion because under certain idealized
conditions the fields are possible which exist only in the finite domain (closed
resonators).

From (1.33), (1.16), (1.19) it follows that the asymptotic dependence of the
radial field components on R also has a universal form. In spherical coordi-
nates the equation div E = 0 is written as

1 0

1 0E,
RZOR B

I
59 M OE0) + R T

1
2
(R°ER) + Roing 30

0. (1.35)

Substituting the asymptotic expressions (1.33) for Ey and E,, we obtain that
d(R2ER)/0R is asymptotically proportional to exp(—ikR); hence,

Er = ®(0, ¢) exp(—ikR) / (kR)? [1 +0 (i)} : (1.36)

kR
A similar dependence of Hg on R follows from the equality div H = 0, except
that the angular dependence is given by the different function than for Eg.
These angular functions are expressed by the angular functions from (1.33)
and they can be found only after the problem is solved.
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1.2.8
The wave equations

Equations (1.29) contain two vector functions, that is, six coordinate functions.
Sometimes it is expedient to eliminate one of the fields from (1.29) and pass to
the second-order equations in only either E or H. The equations of such type
are called the wave (Helmholtz) equations.

Let no extrinsic currents exist in a domain and the medium be homogeneous
and nonchiral, that is, ¢ = const, y = const, > = 0. Acting on both equations
(1.29) by the operation “rot” and replacing the obtained terms rot E and rot H
by the corresponding expressions from the second equation, we obtain the
two independent equations

rotrot H — k?euH = 0,

~ q (1.37)
rotrot E — k%euE = 0,

each containing only one field.
Transform the first terms in these equations. For any vector A, we introduce
a vector AA defined as

AA = grad div A —rotrot A. (1.38)

One can verify that its Cartesian components equal AAy, AA,, AA;, that is,
they are the result of the Laplace operator
02 2

:W+a_3/2+@ (1.39)

acting on the Cartesian components of the vector A. This fact is not valid
for the non-Cartesian components; for instance, (A AA)R # AAg. In do-
mains where ¢ and p are constant, (1 16) and (1.19) follow from (1.29), that
is, rotrot E = —AE, rotrot H = —AH, and equations (1.37) become

AE 4 K*euE = 0,
L (1.40)
AH + K*euH = 0.

The first equation is separated into three independent scalar equations in the
Cartesian components Ey, Ey, E, as follows:

AE; 4 K*euEy =0,
AEy + k*epE, =0, (1.41)
AE; + k*euE; = 0.

The second equation (1.40) can be separated in a similar way.
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Equations (1.41) follow from system (1.29), that is, any solution to (1.29)
with right-hand side zero satisfies (1.41) and similar equations in Hy, Hy, H..
However, the inverse statement is not valid; not all solutions to (1.40) satisfy
system (1.29) because (1.29) is not a consequence of (1.40). System (1.40) does
not contain the connection between the Cartesian components of the fields at
all. For instance, H = 0, E # 0 may be its solution, but the system of Maxwell
equations cannot have such a solution. After finding some field components
from (1.40) we have to substitute them into system (1.29). The solutions for
the found components are valid if the system for the remaining components
is consistent. The solutions for the remaining components can be obtained
from this consistent system.

In the domains where /! # 0, the wave equations would involve the term
rot /¢, In such domains it is simpler to introduce the auxiliary functions, so-
called potentials. The fields are expressed in terms of the derivatives of these
functions. Potentials may be introduced in a way that they satisfy the wave
equations with extrinsic currents standing on the right-hand side themselves,
instead of their derivatives.

The Hertz electric vector T1 () is such a potential. It is proportional to the
vector potential, usually introduced in electrodynamics. The Hertz vector sat-
isfies the nonhomogeneous wave equation

47T -,

ATT 4 K2eull = - fiad (1.42)

The fields are expressed in terms of the Hertz vector by the formulas
E = K?eull + graddivIl,  H = ikerot L. (1.43)

It is easy to check that the fields (1.43) satisfy system (1.29) if I1 satisfies equa-
tion (1.42); we suppose that ¢ = const, u = const.

In Cartesian coordinates, equation (1.42) is equivalent to three scalar equa-
tions in Iy, Iy, I1; having the form

Au + kzs],tu =f. (1.44)

This equation follows from the Maxwell system when the medium is homoge-
neous. However, (1.44) is also of interest in investigation of the field in nonho-
mogeneous media; in particular, it is valid for certain two-dimensional non-
homogeneous media. The equation itself and the properties of the function
u(x,y, z) satisfying it are interesting mainly because they describe the qualita-
tive peculiarities of propagation and diffraction of the electromagnetic wave,
which are not determined by the vector nature of the wave. If the wave polar-
ization (that is, directions of E and H ) and the mutual connection between
different components of the fields are not essential, then many qualitative
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properties of the field, as well as many peculiarities of various methods of
their finding, may be investigated on the instance of the scalar wave equation
(1.44).

1.2.9
The reciprocity conditions

Consider the connection between the fields created by the two different extrin-
sic currents 1) and #t(2) in some medium. The fields created by these two
currents are denoted as E(V), H(1) and E), H®), respectively. The functions
e(7), u(7) (and »(7), if the medium is chiral) in the constitutive equations are
the same for both cases, that is, the currents /(1) and ©2) are placed into
the same medium.

Consider the expression div(E(M) x H® — E?) x A1), According to the
vector identity

div (A X E) = BrotA — ArotB, (1.45)
the above expression equals
H® rot EM — EM rot H® — AW rot E?) 4+ E@) rot HW. (1.46)

Substituting the value of the rotor of the fields from the Maxwell equations
(1.29) into (1.46), we obtain

A7T 7 2o\ = —(1)=
i (2)7ext(1) _ £(1)7ext(2)

+ik (AVE® - ADE0 + EOBD _EVB®) . (147)

We find the conditions under which the second bracket in (1.47) equals zero.
If the constitutive equations are D =¢E, B = yﬁ, then the bracket equals

(g(l) -uH® — 7@ .un)) + (§(2> LeE) _ () .€§(2>) , (1.48)

If e and p are scalar, then the above two brackets equal zero. However, if € or
 is a tensor, then the brackets are zero only if the tensor is symmetric, that is,
if e = €¥*, and so on. The media with € or y being a nonsymmetrical tensor
do not possess the property of “reciprocity” which other media do.

If the medium is chiral, that is, the constitutive equations have a form (1.28),
then the second bracket in (1.47) remains zero. If there were different factors
» in the coefficients at the cross terms of (1.28), then this bracket would not be
zero, and the chiral medium also would not possess the reciprocity property.
Such situation is possible if, for instance, the particles forming a composite
consist of the material for which € or y is a nonsymmetrical tensor.
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Hence, if € and p are scalars or symmetrical tensors, then

div (Em < (2 _ F@) gu)) _ 47” (g(z);extu) _ gm;ext(z)) (1.49)

-

for any j&xt(1) and j&t(2),

Integrate (1.49) over a sphere of radius a so large that there are no currents
jxt(1) j@xt(2) and material objects outside the sphere. The asymptotic radiation
conditions (1.33) hold on the surface of such a sphere. On the left-hand side
of the obtained integral form of equation (1.49) we have the flux of the vector
standing under the “div” operation in (1.49), through the sphere surface. The
vector flux is equal to the integral of the radial component of this vector, that
is, of the quantity

—EMHP —EPHY + EGHD, (1.50)

E1(91)H(2) ¢ 9 ¢

¢
taken over the angles. The terms of the order 1/4? in this sum mutually cancel
whatever the functions F; (9, ¢), F,(9, ¢) are in (1.33), so that the above quan-
tity becomes of the order not lower than 1/a>. Since the surface element is
proportional to a?, the integral over the sphere surface decreases at a — oo
not slower than 1/a. It equals the volume integral of the right-hand side of
equality (1.49). However, this value differs from zero only inside the sphere
of finite radius; it does not depend on the radius a if a is sufficiently large.
Hence, the integral of (1.50) is zero at large a, and it follows from (1.49) that if
the integrals are taken over the volume V' containing all the extrinsic currents,
then

/‘ EMjext(2) gy — / E@jext(D) gy, (1.51)
1% v

This formula is called the reciprocity condition.

The physical sense of (1.51) is most clearly seen if both the currents are the
point sources, that is, they are described by the J-functions. Then (1.51) be-
comes

EWF2)y.7, = EAF) . 7,. (1.52)

Here 7(1) and #(2) are the points where the currents /(1) and t2) are lo-
cated, respectively; 41 and @, are the unit vectors along which the sources (el-
ementary dipoles, see Subsection 6.1.1) are oriented; E(!) (7) and E(?) (F) are
the fields created by the currents. The field at the point 7(2), created by the
elementary dipole located at the point 7(1), equals the value of the field at the
point 71), created by the elementary dipole located at 7?). In this statement
the specification about the field directions at the points 71) and 7(2) is omitted
for brevity. This is the simplest formulation of the reciprocity condition.
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Condition (1.51) holds for any set of bodies if the medium possesses the
properties mentioned above. If all the parts of the medium have these prop-
erties, then the whole medium has them, either. A set of reciprocal elements
is reciprocal itself. The nonreciprocity of an element is a property caused by
the existence of a particular direction in its material, for instance, an internal
magnetostatic field.

It follows from the reciprocity condition that for transmitting energy in a
channel only in one direction it is necessary to insert a nonreciprocal element
into the channel.

1.2.10
Average energy losses

We derive the expression for average energy losses, that is, the quantity of the
electromagnetic field energy transforming into other types of energy in the
unit volume per unit time. We begin with the expression for thermal (joule)
losses. In the unit volume, they equal the conduction current density multi-
plied by the electric field. Denote the period-average losses by Pr. According
to (1.13) and (1.11), if expressed by the amplitudes of the current fand the field
E, the losses are Pr = ¢|E|?/2. Following (1.30), the conductivity factor o can

be expressed by the imaginary part of permittivity as c = —¢”w /47, so that
w -
Pp = ——¢"|E|. 1.53
E Y |E] (1.53)

We show that the above definition of Pf is, in general, valid for any phys-
ical sense of ¢”; it is not necessarily related to the joule losses only. The en-
ergy flux through a closed surface is the integral of the Poynting vector, equal
(with accuracy to the multiplier c¢/47) to the vector product of the electric
and magnetic fields. The average value of the flux expressed by the complex
amplitudes E and H is

=

5= é Re (E x ﬁ) ) (1.54)

where the average mark over S is omitted. Integral of div S over any volume
is the energy decrease in this volume. For infinitely small volume the decrease
equals the density of the average losses, that is

divS = — (Pt + Py), (1.55)

where Py is the average losses describing the decrease of the magnetic field.

We express div S in terms of E and H with use of equations (1.29). Applying
identity (1.45), substituting rot E and rot H into (1.45) and taking the real part,
we obtain

- w =2
d' S — /! E /!
e 87t (8 ‘ T

FID - %Re (fexf* -E) : (1.56)



1.2 The Maxwell equations

According to (1.55), it follows from this equality that formula (1.53) and the
similar expression

w —
Py — — //H2 1.57
H —87[#\ | (1.57)

are valid for any losses proportional to the squared electric and magnetic
fields.

Media exist for which ¢’ > 0, that is, “losses” are negative. In such me-
dia not the absorption, but generation of the electromagnetic energy occurs,
which is proportional to the squared electromagnetic field. Formula (1.53) de-
scribes not the process of the field energy decreasing, but the inverse process
of its increasing. The physical sense of the above phenomenon is that the pop-
ulation of quantum levels is inverse in such media: the higher levels are more
populated than the lower ones. Sometimes such a situation is formally called
as “negative absolute temperature.” It is clear that its creation requires en-
ergy consumption, so-called pumping. The processes occurring in coherent
sources of the electromagnetic oscillations are based on the energy generation
caused by the field influence.

In chiral media, the Maxwell equations must be written not in the form
(1.29), but in another one with D and B expressed in terms of E and H by
(1.28). However, it is easy to prove that formula (1.56) remains valid, that is,
the losses are expressed in terms of fields by the same formulas (1.53), (1.57)
as for nonchiral media. For proving this statement the fact is used that the
coefficients of the cross terms in (1.28) coincide (with accuracy to the sign). As
was mentioned, this follows from the fact that the chiral media are, in general,
reciprocal. In order that the expressions for Pr and Py were the same in the
chiral media as those in the nonchiral ones, it is sufficient that the real parts of
the coefficients coincide.

1.2.11
The dispersion relations

The real and imaginary parts of the permittivity ¢ = ¢ + i¢” are functions
of the frequency w. At any fixed frequency they can be independent of each
other. However, in the whole frequency interval 0 < w < oo the functions
¢/(w) and ¢’ (w) are dependent. Setting one function, we thereby set the other.

We show in an example that the inconsistent setting of both the functions
may lead to a paradox. It is clear that the time-dependent impulse, containing
the oscillations of the wide frequency band, should be considered instead of
the harmonic oscillations.

Assume that a material exists for which ¢’ (w) = const at any frequency, and
¢’ (w) is zero at almost all frequencies except for a narrow band near a fre-
quency wy. An impulse (the field equal to zero at t < 0) falls onto a thin plate
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of such material at ¢t = 0. This field can be expanded in the Fourier integral,
that is, written as an integral of the harmonic fields or, more precisely, an in-
tegral of the factor exp(iwt) multiplied by a function of w, and taken over w.
The form of the function is not essential here. The fact that the integral equals
zero at t < 0 means that its components corresponding to different frequen-
cies compensate each other at ¢ < 0. After passing the plate, the components
with frequencies not close to wy obtain the same phase factor because they
have the same values of ¢’ and their amplitudes do not change because ¢’ = 0
for them. The amplitudes of the other components (with frequencies close to
wp) for which ¢’ # 0 decrease. The conditions of the mutual compensation of
all harmonics at t < 0 are violated. This fact means the same that, besides the
initial impulse equal to zero at ¢t < 0, a narrow group of harmonics appears
after passing the plate, equal (with opposite sign) to the values by which the
harmonics of these frequencies decreased. These harmonics exist at any ¢, and
they do not compensate each other at t < 0. If the material with the above-
mentioned properties of the functions ¢'(w) and €”(w) existed, then the field
outside the plate would appear before the impulse incidence onto the plate.
The consequence would precede the cause; the causality principle would be vi-
olated. The paradox also takes place if assuming that ¢’ (w) = const, ¢’ (w) > 0
in a narrow frequency band and ¢’ (w) = 0 outside.

We outline the mathematical technique allowing us to deduce the connec-
tion between the two functions ¢ (w), €’ (w) of the frequency using the causal-
ity principle. This connection is called the dispersion relation. It holds for any
material medium and it should be considered while creating composites. The
requirements imposed on €' (w) and ¢’ (w) should be subjected to the relation.

The induction D(t) is the medium response to the field E(t). It may depend
on the field value at the given time moment and before it, but it cannot depend
on the field at the succeeding moments. This requirement can be expressed in
the form

—

D(t) =

L

(1) + / E(t — ) f(7) dt. (1.58)
0

Separation of the first term on the right-hand side is not important. It only
simplifies the formulas given below. The essential is that only positive values
of the integration variable T participate in the integral, so that only the field
values at the time moments less than t are considered. The function f(7) may
be arbitrary but such that the integral converges.

For nonharmonic oscillations D(t) can be expressed as

B(t) = / B(w)e! duw (1.59)
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(for simplicity, we denote the function and its Fourier spectrum by the same
symbol). The field E(t) can be written in a similar form. Inverting (1.59) gives

Blw) = - [ Bt (1.60)

A similar formula exists also for E(w). Multiply both sides of equality (1.59)
by exp(—iwt) and integrate from t = —oo to t = +o0. Here @ is any frequency.
Interchanging the integration order over T and ¢ on the right-hand side, intro-
ducing a new integration variable ' = t — T, dt’ = dt, instead of t in the inner
integral, and using (1.60) and similar expression for E (@), we obtain

[ee)

=3

B(@) = E(@) + E(@) / F(T)e @ dr. (1.61)

=0

From the function ¢(w) definition it follows that
D(@) = e(@)E(@). (1.62)

Hence, there exists the integral representation of &(w):

W) =1+ / F(r)e T dr. (1.63)

0

Due to the causality principle, the integration in this formula is made over
only T > 0. We determine the mathematical properties of the functions
represented in the above form. If w is replaced by the complex variable
Q = ' +iw” in (1.63), then the multiplier exp(iw” 1) with T > 0 appears
under the integral. At w” < 0 this multiplier is smaller than unity and it tends
to zero as w’ — —oo. Hence, for every value of the complex variable () lying
in its lower half-plane, the integral in (1.63) converges and tends to zero on
the infinitely remote half-circle. Thus, e(w) — 1 is a function analytical in the
lower half-plane (w” < 0) of the complex frequency Q) including its real axis,
and vanishing at w” — —co.

The value of the function having such properties at any point of the real
axis (at w” = 0) can be expressed in the form of the Cauchy integral (as the
principal value) of its values on the whole real axis. Separating the real and
imaginary parts in the obtained equality, we get the sought formulas, that is,
the function ¢ (w) — 1 as the integral of ¢’ (w) and the function ¢”(w) as the
integral of ¢ (w) — 1. For instance, at any fixed frequency wy,

2 ot 7 we' (w)
(@) —1=Z=1i / / — S dw. 1.64
€' (o) - Jm + P dw (1.64)

0 wo+a
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In the above example leading to a paradox, it is assumed that ¢’ (w) equals
zero not for all frequencies, and ¢ (w) is the same for all frequencies, which
contradicts (1.64).

Equation (1.64) and the similar expression for ¢’ (w) as an integral of ¢’ (w) ~*
are known as the principal Kramers—Kronig equations. It must be kept in mind
that in the theoretical physics books where the time dependence is taken in
the form of exp(—iwt), the function e(Q}) is analytic and vanishes in the upper
half-plane of the complex frequency Q.

13
Idealized objects

In the high-frequency electrodynamics just like in any other physical theory,
a number of idealizations is accepted, that is, some mathematical models are
introduced having properties close to those of the real objects. It is easier to
solve problems for such models than those for the real objects. Solutions of the
idealized problems are assumed to be close to those of the real problems tak-
ing into account the details dropped at the idealization. Use of the idealized
objects is possible if these details are not essential. However, this condition
cannot always be formalized. As in any other physical theory, the introduc-
tion of idealized objects is highly based on the intuition.

1.3.1
Interface of two media

It follows from the Maxwell equations and the inductions finiteness that the
fields E and H are continuous (even differentiable) at points where ¢, 1, and
» are continuous. A surface on which ¢ and p are discontinuous, that is, an
interface of the two different media, can be considered as a limit image of the
thin layer with very large gradients of ¢ and y. On such a surface, some com-
ponents of the fields E and H are discontinuous, that is, they have different
values on the surface sides. Conditions for tangential and normal components
are different. Conditions for tangential components follow from relations on
both sides of the thin layer. As is known, these relations are obtained from
the Maxwell equations written in the integral form. According to the Stokes
theorem, the integral of the tangential component H;, taken over a closed con-
tour passing through both the sides of the thin layer is equal to the integral of
(rot H);, over the area inside the contour (shaded area in Fig. 1.1). Equation
(1.14a) implies that it is equal to the integral of ikDy, + (47t/c) jt,. Here t; and
t are two tangential unit vectors perpendicular to each other. Since Dy, and jt,
are finite (we will return to this statement), the surface integral is proportional
to the thickness of the layer and has the same order. Hence, the difference of
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the components Hy, has also the same order. If the thickness of the transition
layer tends to zero, then this difference also does. This conclusion does not
require for the gradients of € and y to be finite. It also holds for models with
interface, in which the gradients are infinite and the result does not depend
on the way of passing to the discontinuous functions € and y. The tangential
components of the field H (as well as of the field E) are equal on both the sides
of the interface

Hf —H =0, (1.65a)
Ef —E =0. (1.65b)

Here t is any tangential unit vector, that is, each equation contains two condi-
tions. The signs + and — in the superscript refer to the different sides of the
interface.

The normal components of the fields E and H may be discontinuous. The
normal components of the inductions D and B are continuous

Dj;— Dy =0, (1.66a)
By, — By = 0. (1.66b)

For instance, if j is the same and only permittivity ¢ is different on the interface
sides, then five of six components of the fields E and H are continuous and
only the component Ey is discontinuous.

N t

+
|
|

3]

Fig. 1.1 lllustration to the Stokes theorem

Formulas (1.66) do not impose any additional conditions; they are a conse-
quence of formulas (1.65): if conditions (1.65) are valid, then (1.66) are valid,
too. For instance, Dy, can be expressed by the integral of rot D taken over
a closed contour lying on the interface, that is, by the integral of H;". Since
H," = H; , then D}, = Dy,.

Note that in electrostatics, where no magnetic field exists, condition (1.66a)
does not depend on (1.65b). It is seen after accurate transferring to the elec-
trostatic equation. In electrostatics both conditions (1.65b) and (1.66a) must be
fulfilled.

23



24

1 The Maxwell Equations

1.3.2
The impedance (one-side) boundary conditions

An often used idealization is the conditions connecting the tangential compo-
nents of E and H on one side of the surface. The fields on the other side are
not involved in such one-side conditions in contrast to the two-side conditions
(1.65). The one-side conditions are the boundary conditions for the fields in a
domain bounded by the surface.

In the simplest case, the impedance conditions have the form

Etl = —wth, Et2 = wHtl. (1.67)

The factor w is called the surface impedance. It does not depend on the fields. It
characterizes the medium lying on the other side on the surface. The unit vec-
tors t1, tp together with the normal N directed outward the domain bounded
by the surface on which (1.67) holds, make up a right-hand triple. In the local
Cartesian coordinate system (x,y, z), in which the body occupies the domain
z<0,wegett; =x,tp =y, N =z

In general, the impedance w is complex w = w’ 4 iw’. According to (1.54)
and (1.67), the period-average flux of the energy outgoing from the domain
through the unit area of the boundary equals

c

s L2
v =g [

H;

(1.68)

If w' > 0, then Sy < 0, that is, the energy goes into the domain.

If the surface is anisotropic, that is, its properties are different in different di-
rections, then w is not a scalar, but a two-dimensional tensor. The impedance
boundary conditions (1.67) keep the simple form only if f; and £, are directed
along the principal axes of the tensor. In this case, the coefficients in both
equalities of (1.67) are equal to the principal values of the tensor and, in gen-
eral, they are not equal to each other.

1.3.3
Skin layer

Conditions (1.67) are fully valid only in the case when the fields in the given
domain do not depend on the fields on the opposite side of the boundary. The
more precisely this requirement holds, the larger any parameter describing
the medium on the opposite side is. An example of such a medium is the
homogeneous material with

leu| > 1. (1.69)

The stronger this inequality, the more accurately conditions (1.67) hold on the
boundary of such a medium.
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Introduce the Cartesian coordinate system originating on the surface, in
which the axes x and y are directed along the unit vectors f; and f,, respec-
tively, and z-axis is normal to the surface and directed toward the medium
with property (1.69) (Fig. 1.2). From the existence of boundary conditions
(1.65) it follows that in this coordinate system, the fields in the tangential di-
rection, that is, along the axes x and y, vary just as in the main domain. The
velocity of varying in the z-direction is significantly larger. This follows from
the wave equations (1.41), since under condition (1.69), the action of the oper-
ator A (see 1.39) is equivalent to multiplication by —k?ey only if at least one of
the derivatives is large. Hence, 9> /9z% ~ —k?ep, or

% = tik/ey; (1.70a)
0 0 0 ]
% > R % > @ (1.70b)

In this approximation the wave equation becomes an ordinary differential
equation

2

‘;—2 + K2epu = 0, (1.71)

where u is any Cartesian component of the field. Its solution is a linear combi-
nation of the two functions exp(+ik,/gfiz). Only the second function describes
the wave going deep into the medium and decreasing due to ¢’ < 0 in this
direction z — —oo. Therefore, all the components of E and H depend on z as

exp(—ik\/euz). (1.72)
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Fig. 1.2 Interface of two media

We derive the relations between different field components, which exist un-
der conditions (1.72), (1.69), (1.70b). At j&* = 0, from (1.31) it follows that the
ratio of E, to E, has the same order as that of d/0dx to d/dz, that is

E. 1 H, 1
—~Z =0 , — =0 — 1, 1.73
E, <|ﬁ|> H, <ww> (47
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where the second equality is written by analogy. Dropping in (1.31) the terms
0E./dx, 0E;/dy, and so on, and considering (1.72), we obtain the following
relation between the tangential components of the fields:

Er = —\/gHy, E, = /LH,. (1.74)

€

The tangential components of the fields coincide on both the sides of the sur-
face; therefore, the above relations are valid on the other side, as well. Thus, if
(1.69) holds in some medium, then the impedance conditions (1.67) are valid
on its boundary, and the impedance is equal to

e (1.75)
€
As usual, |¢] is large because such is the conductivity ¢, and |¢”| > €. Tt
means that the conduction currents ¢ E are much larger than the displacement
currents iwE. For simplicity, we ignore ¢’ in comparison with ¢’ in (1.30), that
is, we assume that ¢ = —47ic/w. Then the exponential multiplier (1.72) can
be written as

exp [—(1 + 1)2} , (1.76)

where the quantity d having the dimension of length equals

C
d=/ T (1.77)

The quantity d describes the velocity of the amplitude decreasing in the
medium in the direction normal to the interface. It is called the thickness of
the skin layer and is the main characteristics of the well-conducting material
placed into the high-frequency field. The thickness d is zero for a conductor
with infinite conductivity (¢ = o). With increasing frequency, d decreases in
inverse proportion to its square root (d ~ w~1/2). The thickness of the skin
layer is not large. For instance, d = 0.4 x 10~° m for copper (¢ = 5 x 1017 s71)
at the frequency of 30 GHz (A = 0.01 m). The skin layer is a thin layer on the
good conductor surface, under which the high-frequency field almost does
not penetrate. For a good conductor (with e ~ —4ic/w) the impedance is
complex and proportional to the thickness of the skin layer:

14

v=7

kd. (1.78)
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1.3.4
Ideal conductor

The medium with o = oo is called the ideal conductor. The impedance w is zero
on its surface, and the boundary conditions (1.67) become

E, =0, Ey,=0 (1.79)

The field does not penetrate inside the ideal conductor, but from this it does
not follow that the tangential magnetic field equals zero on its surface. At any
depth and ¢ = oo, d = 0, the field is detached from the exterior surface by
the skin layer on which the tangential magnetic field has a jump. The current
flowing in the skin layer remains finite if passing ¢ — oo, d — 0. According to
(1.74), the electric field tends to zero in the skin layer if ¢ — oo as o~1/2, The
conduction current density oE tends to infinity as ¢'/2. The thickness of the
skin layer has the order ¢~1/2 (1.77), and the current flowing in the skin layer
at o — oo does not depend on ¢ and remains finite.

The current with infinite volume density but with finite surface one flows on
the ideal conductor surface. Denote the two-dimensional vector of the current
volume density by I, so that I; = limy—co(j; - d). It can be expressed by the
tangential magnetic field. From the integral form of the Maxwell equations it
follows that

c _c

Ix - __Hy, Iy 47_[

e Hy. (1.80)

The surface current density is equal (with accuracy to the multiplier c/47) to
the magnetic field, and perpendicular to it on the surface. The field H can
be found after the problem with boundary conditions (1.79) is solved in the
domain adjacent to the ideal conductor. The surface density of the current
(1.80) can be determined by H;.

The normal component By of the magnetic induction, as well as the tan-
gential component of the electric field, equals zero on the surface of the ideal
conductor. The normal component Dy of the electric induction, together with
the tangential component of the magnetic field, differs from zero. According
to (1.14a) and (1.80), Dy is proportional to the two-dimensional divergence of
the surface current:

47 (3l 0l
Dy=-— (g + @) . (1.81)

Since the quantity in the brackets equals —iwpg,,f, Where pgyf is the surface
density of the charge (1.18), equality (1.81) means that the surface charge den-
sity appears on the surface of the ideal conductor.

The above results are also valid for material with large displacement cur-
rents instead of the conduction currents, that is, for material in which ¢ > 1.
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For simplicity, we assume that ¢’ = 0, that is, the conductivity of the material
is zero, and there are no other losses in it. In this case the field is not con-
centrated in the thin layer on the surface; it exists in the entire volume, but
it changes the sign fast with the z-coordinate increasing. According to (1.72),
the thickness of the layer, in which the field is of the same sign, has the or-
der 1/ (k,/eji), being small. The tangential components of the induction D are
large, D; = ¢Ey, that is, they have the order ,/ejiH;. The product of D; and the
thickness is finite; it does not depend on ¢ if ¢ is large. Therefore, the variation
of the magnetic field H; along the thickness of the layer is finite. This fact is
analogous to the finiteness of the magnetic field variation over the thickness of
the skin layer at ¢ >> 1. The assertion “the impedance conditions (1.67) taking
the form (1.79) at the limit |¢| — oo, are valid on the surface of the object with
le| > 1,” does not depend on the relation between ¢’ and ¢”. It is true either
for the metallic objects or for the objects with large real permittivity.

1.35
Singularities of fields near the edge or vertex

One of the idealized objects is also an edge which is a fracture line of the two
media interface (Fig. 1.3(a)). One of the surface curvatures is infinite on this
line. As will be shown below, some of the field components become infinite
at the edge, that is, they have a singularity there. Behavior of the fields when
becoming infinite at some point is a local property, that is, it only depends on
the medium structure near the point. When approaching the edge, the field
increases with the velocity depending only on the angle between planes, mate-
rial of the media separated by these planes, and polarization of the field near
the edge. Therefore, the field structure at the edge can be investigated with
use of a two-dimensional model, when considering the edge to be a straight
line, and the fields to be independent of the coordinate parallel to this line.

(a) (b)

Fig. 1.3 Geometry of the edge and vertex

The fields become infinite not only on the edge but also on the linear source.
The distinction between the fields structure near the edge and that in the
source neighborhood consists in the fact that the density of the electromag-
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netic field energy is integrable near the edge, that is
22
/ ‘E‘ AV < oo, (1.82a)
a2
/ ’H’ AV < oo, (1.82b)

whereas in the source neighborhood these conditions are violated. The inte-
grals are taken over an arbitrary volume containing the edge segment, or the
source.

Conditions (1.82) are necessary and sufficient for the line on which some
components of the fields become infinite, not to be a linear source, but an
edge. Below we show that if these conditions hold, then the energy flux out of
the line is zero. Note that in contrast to (1.82) the equality to zero of the energy
flux is only necessary (but not sufficient) for the line to be an edge. In certain
cases it is valid for a linear source, too. Although the linear source does not
radiate in such cases, the field is so large near it that condition (1.82) violates.

Assuming that (1.82) holds, we find the field structure near the edge. We
restrict ourselves to the case of a metallic wedge, that is, a wedge on the edges
of which condition (1.79) is valid (Fig.1.4). Align the z-axis of the cylindrical
coordinate system along the wedge edge. The angle ¢ is measured from a
wedge face. Denote the angle between the wedge faces by «, and its comple-
ment to 277 by 77, thatis, T = (271 — «) /7t. Then the equations of the wedge
faces are ¢ = 0 and ¢ = T, respectively. For the half-plane, « = 0, T = 2; for
the wedge, &« > 0, T < 2.

o,

Q=17

Fig. 1.4 Cross-section of the wedge

For the fields independent of z, the equation system (1.32) with >t = 0
split into two independent systems. One of them contains the components E,
H;, Hyp, and the other — Hz, E;, Ep. If d/dz = 0 and H; = 0 for the field in
which the wedge is placed, then only the components E;, H;, H, appear (the
electric polarization). The second component triple appears for the magnetic
polarization.
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For the electric polarization,

1 0E,

Hy =~ o (1.83a)
1 9E,

Hp= 7% (1.83b)

and for the magnetic one,

1 0H,

Er = Ew, (1843)
1 0H,

7 ke or (1.84b)

The components E, and H, satisfy the same wave equation (1.41), which at
0d/0z = 0 obtains the form

Ru  lou 1 0%u
52 T 79z T 2ag + Keyu =0, (1.85)
where u is one of the components E,, H,. In the edge neighborhood (i.e., at
kr < 1), the last summand in (1.85) can be neglected at k¥ < 1. Then the func-
tions @ (r) cos(ng), ®(r)sin(ng) satisfy equation (1.85) with the conditions
E, = 0 (electric polarization) and E, = 0 (magnetic polarization) at ¢ = 0,
¢ =17,.

Begin from the case of the electric polarization. In general, E, can be a su-
perposition of the terms

" sin(ng), r~"sin(ne), (1.86)

wheren =1/7,2/7,... However, condition (1.82b) implies that near the edge,
E. contains only the positive powers of 7, with 7/T to be the lowest one. In-
deed, if E, contained terms proportional to r~", then, according to (1.83), H,
and H, would contain terms proportional to "1, and the integral (1.82b)

would have a form [ p—(2n+1)

dr and diverge. The magnetic field has a sin-
gularity '/7~1 at T > 1, that is, for acute angles (¢ < 7). The singularity
order is higher for the half-plane (t = 2) than for the wedge with « > 0. The
magnetic field has a singularity 1/+/r near the half-plane edge. The current
I, proportional to H, has a singularity as well. On both planes near the edge,
the current flows in the same direction parallel to the edge; its surface density
becomes infinite when approaching the edge.

The energy flux out of the edge is zero at any a. Since H, ~ JE/dr,
the energy flux (1.54) is proportional to the imaginary part of the integral

fozn E,-9E;/0r -rdep. The integrand involves only the positive powers of r;
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therefore, the integral tends to zero as ¥ — 0. The energy flux equals the in-
tegral of Re(div S) over the volume inside the surface. According to (1.56),
div S = 0 and therefore the integral cannot depend on 7; hence it equals zero.

Thus, if the field does not have a singularity in the domain or its singularity
is so weak that condition (1.82) holds, then the energy flux out of the domain
equals zero. We show that this assertion is also valid in the magnetic polar-
ization case, that is, at E; = 0. Since the component H, consists of the terms
r*" cos ng, the boundary condition E; = 0 at ¢ = 0 and ¢ = 77 holds for
the same values of n (n = 1/7,2/7, ...) as for the electric polarization. For
condition (1.82a) to hold, H, must not contain the terms r~". When approach-
ing the edge, a singularity appears in the electromagnetic field (1.84), which
depends on 7 as r!/71 at small r. For the half-plane T = 2, this dependence
is the strongest when the field is proportional to 1/+/r. Then the integral in
(1.82a) converges, and the energy flux outgoing from the edge is equal to zero.

The surface current flows perpendicularly to the edge, I, # 0, for this polar-
ization. The current has no singularities; the function I, is finite. The surface
density pgf of the charge proportional to E, at ¢ = 0 and ¢ = 77 (i.e., to the
normal component of the electric field) has a singularity. According to (1.81),
Psurf is proportional to the two-dimensional divergence of the surface current
density. Since I, is proportional to /7 for the half-plane , pq is proportional
to1/4/r.

The simple formulas for the field near the edge exist only in the case of
the edges with the ideal-conducting faces. If the faces are impedance or they
separate two dielectrics, then the explicit expressions for the field exist only
in the electrostatic approximation, analogous to (1.86). Just as for the metallic
wedge, from these formulas it follows that if the conditions (1.82) hold, then
the field can have only such singularity, at which there is no energy flux out
of the edge. In this case the singularity can be even a little stronger than for
metallic faces. However, for the edge with arbitrary boundary conditions on
its faces, conditions (1.82) are necessary and sufficient for the field singularities
in the edge neighborhood to be weaker than those near the linear source.

Similar result is valid for another idealized model, namely, for a pyramid or
cone vertex (Fig. 1.3(b)), that is for a point in which both the surface curvatures
are infinite. At this point the fields are also singular; some of their components
become infinite. At a singular point of another kind, namely, at the point
source, the fields are infinite, as well. Similarly as for the linear source or
edge, the same condition (1.82) holds for the vertex and does not hold for the
point source.

We give another, more formal, proof of the fact that if in the neighborhood
of a point or line the fields are finite or have singularities weak enough for
satisfying condition (1.82), then the energy flux out of this point or line is zero.
This proof is shorter, but it does not allow us to determine nature of the surface
currents and charges.
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It follows from the Maxwell equations and identity (1.45) that

2
) (1.87)

at j™t = 0,e = 1, u = 1. If the fields are finite everywhere, then this equality is
valid at any point and it can be integrated over any volume. Transforming the
integral on the left-hand side and taking the real part of the obtained equal-
ity, we get [ SydS = 0, where S is the Poynting vector and the integral is
taken over a closed surface having no singularities inside. The surface interior
surrounds a singular point (vertex) or singular line (edge). Conditions (1.82)
imply that the integral has a limit when the surface interior is contracting to a
point or line. The integral over the exterior part of the surface remains zero,
which means that the energy flux out of the vertex or edge equals zero.

=2 -,
E| —|H

dw@xﬁﬂ_m(

1.3.6
The line current and the point current

Above we have considered the additional conditions which are required in
the formulation of electromagnetic problems in the case when the idealized
objects are introduced into the theory. Since the Maxwell equations are not
satisfied on such objects, the fields can have singularities or discontinuities.
On the surfaces, where the medium properties are discontinuous, the normal
components can also be discontinuous, and only the tangential components
remain to be continuous. For instance, on the impedance surfaces the fields
are subjected to the one-side boundary conditions. At points and on lines,
where the media interface has infinite curvature, the fields tend to infinity but
not so fast for the energy density to be nonintegrable. The radiation condition
(1.33) implies that if the field exists at the infinite point, then it must have a
concrete structure in the infinity “neighborhood.”

In each of the above cases, the local conditions imposed on the fields near
the idealized objects exclude the existence of the extrinsic currents on them.
The continuity of H; on the interface implies that there is no extrinsic surface
current on it. Recall that the current flowing on the surface of the ideal con-
ductor is an induced one. The radiation conditions mean that there is also no
extrinsic current at the infinite point. The conditions near the edge or vertex
imply that there are neither line nor point extrinsic currents there.

In this subsection we consider the field structure near the true extrinsic cur-
rents. If the volume density &t does not become infinite, then the fields have
no singularities. In the neighborhood of both the line extrinsic current and the
point extrinsic one, the fields tend to infinity so fast that the conditions (1.82)
do not hold. Nature of the infinity does not depend on the existence of the
other objects; it is local for the edges and vertices.



1.3 Idealized objects

In the case of the line extrinsic current, the fields can be found from the
problem about a straight-line current of a constant value. Such a current is an
idealized model. The volume density j€* is infinite; it exists in an infinitely
thin straight-line cylinder. The product of j&* and the cross-section area of the
cylinder is finite. It is called the line current density and has the only component
I, independent of the cross-section shape.

The fields are infinite near the line current. They are found from the
Maxwell equations in which f is proportional to §(r), so that the integral of J;
over any part of the surface z = const containing the point r = 0, is finite and
equal to I, The fields depend neither on z nor on the azimuthal coordinate
¢, and have only the components Hy and E. In the domain of interest, where
kr <1, the field E; is much smaller than Hy; it has a singularity so weak that
the electric energy density is integrable. The Maxwell equations are reduced
to the equation for the direct currents rot H = (477/¢)/®*. Integrating it over a
circumference of a small radius 4, and using the definition of [, we get

— 21 ext
Hy = o EIZ . (1.88)
The magnetic energy density is proportional to a~2, the integrand has the or-
der a~!, and the integral diverges at a — 0.

The question about the energy flux from the line current is not as simple as
in the case of the edge. In general, this flux is not zero. It cannot be determined
by the near field and, therefore, it cannot be calculated using values of the
fields at kr < 1. The flux depends on the fields created by other sources at
the place where the line current is located. The integral of the vector E x H*
flux through the surface z = a is proportional to In ka; it tends to infinity as
ka — 0. However, at kr < 1 the vectors E and H are in-quadrature, that is,
the real part of their product equals zero. The energy flux is determined by
the next terms of the expansion of these fields in powers of kr, that is, by the
terms having no singularities.

If the line current is located in vacuum and there are no other objects in its
neighborhood, then the energy flux out of it can be calculated by expressing
Hy(r) and E;(r) by exact formulas valid for the direct straight-line current at
all . These formulas contain the Hankel functions. Omitting the derivations,
we only point out that the flux per unit length equals 7tk/(2c) - I.

If there are any other objects in the field of the extrinsic current, then the
energy flux created by this current changes, so that the factor at I? differs from
7tk /(2¢). The fields of currents, induced on those objects, interfere with the
field of the line current. For instance, if the current is located near a mirror,
then the induced field is the field of the current reflected in this mirror. Since
in the neighborhood of the line current the field of other currents is finite, the
type of the field singularity does not change. However, in this case, at the
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same value of ! the radiated energy can be larger or smaller than in the case
when the other fields are absent, or even equal to zero.

To determine the energy flux, given up by a given extrinsic current located
in the field of other sources, it is sufficient to know the value of this field in the
place where the current is located. This statement follows from formula (1.56),
according to which the energy flux from the domain V through its surface S
equals

. _ _1 . oxtx |
/ SndS = —> / Re (- E) av (1.89)
S 1%

if there are no losses in the medium. The immediate use of this formula for
the line current is practically impossible, since E has singularities at the points
where /&t is infinite, but the volume of this domain is infinitesimal. Divide
the field E into the field Ey of the current /! in vacuum and field & of all
other currents, E = Ej + &. Since the field E participates in (1.85) linearly, the
expression for the flux is divided into two terms. The first of them is the energy
flux created by the field of the current J* itself in vacuum. The second one is
easily calculated in any concrete problem, since the field € has no singularities
near the line current. The first term was given above for the direct straight-line
current [t so that

7tk
S/SNdSZ

In the second term the field € of the induced currents can be taken out of the
integral, so that

7tk
/SNdS_Z—C
S

For a nonstraight-line current the first term in (1.91) is different, the second
one is an integral over the line length, and the flux should be calculated per
whole line, not per its unit length as in the last two formulas. However, the
structure of the formula for the flux of the energy radiated by the line current
in the presence of other fields is kept.

Finally, we consider the last idealized model introduced into the theory,
namely, the point current (elementary electric dipole). Formally, we have al-
ready used this notion when considering the reciprocity conditions.

Let the volume density /¢ differ from zero only in some domain, and /** do
not change its direction there. Introduce a notion of the elementary dipole as a
source whose largest linear size tends to zero, and the amplitude of its volume
current increases infinitely in such a way that the product of the source volume

Text

2 _ 1 Textx >
> Re [ ] edv. (1.90)
%4

Text 2

S Re [P e(0)]. (1.91)
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and its density remains finite. This product is called the dipole momentum P.
The field of the elementary dipole does not depend on the intermediate shapes
which the domain obtains while passing to limit. The same image can be
obtained if considering an infinitely short segment / of the line current with
infinite density I, such that the product I - [ = P is finite.

The fields have strong singularities near the elementary dipole. Approach-
ing the dipole, the electric field increases as an inverse cube of the distance
to it, whereas the magnetic field as an inverse square. The densities of both
electric and magnetic energies are nonintegrable, that is, the two conditions
(1.82) are violated. This violation distinguishes singularities of the fields near
the elementary dipole from those near the vertex.

Similarly as for the line current, the energy flux from the dipole cannot be
calculated using its near field. If the dipole is not located in the field of other
sources so that its field does not interfere with another field, then the flux
equals k2/(3¢)|P|2. This formula will be derived later in the chapter devoted
to the spherical waves. In the presence of other objects and fields created by
the currents induced on them, the factor at |P|? can be smaller or larger than
k?/3c, or even zero. Similarly as for the line current, if the field #(0) existing
(in the absence of the dipole) at the point of the dipole location is known, then
the radiated energy can be found by the formula

. k2 212 1 S
/ Snds = B[ — S Re [F*-2(0)] (1.92)
S
following from (1.56).

14
Uniqueness and existence of solution

1.4.1
Uniqueness of solution

There are two types of problems in high-frequency electrodynamics — direct
and inverse problems. In direct problems the fields created by the prescribed
extrinsic currents in the given set of objects are found. In inverse problems
the currents and objects should be found such that the arisen fields possess
prescribed properties. For instance, some functionals of fields have to reach
the maximal possible values under the given conditions.

Before solving problems of both types, we should clarify if the solution ex-
ists under formulated conditions, and if it is unique. The existence of a solu-
tion means that there are not too many conditions imposed and not too many
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idealizations accepted, that is, they do not contradict each other. The unique-
ness implies that there are enough conditions imposed in order that the only
one solution exists, that is, there are not too few conditions. Below we show
that the conditions formulated earlier and idealizations accepted provide the
uniqueness, but still, only almost always. The case when this is not true, that
is, when there exist more than one solution, is considered in the next subsec-
tion. Now we note that in this case it may turn out that there is no solution at
all, that is, the accepted idealizations are not consistent.

It is necessary to prove that the Maxwell equations (1.29) supplemented by
the conditions near a set of the idealized objects have the unique solution.
These supplementary conditions are as follows: the radiation condition (1.33)
describing the field near the infinite point, condition (1.65) of continuity of the
tangential components on the interface, conditions (1.67) on the impedance
surface and those (1.79) on the ideal conductor, conditions (1.82) near the
edge or vertex as well as the conditions imposed on the constitutive constants
(¢ <0,y < 0) and the impedance (w’ > 0). In fact, the assertion that at any
t (—oo < t < o) there exist harmonic fields dependent on ¢ by (1.1) is also an
idealization.

Since the Maxwell equations are linear, the assertion “the only one solution
exists for the given extrinsic currents” is equivalent to “there exist only the
solution E = 0, H = 0 if there are no extrinsic currents.” If two solutions exist
for the same currents, then their difference is also a solution in the absence of
currents. If there exists a solution for zero extrinsic currents, then its sum with
a solution existing for certain current is also a solution for this current.

The assertion “there are no fields if the extrinsic currents are absent” is
based, in fact, on the reason that if there are no sources increasing the field
energy, and the energy leakage takes place at the same time, then the energy
equals zero. Consequently, the fields are zero, either.

The proof does not use these energetic considerations explicitly. It is based
on formula (1.56), which, at f*Xt =0, becomes

. L2
divS = % (s” E‘ +u”

ﬁf) : (1.93)

As we have noted earlier, this consequence from the Maxwell equations re-
mains to be valid also for the chiral media if their constitutive equations have
the form (1.28).

Integrate (1.93) over the volume V, of the sphere with the radius a so large
that there are no objects outside the sphere and fields have the form (1.33)
on its surface. The interfaces of different media, as well as the edges and
vertices, can lie inside the sphere. According to (1.82), the volume integrals
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over domains where the fields are infinite converge. We use the Gauss formula

/divA’dV: /ANdS. (1.94)
v, S

Since it requires that the vector A is continuous inside the domain V,, the

interfaces must be separated out during the integration. When integrating

over the two domains separated by the interface, the integral of Ay over this

interface appears twice. The continuity of Sy follows from the continuity of E;

and H;. However, the normals to the interface are oppositely directed in these

two domains, and, therefore, the surface integrals of Sy cancel each other.
After integrating, formula (1.93) becomes

/SNdS+ /SNdS - / (e”
. . 8.
Sﬂ SZU Vﬂ

Here Sy, is an impedance surface if presented in the field.

Flux of the vector S through the sphere S, is proportional to the squared
modulus of the functions F; (9, ¢), F»(8, ¢) in (1.33) describing the outgoing
spherical wave. The flux equals

412
E‘ _|_H//

512
H‘ ) v, (1.95)

ﬁ/ (FP+[BP)do,  do=sinodddy. (1.96)

Sa

The flux of the vector S into the impedance surface is calculated by (1.68).
Hence, equality (1.95) (the energy conservation law) has the form

/(\F1|2+|F2|2) d0+k2/\Ht|2w’dS—k3/ (s"

S, Sw Va
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512
H‘ ) AV = 0.
(1.97)

The left-hand side of (1.97) contains the sum of three nonnegative values: the
radiation losses, the losses through the impedance surface and the volume
losses. If at least one of the losses takes place in the system, then the above
equality holds only if the field equals zero everywhere. If the system is open,
that is, the field exists at infinity, then the radiation losses differ from zero.
They would be zero if F; = 0, F, = 0. In this case the field would decrease
faster than 1/R. Then, as has already been marked in connection with formula
(1.33), the field would be equal to zero in any domain (containing the infinite
point), in which the field is analytical.

If the system contains the impedance surface, on which w’ > 0, then there
are no losses on it only if H; = 0, and, consequently, E; = 0 on the surface.
Then, as can be shown, the field equals zero in any domain in which it is
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analytical and which borders on this surface. If there are domains with ¢’ < 0
or " < 0, then the losses would be zero if E = 0 and H = 0 in these domains.
Then the field would be zero also in any larger domain where it is analytical
and which contains the domain with absorbent material.

Hence, if the fields E and H differ from zero, then the presence of any losses
makes equality (1.97) impossible, that is, it proves the assertion about the so-
lution uniqueness under the above assumptions.

1.4.2
Violation of the uniqueness theorem: eigenoscillations

The uniqueness can be violated if the field is nonanalytical. If there is an ideal
conductor in the domain, then the analyticity on its surface is broken, due
to the discontinuity of H;. If there is a closed surface in the system, on which
E; = 0, that s, the closed surface of the ideal conductor, and there are no losses
in the material inside this surface (¢/ = 0, " = 0), then equality (1.97) may
also hold for nonzero fields there. Then a solution to the Maxwell equations
can exist in the domain without the extrinsic currents. Note that this takes
place also if conditions (1.67) with w’ = 0 hold instead of (1.79) on the surface.
Further we do not mention about this possibility.

In such a domain (resonator) the homogeneous Maxwell equations can have
nonzero solutions. In this case the uniqueness theorem is violated and, simul-
taneously, the assertion that the solution exists for any extrinsic currents, that
is, the existence theorem, may be violated, too. In oscillation theory the absence
of a solution is known as the “infinite resonance” in a system without losses.
It occurs as a result of introducing certain idealizations turned inconsistent:
harmonic time dependence, infinite conductivity, absence of losses, given ex-
trinsic current.

Such a situation occurs in the resonator with fixed parameters only at cer-
tain frequencies, or, at a fixed frequency and certain values of some resonator
parameter. At other frequencies or values of the parameters, the assertions
about the existence and uniqueness of solution remain valid.

These specific combinations of the frequency and parameters are interest-
ing just because they permit the existence of solutions to the homogeneous
Maxwell equations, so-called eigenoscillations. The corresponding frequency
values at the fixed resonator parameters are called the eigenfrequencies. A set of
fields of eigenoscillations corresponding to different eigenfrequencies makes
up a complete set of fields. Any field (with certain reservations) can be ex-
panded in a convergent series by these fields. Introducing in an appropriate
way the notion “product of two oscillations,” we can show that the product
of two eigenoscillations equals zero (this assertion also needs to be specified),
which is formulated as the orthogonality of eigenoscillations. Here the notion
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of the orthogonality has more general meaning than the vectorial orthogonal-
ity.

At the frequency, being not an eigenfrequency, the solutions of direct prob-
lems can be sought in the form of expansions by the fields of eigenoscillations.
This method for solving the problems, known as the spectral method, will be
considered in Section 4.1.

A set of the eigenoscillations may correspond not only to the different val-
ues of the frequency k, (n = 1,2,...) at fixed parameters describing the do-
main where these oscillations exist. Let, for instance, a dielectric body with
permittivity e be located in a closed resonator with ideal-conducting walls.
For any given frequency, the values of the permittivity ¢, (n = 1,2, ...) can be
found, at which the eigenoscillations exist. The fields of all eigenoscillations
corresponding to different values of ¢, at the fixed k also make up a complete
set of fields. The field in a resonator with certain permittivity e excited by an
extrinsic current, can be sought in the form of a series by the these fields. In
such a method the values ¢, are the eigenvalues and all the eigenoscillations
correspond to the same frequency equal to the frequency of excitation current.
Other parameters can also play a role of the eigenvalues, for instance, the wall
impedance w, (n = 1,2,...). These generalizations of the spectral method
are expedient to use in the theory of open resonators, when the field exists at
infinity. We return to these questions in Chapter 4.
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Plane waves in an infinite homogeneous medium

2.1.1
The phase velocity

The simplest solutions to the Maxwell equations are plane waves; their fields
depend only on one Cartesian coordinate. Denote this coordinate by z, so that

d ?
x=0 3

0. (2.1)

Such solutions exist, in particular, in infinite homogeneous media. First, we
assume that the medium is nonchiral and isotropic, that is, it is characterized
by two scalar quantities € and y. It follows from equations (2.1) that the field
does not have the longitudinal components, that is,

E.=0, H.=0. 2.2)

For chiral media the system of the equations for the transverse components is
divided into two independent subsystems:

1 dE, 1 dHy
=% B kx @3)

for Ey, H, and

_ 1 dH, _ 14k
Y ke dz Y ikp dz

(2.4)

for Hy, Ey, respectively. The wave equations for each of these components are
the same; the wave equation for Ey is written as

d2E,

2 K*epEy = 0. (2.5)
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Solutions to these equations are linear superpositions of the two functions

exp(—ihz), exp(ihz), (2.6)
where
h = ke 2.7)

denotes a wave number. 1f there are no losses in the medium, then € and y are
real, ey > 0; hence & is real, either.

Passing from the complex amplitudes to physical quantities by (1.3), we
obtain the dependence for solutions corresponding to the first function of (2.6)
on t and z in the form

cos(wt — hz). (2.8)

This value is constant if + and z are connected as wt — hz = const. The wave
having such a dependence on t and z propagates in the z-direction. It is called
the direct wave. Its velocity v = dz/dt equals

U= (2.9)

2 ;
it is called the phase velocity. The equi-phase plane moves with this velocity.
According to (2.7),

v — (2.10)

ik
=

The second solution in (2.6) describes the back wave. It propagates in the
opposite direction —z with the same velocity.

The phase velocity is a velocity of an observer moving in the same direction
as the wave does, so that he is placed in the field having the same value. If
the observer moves in the direction making a nonzero angle  with the wave
propagation direction, then its velocity is 1/ cos f times larger. In fact, the
phase velocity is not a physical notion, but a geometric one. It can be larger
than the light velocity c in vacuum. As will be shown further, the monochro-
matic oscillation cannot serve for a signal transmission; a more complicated
time dependence should be used for this.

If there are losses in the medium, then, according to (2.7), I is complex:
h=Hh +ih",h" > 0,h"” <0 and the physical function of the field of the direct
wave is

"% cos(wt — h'z). (2.11)

The wave propagates with the phase velocity v = w/h’ and damps exponen-
tially as exp(h”z), " < 0. The back wave propagates with the same velocity
and damps as exp(—h"'z) when —z increases.
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The connection (1.74) exists between transverse components of the electric
and magnetic fields. For back waves the signs in this connection are opposite.
The quantity w in (1.75) is called the wave resistance of the medium. It is also
the impedance of the surface on which (1.67) holds.

The plane wave, that is, the field which does not depend on two Cartesian
coordinates, is an idealization. It occupies an infinite domain, and it can be
created by extrinsic currents uniformly distributed on the infinite plane z =
const. Such a wave would transmit an infinite energy flux. This ideal image
approximately describes any field varying along two coordinates much slower
than along the third one. Such a field can occupy a domain which is although
finite, but large in comparison with wavelength, so that properties of this field
are close to those of the plane wave in the most part of the domain.

2.1.2
The elliptic polarization

The plane wave may contain either the components Ey, Hy (2.3), or Ey, Hy
(2.4). Such waves are linearly polarized, that is, the vectors Eand H keep their
direction at all f. The waves of both polarizations are degenerated: they have
the same wave number / (2.7).

The plane waves of both linear polarizations are independent in nonchiral
media; each of them can propagate in the absence of another, keeping it lin-
early polarized. A linear superposition of two plane waves is a plane wave,
either. However, if both waves are linearly polarized, then their superposition
is also linearly polarized only in the case when the coefficients of this super-
position are real. If Ey = a, E, = b, and a, b are real, then the components of
the vector E in the coordinate system, turned by the angle « with respect to
the system (x,y), are

Ez =acosvy+ bsinvy, Ey = —asiny +bcosvy, (2.12)

where %, are new coordinates. If tany = b/a, then E; = 0, that is, the field
keeps the linear polarization, only its direction is changed becoming interme-
diate between the polarization directions of the initial waves.

However, if

Ex = aexp(—in), E,=bexp(—if), a—p#0, (2.13)

then the polarization is nonlinear, that is, the vector E does not keep its di-
rection over the period. Omitting the common factor exp(—ihz), pass to the
physical quantities.

According to (2.13), we obtain

E. = acos(wt —w), E, = bcos(wt — B). (2.14)
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Eliminating the parameter t gives the equation connecting the components E,
and Ey:
Y

2 2
(%) + (%) —2%% cos(a — B) = sin?(a — B). (2.15)

If « — B = 0 (which is the same that the coefficients of two waves, in which
Ey = 0 or Ex = 0, are real), then it follows from (2.15) that E, = b/a - E,. The
wave remains linearly polarized. However, at « — 8 # 0 and o« — B # 7 the
end of the vector E does not draw a straight-line segment, but an ellipse over
the period. The elliptically polarized wave is the most general form of the plane
wave. It can be obtained as a superposition of two waves, linearly polarized
in different directions, with complex coefficients.

In order to find the directions in which the vector E reaches its maximal
and minimal values, and these values themselves, that is, the directions of the
polarization ellipse axes and lengths of its half-axes, we put E, = |E|cos,
E, = |E|sin+y. Substituting these expressions into (2.15), we obtain the de-
pendence of |E| on . Omitting elementary but cumbersome derivations, we
give the final expressions for the angles yin, Ymax made by the ellipse axes
with the x-axis, and for the maximal and minimal values of |1§ |, that is, for the
lengths of its half-axes. The angles are calculated by the formula

tan(27y) = i% cos(a — B), (2.16)
and the lengths of the half-axes are
1/2
IE| o = abp sin?(a — B) , 217)

lq:\/l—pzsinz(a—ﬁ)

where p = 2ab/(a® + b*). If & = B, then, according to (2.17), |E|min = O,
|E Imax = Va2 + b2. If a device receiving the wave measures only one linear
component of electromagnetic field, then it should be oriented in the ymax-
direction.

Consider two particular cases of (2.16), (2.17). If « — p = =£m/2, that is,
two linearly polarized waves, making up an elliptically polarized one, are in-
quadrature, then the ellipse axes are directed along the axes x and y, and equal
to a and b, respectively. If a = b (p = 1), then, at any value of the difference
a — B, the ellipse axes equal av/2| sin[(a — B)/2]| and av/2| cos[(a — B) /2]| and
make the angles v = +7/4 with the x- and y-axes. Summing two linearly
polarized waves which have the same amplitudes and the phase shift 77/2,
we obtain a circularly polarized wave.

The elliptically polarized waves are characterized not only by the directions
of the ellipse axes (see (2.15)) but also by the direction of the vector E turning



2.1 Plane waves in an infinite homogeneous medium

(clock- or anticlockwise). The latter depends on the sign of « — 8. This char-
acteristic is lost in (2.15); it is seen in (2.14). For instance, if « — f = £7/2,
then the vector E is x-directed (Ey = 0)att = a/w and y-directed (E; = 0) at
t =pB/w.If &« — B > 0, then the turning proceeds from the x-axis to the y-axis,
that is, anticlockwise, if we look into the direction of the wave propagation.
This turning is called the right turning. If « — B < 0, then the turning proceeds
from the axis x to y, that is, clockwise (left turning). This difference is essential
for devices receiving not the linearly polarized, but the circularly polarized
waves.
The field of the circularly polarized wave has the components

Ex=1, E,=i, Hy=1 Hy=—i (2.18)
at the right turning (we put w = 1in (1.74)) and
Ex=1, E,=—i, Hy=1 Hy=i (2.19)

at the left turning; the normalization is taken at which E, = 1.

When reflecting from any body the right-turning wave generates a left-
turning wave, and vice versa. This follows only from the fact that the prop-
agating direction is changed after reflection without changing the turning di-
rection in the space. The same turning, which is right for the incident wave, is
left for the reflected wave.

213
Eigenwaves in chiral media

Plane waves of any linear polarization are the eigenwaves in a nonchiral infinite
medium, that is, they propagate retaining their shape. All eigenwaves are
degenerated, that is, they have the same wave number #.

In the chiral medium, the linearly polarized plane wave is not an eigen-
wave. The eigenwaves have another polarization in the chiral medium: they
are circularly polarized. The circularly polarized waves, which differ from
each other by the turning direction, are not degenerated; they have different
values of h.

Consider a solution to the Maxwell equations, satisfying condition (2.1), in
the chiral medium, that is, in a medium with the constitutive equations (1.28).
Two of these equations give D, = 0, B, = 0, which, at ey — > £ 0, yield
E, = 0, H, = 0, that is, the conditions (2.2) are satisfied. The remaining
equations involve the transverse components of the fields together with their
derivatives with respect to z. All components in the plane wave depend on z
by means of the factor exp(—ihz), so thatd/dz = —ih. The Maxwell equations
give the following homogeneous system of four linear algebraic equations for
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the transverse components:

ihH, = ik(eEx — isHy),
—ihHy = ik(¢E, — ixHy),

ihE, = —ik(uHy + ixEy),
—ihEy = —ik(uHy + ixEy)

(2.20)

This system has nontrivial solutions for the fields only if its determinant
equals zero. This leads to a fourth order algebraic equation for /. Substituting
one of its roots into (2.20), we obtain relations between four components of the
eigenwave corresponding to this eigenvalue h.

Applying this general procedure to the simple equation system (2.3), (2.4)
for nonchiral media would give equations having solutions h = k,/ejiand h =
—k,/eji; each of them is a double root. It is convenient to use a simpler artificial
approach to system (2.20), which allows us to obtain for chiral media both the
eigenvalues h and the structures of the eigenwave fields. This approach is
suggested by formulas (2.18), (2.19) for the circularly polarized waves.

Introduce the quantities prg, grg and pys, if:

prg = Ex —iEy, g = Hx —iHy, (2.21a)
pig = Ex +iEy, gy = Hx + iHy. (2.21b)

Expressing the field components by these four functions and substituting
them into (2.20), we divide it into two independent subsystems:

(h + k) grg + ikeprg = 0,

| (2.22a)
—Zk]/lgrg + (I’l + k%)Prg =0

for prg, grg, and
(h — ks2)gi — ikepy = 0, (2.22b)

ikugis + (h — kse)pir = 0

for pys, g1f. According to these formulas, eigenwaves in the chiral medium are
waves of circular polarization with opposite turning directions. As follows
from (2.18), for the right-polarized wave described by system (2.22a), pjs = 0,
gif = 0, that s, there exists the connection Ey = —iEy, Hy = —iH, between the
field components. The wave number of this wave is found from the existence
condition for solutions to (2.22a), that is, from the equation (h + ks¢)? = k?ep.
For direct waves,

h = ky/gi — k. (2.23)

Subsystem (2.22b) has only zero solution at this value of k. For back waves, h
has the opposite sign.
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According to (2.21), it follows from g = 0, piy = 0 that p,g = 2E,,
grg = 2Hy. Substituting these expressions into (2.22a) and using (2.23), we
obtain

Hx - _%Ex, Hy - __Ey (2.24)

for the right polarization. Note that the parameter > does not present in these
relations.

The existence condition for solutions to subsystem (2.22b) gives the expres-
sion

h = ky/eji + ks« (2.25)

for the wave number of the eigenwave of the left circular polarization. The
relations between the field components differ from (2.24) in sign.

2.1.4
Turning of the polarization plane in the chiral media

Assume that a linearly polarized field with Ey = 1, E,, = 0 is created in a chiral
medium atz = 0. In order to find the field at z > 0, we should express the field
at z = 0 as a superposition of eigenwaves, that is, the waves of two circular
polarizations. The amplitudes of these waves are found from the demand
that the sum of their fields equals the given field. According to (2.18), (2.19),
both these amplitudes are equal to 1/2. The fields of the eigenwaves at z >
0 are obtained from the fields at z = 0 by multiplying by exp(—ilgz) and
exp(—ihyz), respectively, so that the resulting field has the components

Ex(2) = 3 lexp(~ihpgz) + exp(—ihez)],

; (2.26)
Ey(z) = £ lexp(~ihpgz) — exp(—ilgz)].
Since hyg + hig = 2k, /e, hrg — g = —2ks¢, we have
Ey(z) = exp(—ik\/ejiz) cos(»z), 2.27)

Ey(z) = exp(—iky/epiz) sin(sz).

The components of the vector E remain in-phase. The field (2.27) is linearly
polarized in the direction making the angle sz with the x-axis. The linearly
polarized wave is not the eigenwave of the chiral medium, but it remains lin-
early polarized when propagating only with changing polarization direction.
The polarization plane is turned by the angle, proportional to the covered dis-
tance z. The chirality parameter s is a coefficient in this relation. The vector
E turns anticlockwise (right direction) at »¢ > 0, and clockwise (left direction)
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at s < 0. Of course, here the term “turning” has the different meaning than
in definitions of the right and left polarizations, where we imply the turning
over the period.

215
The group velocity

The field of a monochromatic plane wave propagating along the z-axis is pro-
portional to exp(i(wt — hz)). Such a wave cannot transmit any signal. The
signal can be transmitted only by the impulse, that is, by a field having more
complicated dependence on t. The impulse can be considered as a result of
the interference of a group of monochromatic waves. The dependence of the
field of this group on z and t is determined not by the number k, but by the
function h(w), defined in the frequency band to which the group belongs.

There exists a general rule, according to which (under certain condition) the
impulse propagates along a line. By this rule, it is possible to find the field at
z > 0 as a function of time if we know this function at z = 0. The rule describes
propagation of not only the plane electromagnetic waves but also the waves
of more complicated structure or another nature, such as acoustic, seismic,
etc. Only the following property of a transmitting line or medium is used: if
some monochromatic oscillation of the frequency w with the unit amplitude
is created at z = 0, then the oscillation amplitude at z > 0 is exp(—ihz), where
h = h(w) is a known function of the frequency. If F(w, z) is an amplitude of
the oscillation of frequency w at point z, then

F(w,z) = F(w,0) exp[—ih(w)z]. (2.28)

This condition is satisfied for all homogeneous lines, in particular, for the ho-
mogeneous media.

In order to use the property (2.28) for the determination of the dependence
of the impulse shape, given at z = 0, on the distance z covered by the impulse,
we should expand the impulses f(t,0) at z = 0 and f(,z) at z > 0 in the
Fourier integrals

£(t,0) = / F(w,0) exp(iwt) deo, (2.292)
f(tz) = /F(w,z) exp(iwt) dw. (2.29b)

Formally, the integrals are taken here over an infinite frequency interval —oco <
w < oo (this also relates to similar integrals below). However, in fact, the in-
tegration is made over the interval of the order 1/T, where T is an impulse
width. The center of the interval is a frequency wy in the neighborhood of
which the frequencies of oscillations, interference of which makes up the im-
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pulse, are placed. The function

F(w,0) = % / £(7,0) exp(—iwT) dt, (2.30)

obtained from (2.29a) as the Fourier integral inversion, has the same order as
F(wy,0) for this frequency.

Substituting (2.30), (2.28) into (2.29b), and interchanging the integration or-
der with respect to w and 7, we obtain the sought connection between f(t,z)

and f(t,0):

F(t,2) = / F(T,0)I(t— 1,2) dr, 2.31)
where the kernel
I(t—1,2) = % /exp[iw(t 1) — ihz] dw (2.32)

does not depend on the function f(t,0); it characterizes only the line. As was
expected, I(t — 7,0) = §(t — 7).

If the function h(w) is proportional to w in the frequency interval over
which the integration in (2.32) is actually made, that is, if the phase veloc-
ity v = w/h does not depend on the frequency, then, substituting 1 = w/v
into (2.32), we have I(t — 7,z) = [T — (t — z/v)], so that

fltz)=f (t - go) . (2.33)

Just as was expected, any impulse propagates without deformations with the
velocity dz/dt = v (i.e., with the phase velocity) along the line in which the
phase velocity does not depend on the frequency.

It is impossible to find a nonintegral expression of the function f(t,z) by
f(t,0) at an arbitrary v(w). Since the impulse components corresponding to
different frequencies obtain the phase not proportional to w, the impulse dis-
torts when propagating. The result of the interference of these components at
z > 0 differs from that at z = 0; hence the impulse shape at z > 0 is not the
same as that at z = 0.

However, if in the frequency range wy — 1/T < w < wq + 1/T the function
h(w) can be substituted by the first two terms of its Taylor series

dh

h(w) = h(wo) + 5=

(w — wy), (2.34)
w=wq
then the integral in (2.32) is reduced to the J-function again. With accuracy to
a nonessential phase factor (independent of f), it follows from (2.31) that

flt,z)=f <t - z% w_w0,0> . (2.35)
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Therefore, when condition (2.34) holds, then the impulse propagates with-
out distortion, however, with the phase velocity dz/dt = (dh/dw]| w:wo)’1
instead of (2.9). If the phase velocity depends on the frequency, that is, / is
not proportional to w, then this velocity differs from v. It is called the group
velocity. Substituting w = kc, we obtain

1

vgr = th—/dk. (236)

This result is valid if the remainder dropped in (2.34) is small. The product of
the remainder and the length z of the line should be small in comparison with
unity. When increasing z, the impulse distortion becomes more essential, the
notion of the impulse velocity loses the sense, and formula (2.35) ceases to be
valid.

2.1.6
The relativity restrictions on the propagation factor

The known relativity restriction that the velocity of the signal transmitting is
smaller than the light velocity in vacuum leads to the demand
dh

> L (2.37)

The similar restriction on the phase velocity, namely, /1/k > 1, does not exist
for any homogeneous medium. For instance, it does not follow from (2.10)
that ey > 1. For plasma (see (1.25)), as well as for many other media, ¢ < 1,
however, the dependence of ¢ on the frequency is such that condition (2.37)
holds.

However, there exists another (not local) relativity demand on the function
h(w). The condition which will be found below has a global nature; it imposes
a restriction on the function /(w) in the whole infinite frequency range.

Let the impulse have the J-function shape at z = 0:

f(£,0) =4(¢t). (2.38)
It follows from (2.31) that f(t,z) = I(t,z) atz > 0, that is, according to (2.32),
F(t,z) = % / exp(iwt — ihz) dw. (2.39)

Atz = 0, the impulse did not exist for t < 0. The relativity restriction means
that the impulse cannot propagate with a velocity larger than c; hence, at the
point with coordinate z > 0 it should be absent at t < z/c, that is,

/ expliwt —ihz)dw =0 at t<z/c. (2.40)
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This condition is necessary for the function h(w) to fulfil the relativity de-
mand, because otherwise there would exist the impulse (2.38) propagating
with a velocity larger than c.

Condition (2.40) is also sufficient, that is, if (2.40) holds, then any impulse
not existing at z = 0 for t < 0 is absent at z > 0 for ¢t < z/c. This means that
for any impulse, for which the equality

F(,0)=0 at t<0 (2.41a)
is valid, the equality
f(t,z)=0 at t<z/c (2.41b)

is valid, either. If the function h(w) is such that (2.40) holds, then (2.41b) fol-
lows from (2.41a) for any impulse.

The proof of this statement is elementary. If f(+,0) = 0 at t < 0, then
the integrand in (2.31) equals zero at T < 0, and the integral is taken over
T > 0 only. Therefore, the first argument t — 7 in the function I(t — 7, z) in this
integral is smaller than t. Att < z/c this argument is smaller than z/c, and,
according to (2.40), I(t — 7,z) = 0. Hence, f(t,z) < 0.

Condition (2.40) can be rewritten in another form. At the high frequencies,
any medium and any transmitting line behave as free space, and any signal
propagates with the velocity c, that is,

h(w)| ~w/c. (2.42)

w—00

This condition introduces the velocity ¢ into the theory of homogeneous media
(and of general homogeneous lines). Denote

w
p(w) =h(w) — - (2.43)
According to (2.42),
lim 29 g, (2.44)
w—Q w

Expressing the function h(w) from equation (2.43) and substituting it into
(2.40), we obtain the condition

/ exp(i(wa —zp))dw =0, a<0, z>0, (2.45)

equivalent to (2.40), wherex =t —z/c.
This condition can be transformed once more in the same way as condition
(1.64) for the dependence of the dielectric permittivity on the frequency was
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obtained. For this purpose we introduce a plane of the complex variable (),
Re) = w. If the function h(w) can be analytically continued from the real
axis onto the whole lower half-plane in such a way that |[p(€Q)/Q)| tends to
zero as |Q)] — oo, then condition (2.45) holds because iQa = —Q"a + ia (Y,
and exp(iQua) tends (exponentially) to zero as )/ — —oo, ata < 0.

An infinite dielectric medium is a transmitting line with the wave number
h = k/+/¢. For the relativity demand “(2.41b) follows from (2.41a)” to be ful-
filled, it is sufficient that /¢, as a function of frequency, can be analytically
continued onto the whole lower half-plane of the complex frequency (), and
that p(Q)/Q = (1/e(Q2) — 1) /c tends to zero in this half-plane as |Q)] — oo.
The second demand is fulfilled for all the functions ¢(w); the first one coin-
cides, in fact, with the demand imposed on e(w) by the causality principle.
This principle and the relativity restriction lead to the same demands.

For arbitrary lines, h(w) is not expressed by e(w), and the causality princi-
ple, in contrast to the relativity restriction, does not lead to any restrictions on
the function h(w).

Condition (2.40) is less informative than (2.37). The first condition is equiv-
alent to the existence condition for the analytical continuation of the function
h(w). If this condition does not hold for some function /(w), then there exists
a function “close” to h(w), for which this condition holds. A small perturba-
tion of almost any function /(w) can lead to the function satisfying the nec-
essary and sufficient conditions following from the relativity demand (2.41).
The demand (2.37) is stronger than (2.40); small perturbations of the function
h(w) are not sufficient for obtaining the function which fulfills this condition
at all frequencies.

2.2
Plane waves in a plano-layered medium

2.2.1
Medium with constant wave resistance

The waves, whose fields satisfy condition (2.1) exist not only in the infinite ho-
mogeneous medium but also in the nonhomogeneous one if its ¢, u (and s for
a chiral medium) depend only on one coordinate. We begin with a nonchiral
medium. If (2.1) holds, then it follows from the Maxwell equations ate = &(z),
u = u(z) (similarly as at ¢ = const, p = const) that the longitudinal com-
ponents are not present in the field (i.e., (2.2) holds), and the fields can be
“polarizationally divided” onto two independent groups, for one of which
equations (2.3) hold and for the other (2.4) do. However, the wave equations
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for the components Ey, E, and Hy, Hy are different; they have the form

d (1dE\ , .
and
d (1dHY  ,
i (e ) rew =0 247

for the components of the fields E and H, respectively. If 1 does not depend on
z, then (2.46) becomes (2.5), and if € does not depend on z, then (2.47) becomes
(2.5). Asin the general case ¢ = €(z), u = 1i(z), in these two particular cases
the dependences of E and H on z are different.

According to (2.3), (2.4), the functions

1dE 1dH
VL P (2.48)
are continuous on the interface of the media with different values of € and p.
The wave equations have no explicit solutions for arbitrary functions &(z),
u(z). However, such solutions exist when €(z), u(z) are proportional to each
other, that is, if the wave resistance w = /u/e does not depend on z. Then
system (2.3) and the wave equations (2.46), (2.47) are satisfied by the functions

Ey = exp(—in(2)), Hy= %exp(—i’y(z)), (2.49)
Ee=epl(in(z)),  Hy = exp(in(2)), (2.49)
where
12) =k [ \fe(Qn(e) de. (250
0

The corresponding formulas for the fields satisfying (2.4) instead of (2.3) are
obtained from (2.49) by replacing E, with E, and Hy with —H,.

Formulas (2.49a) describe the direct waves propagating in the z-direction,
whereas (2.49b) do the back ones propagating in the opposite direction. The
lower limit of integral (2.50) can be arbitrary, it only gives a constant factor in
the fields (2.49). At e = const, p = const, we have y = k,/epz. Not only any
wave having Ey, Hy and Ey, Hy is a possible solution to the Maxwell equations
in the medium with w = const, but also any superposition of such waves, that
is, the wave with the elliptic polarization is a solution to these equations.
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When a wave falls onto the interface of the media with different constant
wave resistances, then it partially transmits into the second medium and par-
tially reflects by the interface. Let the medium with w = w_ be located at
z < 0 and the medium with w = w_ be located atz > 0. A wave with Ey =1
falls onto the boundary z = 0 from the medium with w = w_. Denote the
reflection coefficient by R and the transmission one by D. Then the fields on both
sides of the interface have the form

E, = exp(—iv_) + Rexp(iv_),
x f’Xp( ) + Rexplin-) } atz <0, (2.51a)
Hy = 7 [exp(—iv-) — Rexp(iv-)]
Ex = Dexp(—ivy4), Hy = wiD exp(—iy+) atz >0, (2.51b)
+

where v, v_ are defined by (2.50). Equating the fields at z = 40, we obtain
two equations for R, D, from which

_wy/w- =1

R = 7w+/w, 1 (2.52a)
- ZZ,U+/ZU,
= w0 1 (2.52b)

If wy, = w_, then R = 0, D = 1, that is, the wave does not reflect from
the interface of the media with the same wave resistance. This follows from
the fact that in media with w = const the direct wave (2.49a) propagates with-
out generating the back one (2.49b), which is true for any &(z) and p(z), in
particular, in the case when these functions are discontinuous.

The energy flux falling onto the boundary z = 0 from the medium z < 0,
created by a sum of the direct and back waves, is equal (with the accuracy to
the factor c/(87)) to Re[(1 4+ R)(1 — R*)/w* ]. If the medium z < 0 has no
losses, that is, Imw_ = 0, then this flux is equal to (1 — |R|?)/w_, that is, to
the difference of fluxes, transferred by the direct and back waves apart. This
property is not inherent in media with losses, that is, with Imw_ # 0.

Note a specific case when the dielectric permittivity is negative in the
medium at z > 0, for instance, as in plasma at low frequencies (see (1.25)).
Then w is imaginary, and according to (2.52a), |R| = 1. The wave completely
reflects from the medium with e < 0. However, the field penetrates into this
medium. In this case D # 0, but since 7 is imaginary, the field is fast decreas-
ing, as exp(—|v+|). The energy flux outgoing into this medium equals zero,
because, according to (2.49a), Ey; and Hy are in-quadrature. If ¢ is complex at
z > 0, that is, the losses exist in the medium, then |R| < 1, and the energy flux
through the boundary z = 0 is not equal to zero.
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222
The slowly varying wave resistance

If the wave resistance is a “slow” function, then an approximate solution to
system (2.3) can be obtained in an explicit form. The solution should be close
to the solution at dw/dz = 0 when E and H are superpositions of the waves
(2.49a) and (2.49b), that is, of the waves propagating in both directions. Taking
into account the symmetry of equations with respect to E and H, we introduce
two new functions A(z) and B(z) by the formulas

E(z) = VlA(z) exp(~i7) + B(z) exp(i7)], (253a)

H(z) = —=[AG) exp(—i7) - B) expli)] (2.53b)

Here E(z), H(z) denote the components Ey, H,, respectively. Substituting
(2.53) into (2.3) gives the following differential equation system for A(z), B(z):

dA 1 dw .
E = —%d—zBeXp(ZI’)/), (2543)
dB 1 dw .

The equations are exact, equivalent to (2.3).

System (2.54) is constructed in such a way that the small function dw/dz is
a factor at dA/dz and dB/dz; this fact causes the form of definitions (2.53). An
iterative method is convenient for obtaining approximate solutions to equa-
tions (2.54). For the zeroth approximation we take dA/dz = 0, dB/dz = 0.
In this order, E and H are given by (2.53) at A = const, B = const. This ap-
proximate solution to system (2.3), or which is the same as that to the wave
equations, so-called WKB approximation (Wenzel, Kramer, Brillouin) is often
used in different branches of the mathematical physics. It can also be ob-
tained when considering the medium with variable ¢(z), u(z) as a limit of an
aggregate of sequential layers with constant values of w, different in different
layers. The thickness Az of each layer is small. When passing through each
layer the phase obtains the additional summand k,/€;1Az, and the total phase
accumulation is integral (2.50). The amplitude of the transmitted wave ob-
tains the additional factor D(z + Az)/D(z), where D is given in (2.52b). At
w4 = w_ + Aw, this factor is equal to 1+ Aw/(2w) (with the accuracy to the
terms of the order (Aw)?), that is (with the same accuracy), to /w /w_. This
is in accordance with both formulas (2.53).

The solution A = const, B = const obtained in the zeroth approximation
does not describe the appearance of a reflected wave. The coefficients A and
B are independent in this solution; for instance, the solution A =1, B = 0 is
possible. The reflection is an effect of the first (not zeroth) order. System (2.54)
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allows us to give an analytical (but, of course, also approximate) description of
this process. Let, for instance, a wave of the unit amplitude fall onto a certain
layer of a finite thickness L, in which dw/dz is small, and there are no jumps
of w on the layer boundaries, that is, the reflection from the boundaries does
not occur. At the layer input z = 0, we have A = 1, B = 0. Substituting
the latter equality into (2.54a), we obtain A(z) = 1 in this approximation.
Alteration of A(z) through the layer thickness is not accounted in this order,
more precisely, in this step of the iterative procedure. Alteration of the phase
of incident wave is accounted by the factor exp(—ivy). Formula (2.54b) gives
an explicit expression for dB/dz, integrating which gives

1 jdw(g) 1
2/ dg w(c)

Here it is assumed that at z = L there are no incoming waves from the side

z > L, thatis, B(L) = 0. The reflection factor of the layer is R = B(0), that is,

B(z) = exp(—2iy(Z)) dg. (2.55)

R =

NI =

L
O/(Z)((j)) wzz) exp(—2iy(z)) dz. (2.56)

The approximation A = const ceases to be valid at very large values of L,
and formula (2.56) becomes unapplicable. It is possible to obtain the next ap-
proximation, determining the function A(z) from equation (2.54a), into which
function (2.55) is substituted. This iterative procedure can be continued; it can
also be generalized for the case when w has jumps on the layer boundaries,
etc.

Similarly to the zeroth approximation, formula (2.56) of the first approxi-
mation can also be obtained from imaging the layer with continuous distri-
bution of w(z) as a limit of an aggregate of thin homogeneous plates. As it
follows from (2.52a), when a wave falls onto the boundary where w(z) jumps
by the value Aw, the reflected wave has the amplitude Aw/(2w). Replac-
ing Aw by dw/dz - Az we get the value of this local reflection coefficient as
dw/dz-1/(2w) - Az. The wave reflected from the entire layer is a sum of the
local reflected waves. The wave falling onto the thin plate has the phase y(z)
(at A(z) = 1). After passing through the layer the local reflected wave ob-
tains an addition phase which is also equal to y(z). Therefore, the total re-
flected wave has the amplitude (2.56) in the first approximation (i. e., without
accounting additional re-reflections).

We describe another way of obtaining formula (2.56), equivalent, in fact,
to introducing the functions A(z), B(z), but a little simpler. Introduce a new
function p(z) by the formula

p(z) = fx(é)) exp(2iy), (2.57)
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which has a meaning of the “local reflection factor.” It is easy to check that,
according to (2.54), p(z) satisfies the first-order nonlinear differential equation
of Riccati

dp , 1 dw 2
E—2zk@p+ag(l—p ) =0. (2.58)
The equation is exact, equivalent to (2.54) (and (2.3)).

If dw/dz and |p| are small (the latter follows from the expression for p(z),
which will be obtained below), then we can drop the quadratic terms in (2.58).
The obtained linear differential equation has an explicit solution

p2) = erp(2in) [ T8 exp(-2i7) de +p(0). 259
L

The last summand differs from zero only if there is a wave incoming from the
side z > 0. If there is no such wave, that is, p(L) = 0 and therefore R = p(0),
then we obtain expression (2.56) for the total reflection coefficient again.

223
The periodical layer

The formation of the wave reflected from the periodical layer will be consid-
ered below under the assumption providing the validity of (2.56). Let the
medium parameters be periodical functions of z:

e(z) =¢e(z+1), u(z) = pu(z+1). (2.60)

The form of the functions is nonessential in our approximation. For simplic-
ity we assume that the layer contains an integer number of periods, that is,
L = NI with integer N.

If z is placed in the nth layer, z = nl + ¢, 0 < § < [, then expression (2.50)
for the phase can be written as a sum:

nom z
100 =kY [ \el@nle)ds+k [ /e(n(c) de. @61)
=17 1)1 nl

All the terms in the first sum are identical owing to the periodicity condition
(2.60), and they are equal to the so-called optical thickness

1
o= [\felomis)de @62)
0
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of the layers. Under this definition

¢
2) = nka +k / Je(©ule) de. (2.63)
0

Expression (2.56) for the reflection factor R can also be written as a sum

(n+1)1
1= 1 dw
R = 5 / [—d— exp(—2inka) exp (—2zk/ \/&( )]
(2.64)

Since the function w~! dw/dz is also periodical with the period /, the integrals
in (2.64) differ from each other by the multiplier exp(—2ina). Introduce R as
a reflection factor of the layer containing only one period:

1
11
- Eo/ad_ (—2i7(z)) dz. (2.65)

Then the reflection factor of the sequence of N identical layers is

N-1
R=Rg Y exp(—2ikan). (2.66)
n=0

The phase of each term in the sum in (2.66) is equal to the phase of the wave
reflected from the nth layer (partial wave) when it reaches the input of the
layer system.

With the accuracy to a nonessential factor of the unit modulus, the sum in
(2.66) is

sin(Nka) / sin(ka). (2.67)

This factor determines, in principle, the frequency dependence of the reflec-
tion factor of the periodical layer. If the product ka (proportional to the fre-
quency) is not close to 7 (or 271, 37, . . .), that is, if the thickness of each layer is
not close to the length of the half-wave (or its multiple), then the factor (2.67)
has the order Ry. If ka is close to 7r, more precisely, if |ka — 7r| < 1/N, then the
factor (2.67) is large. At ka = m, all the partial reflected waves are in-phase,
and hence R = NRj. After reflection from a thick periodical layer a nons-
mall reflected wave (|R| > |Ro|) may arise in narrow frequency bands close
tok=mmn/a,m=1,2,...evenif dw/dzis small, that is, if the reflection factor
from one layer is small (|Ry| < 1).
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Nonreflecting coating

A dielectric layer with finite thickness may serve as a nonreflecting coating
placed on a certain medium, which possesses the property that the wave
falling onto the medium does not reflect; it transmits completely into the
layer, and deeper into the medium. Such a layer does not protect the medium
against the penetration of the field into it, but provides the absence of the re-
flected signal, that is, its radar invisibility. The layer matches the medium with
free space from which the wave comes.

The simplest matching layer is a homogeneous plate. Denote the parame-
ters of the medium located at z > L by ¢y, o and the parameters of the plate
placed at 0 < z < L, by €1, y1. We set ¢ = 1, u = 1 in free space from which
the wave comes. The parameters ¢, i1, L should be found from the demand
that the reflection factor equals zero. Similar to (2.53), the field in the plateis a
sum of the direct and back waves; the field in the medium is a direct wave (as
(2.51b)); the field in free space is the sum of the direct wave of unit amplitude
and the reflected wave (as (2.51a)). Four unknown coefficients participate in
the formulas for these fields: A and B at the respective waves in the plate,
D at the outgoing wave in the medium, and the reflection factor R. Equat-
ing the values of tangential components on both sides of the interfaces z = 0
and z = L, we obtain four nonhomogeneous algebraic equations for these co-
efficients. The demand R = 0 gives the conditions on the plate parameters
providing the complete antiradar protection of the medium. Elementary, but
a little cumbersome, derivations give

w1 = /Wy, (2.68a)
Vel = 2_7; (2.68b)

Since w = 1 in free space, equality (2.68a) means that the wave resistance
of the plate material, completely matching two media, is the geometric mean
between those of the media. The optical thickness (2.68b) of the plate should
provide the phase difference of the waves, reflected from both sides, to be 7,
that is, the optimal conditions of the mutual suppression of the waves.

The matching is narrow-band; the deviation of the frequency from the value
corresponding to (2.68b) violates the condition necessary for the complete
suppression. The larger the wave resistance of the protected medium is, the
larger w; should be and the narrower is the frequency band in which |R| is
essentially smaller than the reflection factor of the nonprotected medium. At
€9 — oo the band width tends to zero.

The frequency band can be expanded if £; and i also depend on the fre-
quency in a way that wq remains independent of the frequency and the quan-
tity /€11 decreases as 1/k with increasing frequency.
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If we want to match free space with metal, then the material of the matching
layer should have losses; otherwise |R| = 1 at any values of the parameters.
The wider the frequency band, where the condition |R| < 1 should be ful-
filled, the smoother the transition from free space to the metal must be. The
smoothness can be reached either by varying ¢, y of one plate or by using a set
of thin plates with constant ¢, y in each of them.

Using the model of the continuous medium with ¢ = ¢(z), p = j1(z), we may
solve either the nonlinear equation (2.58) with the end condition p(L) = 1 or
system (2.54) with the end conditions

A(0)=1,  B(L) = —A(L)exp(—2iy(L)). (2.69)

The latter provides the condition E(L) = 0.

These conditions are stated at both ends of the segment 0 < z < L, which
leads to certain difficulties when solving problem (2.54), (2.69) numerically.
There exists a technique which allows us to avoid them. Instead of solving
the above problem, we consider two auxiliary problems for the function pairs
AW (z), B (z) and A?)(z), B?)(z), respectively. They satisfy the same equa-
tion system (2.54) and the end conditions

AMw©0y=1, BD©) =0, (2.70a)
AP@©)=0, BP0)=1 (2.70b)

The end conditions for these functions are stated at the same end of the seg-
ment. Each of problems (2.54), (2.70a) and (2.54), (2.70b) is the Cauchy prob-
lem and it can be solved simpler than the initial one (2.54), (2.69). After the
values of the auxiliary functions are found at z = L, their linear combination is
constructed, which satisfies conditions (2.69) and hence is the sought solution.

Considering the model of the layer medium, we express the fields E,(z),
H,(z),n = 0,...,N, in each of the N layers by the two numbers A;,, B, as
follows:

E, = Apexp(—iyn) + Buexp(ivn), (2.71a)

= [Anexp(—7) ~ Baexplina)], (2.71b)
where v, = k\/€utn(z — 24-1), Wy = \/}in/€n, and the numbers &, p, are the
parameters of the nth layer, ¢g = 1, g = 1. The nth layer occupies the segment
Zy—1 < z < zy. The wave of the unit amplitude falls onto the medium, Ay = 1.
On metal E = 0, so that, similarly as in (2.69), By = —Ayn exp(—2iyn). The
continuity conditions for the fields E, H should be satisfied on the N interfaces
z=12zy_1,n=12,...,N. Asystem of 2N nonhomogeneous linear algebraic
equations is obtained for 2N coefficients A1, ..., Ay, Bo, ..., By—1. The reflec-
tion factor R = By is found from this system. Here not only the numbers

Hy,
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¥n(zn) depend on the frequency (they are proportional to k ) but also the pa-
rameters €;, i, can depend on it.

2.2.5
The oblique incidence

In the medium with parameters independent of x and y, a solution of the
Maxwell equation is possible, such that the fields satisfy only the condition
d/0dy = 0. This condition is not so strong as (2.1); it results in either

E,=0, Hy=0, H;=0, (2.72a)
or
Hy=0, Ex=0, E.=0. (2.72b)
For the fields fulfilling (2.72a) the components Ey, E; are expressed by Hy:
1 0H,
Ex = —Eg, (2733)
o= Lo 2.73b
*T Tkeox (2735)
with Hy satisfying the partial differential wave equation
.0 (10Hy ) a2Hy
€5~ (s s ) +k“epH, + 5 =0, (2.74)

generalizing the ordinary differential equation (2.47). In a similar way, for the
fields fulfilling (2.72b), the components Hy, H; are expressed by E,, which, in
turn, satisfies the equation of type (2.74).

Solution to equation (2.74) can be found in the form Hy(x,z) = Z(z)X(x).
Substituting this function into (2.74) and separating the functions of x and z
(the Fourier method), we obtain

d (1dZ 5 &
[dz <€d )+k syZ]/Z —W/X. (2.75)

Both sides of this equality must equal a constant number. Denote this num-
ber (separation constant) as k? sin? & (physical sense of a will be established
further). Then

X(x) = exp(£iksina - x), (2.76)
and Z(z) satisfies the equation
4 (1dZ\ B
€ (e dz) +k (5;4 sin uc) =0. (2.77)

This equation differs from (2.47) by replacing ey with ey — sin® a.
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In the wave with Hy(x,z) = Z(z) exp(—iksina - x) the fields depend on x
as in the plane wave; however, their dependence on z is different. The wave
phase is not a linear function of x and z; the equiphase surfaces are not planes.
This is valid even in the medium with w = const. In the medium with ¢ = ¢(z),
i # u(z), there is no solution to the Maxwell equations in the form of “incline
plane wave.”

Such a wave exists in the layer with ¢ = const, 4 = const. In this case
equation (2.77) has the solution

Z(z) = exp (—ik\/ey — sin? txz) , (2.78)

so that the phase of Hy(x,z) is a linear function of x and z. The field can be
written as a plane wave

Hy(x,z) = exp [—iky/epi(z cos B + xsin B)] ; (2.79)

the normal to its equiphase planes makes an angle § with the z-axis, where

sin B = . (2.80)

If e(z)u(z) < sin®a in a certain part of the medium, then sinf > 1,

cos? B <0, that is, cos B is imaginary, and the field (2.79) has a decreasing
multiplier

Z(z) = exp(—k,/eu| cos B|z). (2.81)

This fact is seen from formula (2.78), which contains a negative value under
radical. We will return to this situation later.

If the medium consists of the layers with constant € = ¢, u = y,, in the nth
layer, then, according to (2.80), 5 has different values 8, in each layer. When
passing the interface between the nth and (n 4 1)th layers, the direction of
the wave propagation (i. e., the direction of the normal to equiphase planes)
changes; the angles B, and 41 are connected by the relation (refraction law)

sin B,41 _ Enhn (2.82)
sin B V En+1Mn+1

If e, = 1, uy = 1 in the nth layer, then B, = a. The physical meaning of
the angle « participating in the separation constant of equation (2.75) consists
in the fact that the field in such a layer is a plane wave propagating in the
direction which makes the angle a with the z-axis.

In formula (2.76) for X(x) (and, correspondingly, in (2.79) for Hy(x,z)), we
can replace —i with i. Four waves propagating in the directions +x, £z, re-
spectively, may exist. In media with variable ¢, y, in particular, on interfaces
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of the layers, two waves corresponding to the directions +z are mutually con-
nected. This connection exists even in the case when w = const at « # 0,
although these waves are independent at w = const, « = 0. In contrast, the
dependence on x is the same in the whole nonhomogeneous medium: if the
medium properties do not depend on x, then the waves propagating in the di-
rections *x are also independent. For instance, if a plane wave falls onto such
a nonhomogeneous medium, then the field in the medium and the reflected
wave have the same dependence on x as the incident wave.

If the wave falls from the nth layer with constant parameters onto the
(n +1)th one with other constant parameters, then the reflection and trans-
mission factors are

R— Wy, COS B — Wy41€OS Br+1 , (2.83a)

Wy, €OS By + Wy COS B4 1
D= 2Wn €05 P (2.83b)

Wy, COS B + Wy11€OS Byt
(the Fresnel formulas), where, according to (2.80), sin f,, = sina/ /€. For
the second possible polarization (H, = 0, E, = 0, E; = 0) it is required
to replace w with w~!. In contrast to the normal incidence, R # 0 even at

Wy+1 = Wy in the case considered.

Let the wave fall slantwise from an “optically more dense” medium onto
the interface with an “optically less dense” one, that is, e,y > €,411n+1, and
the incidence angle §; is larger than B, where B for these two media is

defined by the equality

sin Ber = /%. (2.84)
nn

According to (2.82), sin 8,41 > 1 at B, > Ber. In this case, cos B,,41 is imag-
inary (or complex when the media have losses). The wave damps in the op-
tically less dense medium in the direction normal to the interface (not in the
direction defined by the angle §,).

The waves decreasing in the direction perpendicular to the propagating one
are called the nonhomogeneous waves. They arise in the cases when in some
medium a wave propagates with the phase velocity smaller than the light ve-
locity in this medium. Ate = 1, u = 1, the velocity of the wave (2.79) in the
x-direction equals w/ (ksin B), that is, ¢/ sin B. If sin p > 1, then the velocity
is smaller than c. In Section 5.1 we will show that the velocity of waves in
the dielectric waveguides is also smaller than ¢, and the field of these waves
decreases in the direction perpendicular to the guide axis. If the spherical
wave is expressed as an integral by the plane waves of all directions, then the
nonhomogeneous waves are among them.

If both media have no losses, then, according to (2.83a), |[R| = 1. The so-
called complete internal reflection occurs. The field penetrates into the optically
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less dense medium, but exponentially decreases in it. The component Ey is
in-quadrature with Hy, and, according to (2.73a), the Poynting vector equals
zero. If there are losses in the (n + 1)th medium, then the difference between
the phases of Ex and H, does not equal 77/2, and the energy flux into this
medium differs from zero, and |R| < 1.

At By > Ber the reflection is incomplete also in the case when the optically
less dense (1 4 1)th medium has a finite thickness, and the optical density
€n+2Hn+2 of the (n 4 2)th medium is so large that sin §,,1» < 1. In this medium
the wave propagates without damping. It partially leaks through the (1 + 1)th
medium as through a “slot,” losing a part of its energy for the reflection. In
this case formula (2.83a) for the energy factor is not valid; it is true only for
the case when the (1 + 1)th medium is infinitely thick. After passing through
the (n + 1)th medium, the wave propagates forward into the medium with the
large enough optical density. This effect also takes place in the case when e and
u are not constant in the “slot,” but their product is smaller than &,y sin® B,,.
It is called a tunneling or under-barrier transmission.

The situation is similar to that at the normal incidence onto the layer with
e < 0, for instance, onto the plasma layer. The wave completely reflects from
the very thick layer in the absence of the losses. If the thickness is not very
large, then the wave partially leaks through the slot. At the normal incidence
the layer with e < 0 behaves in the same manner as the layer of an optically
small density at the incidence from the direction making a large angle with the
normal to the interface. In the first case, the factor at the second summand in
(2.46) is negative. In the second case, the second summand in (2.74) is negative

at 8 > Ber.

2.2.6
Plano-parallel chiral medium

The waves in which the fields do not depend on x, y, that is, satisfy conditions
(2.1), can also propagate in the medium where all three constitutive constants
€, 4, » are functions of z. As follows from the Maxwell equations, these waves
are also transversal, that is, conditions (2.2) hold. Four other equations are
obtained from (2.20) by substituting the left-hand sides by the corresponding
derivatives. The first equation is

dH
—d—;’ = ik(eEy — iH,); (2.85)

the others are not shown here. Introducing the auxiliary functions pyg(z), ...,
instead of the fields, by formulas (5.21), we obtain the system of ordinary dif-
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ferential equations

ap - dg .

d—;g = k(pgrg +ixprg), d;g = —k(eprg —ir8rg), (2.86a)
d . d '

szlf = kg +ixpie), [%f = k(epye — i3g). (2.86b)

System (2.86) consists of the two independent subsystems for prg(z), grg(2)
and py(z), git(z), respectively. Propagation of the right circularly polarized
waves (with the only nonzero “fields” prg(z), grg(2)) does not cause the ap-
pearance of the left circularly polarized waves (with the only nonzero “fields”
pie(z), qie(z)). Waves of two different polarizations, propagating in the z-
direction in a plano-layered chiral medium, are not connected, similarly as
such waves are not connected at any propagation direction in the homoge-
neous chiral medium.

System (2.86a) can be immediately rewritten for the field components of the
right circularly polarized waves:

dEx
dz

= k(uHy + isEy), dix = —k(eEy — iscHy). (2.87)

The system for the left circularly polarized waves is similar.
If the wave resistance w = 4/ /¢ does not depend on z, then the system
(2.87) has an explicit solution

Ex(z) = Ex(0)exp(—iv),  Hx(z) = Hx(0) exp(—iv), (2.88)
where
y= / h(c) de. (2.89)
0

According to (2.23), h = k,/ei — ksc. At w = const there exists a connection
(2.24) between the components Ey, Hy, similarly as it takes place in the homo-
geneous medium. For the waves propagating in the opposite direction —z it
is required to change the sign at i in (2.24).

The existence of solution (2.88) means that the propagation of the direct
wave is not accompanied by the appearance of the opposite back wave. If the
wave number of the plano-layer medium is constant, then the propagation of
the wave in the direction normal to the interface does not cause the reflection.
It occurs only if dw/dz # 0. If this derivative is small, then approximate
methods can be applied to system (2.87), similar to those applied to the system
describing the waves in the nonchiral plano-layered medium.

On an elementary example, we illustrate the absence of the reflection at
w = const and normal incidence. Let the right circularly polarized wave fall

65



66

2 Plane Waves

onto the interface z = 0 between the half-space z < 0 filled by a homogeneous
medium with parameters e, y_, s and the half-space z > 0 filled by a
homogeneous medium with parameters €, yiy, s¢4. Then the reflected and
transmitted waves arise. The reflection and transmission factors R and D are
to be determined.

All four tangential components of the field must be continuous at the in-
terface. Since pyy = 0, gy = 0 in the whole space, only the continuity of the
components Ey, Hy should be provided. These components are

E, = —ih_ R h_
x fXP( ! jz) + Rexp(i ;), } z<0; (2.90a)
Hy = — - [exp(—ih-z) — Rexp(ih_z)]
Ey = Dexp(—ihyz), Hyx= _D exp(—ihyz), z>0. (2.90b)

w4

The field does not contain the parameters h+ at z = 0, and the boundary
conditions are the same as those in the problem for the nonchiral media:
1+R=D, 1-R_ 2 (2.91)
w— w4
Solution to this system coincides with (2.52). In particular, R = 0, D = 1 at
wW— = W4.

As in the direct wave, E, = iEy, H, = iH, in the reflected wave, that is,
the vectors E, H are turning from the x-axis to the y-axis. Formally, this fact
is often explained as passing from the one circular polarization to another,
although in fact only the propagation direction is changing in this case (see
the text below (2.19)).

227
Media with e < 0, u < 0

As was noted in Subsection 1.2.4, there exist media in which ¢, y are the real
scalar negative numbers (so-called metamaterials). Here we briefly describe
properties of the wave propagation in such exotic media. We suppose that the
media are homogeneous, that is, e = const < 0, u = const < 0.

Ate < 0, u <0, the value ,/eji is real; we accept that this value is positive,
similarly as at ¢ > 0, p > 0. If the plane wave propagates in the z-direction
(the phase velocity is z-directed), then all the components depend on z as
exp(—ik,/gjiz). In such a medium the Poynting vector flux S (1.54) is (—z)-
directed, that is, opposite to the phase velocity direction. If the polarization is
such that the wave contains only the components E,, Hy, then, according to
(2.3),

Ey = Aexp(—ik\/enz), Hy = gA exp(—ik,/euz). (2.92)
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The only component of the Poynting vector is S; = (c/(87))|A|*\/ei/ -
Since u < 0, then

S, <0. (2.93)

The same property is inherent in the plane wave of the second polarization.
It contains the components E,, Hz, connected by relation (2.4), and the energy
flux is directed opposite to the phase velocity as well.

In the media with scalar ¢, y, the energy flux is directed in the same way as
the group velocity. The energy is transferred in the same way as the impulse
signal. In the medium considered here, the phase and group velocities are
“antiparallel.” There also exist other devices in which waves have this prop-
erty, but such devices are not homogeneous and cannot be characterized by
any values of € and p.

Consider the problem about an oblique incidence of the plane wave from
the vacuum (¢ = 1, ¢ = 1) half-space z < 0 onto the interface with the half-
space z > 0in which e < 0, ¢ < 0 (Fig. 2.1). Denote the incidence angle
by «a. The reflected wave outgoes in the direction making the same angle «
with normal to the interface. All the components of the incident wave are
proportional to the factor exp(—ikxsina). Since properties of the media do
not depend on x, the same factor defines the x-dependence on the fields in the

whole plane.

Z
BB/
) <0
! u<0
e=1 x
& 14

Fig. 2.1 The plane wave refraction on the medium withe < 0, u < 0

In the upper half-space, the field components satisfy the wave equation
(1.41)

2 2
(87 v 87 n k%y) u=0. (2.94)

According to this equation, the z-dependence of the components is defined by
the factor

exp(Fipz), p = k\/eu — sina. (2.95)
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To exclude the total internal reflection, we assume that e > 1. Introduce the
angle B by the relation p = k,/gjicos B. It is connected with the incidence
angle by the condition sin? = sin? &/ (ept).

The upper sign in (2.95) corresponds to the case ¢ > 0, y > 0. In this case
the field dependences on x and z are described by the factors exp(—ikx sina)
and exp(—ipz), respectively. The refracted wave outgoes from the interface
at the angle p such that sinf = sina/,/eu. This is the usual refraction law.
The Poynting vector flux and the group velocity of this wave are also directed
from the interface into the medium (dashed line in Fig. 2.1).

However, in the medium with ¢ < 0, u < 0, the energy flux of such a wave
would be directed from the medium to the interface. This fact contradicts
the energy conservation law, according to which, divS = 0 in the medium
without losses and currents (see (1.56)). The integral form of this law demands
that the integrals of S, over the planes z = +0 and z = —0 are equal. This
means that the energy flux in the domain z > 0 must be z-directed. Therefore,
the phase velocity must be (—z)-directed, that is, to the interface. To fulfill this
demand in the case ¢ < 0, u < 0, we must take the lower sign in the exponent
(2.95) of the z-dependence of the refracted wave.

The field in the refracted wave is described by the factor

exp(—ik,/epusin B - x) exp(ik,/epcos B - z). (2.96)

This is the wave propagating from the medium to the interface. The z-
component of its phase velocity is negative. The refracted ray in the medium
with e < 0, < 0 is mirror-directed to the normal to the ray in the medium
with e > 0, # > 0. The arrow on the solid line at z > 0 in Fig. 2.1 shows the
direction of the energy flux.

The second factor in (2.96), dependent on z, can be written in the form
exp(—iknz cos B), where the quantity n is defined in the medium with e < 0,
u<O0as

n=—./¢eu, n < 0. (2.97)

In this notation, the refraction law can be written in the usual form

sin = 512“. (2.98)

The angle B is defined to be negative for the rays obtained by anticlockwise
turning of the normal to the interface, similarly as for the refracted ray in
Fig. 2.1. In usual media (¢ > 0, u > 0) the factor n is positive, n = ,/ej, and
B > 0. The medium with ¢ < 0, u < 0 can be described as a medium with the
negative refraction factor.

If the medium with e < 0, u < 0 spreads “to infinity,” then the asymptotical
conditions (1.33) would contain the factor exp(ikR) instead of exp(—ikR).
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At the interface between media with n = 1 and n = —1, the refracted ray
is the mirror reflection of the incident ray by the interface. The plano-parallel
plate of the material with n = —1 acts as a converging lens if its depth is
larger than the distance to the source. All rays outgoing from point A (Fig.
2.2) converge at point B. The arrows show the direction of the vector S. Inside
the plate the phase velocity is directed oppositely.

/\ n=1

n=-1

e

Fig. 2.2 The ray propagation through the layer with n = —1

The Fermat principle (see Subsection 5.1.5), according to which the integral
f:lz nds (5.32) is extremal if the integral is taken over the ray connecting points
s1 and sy, is valid also in the presence of domain with e < 0, p < 0if n is
chosen to be negative in this domain (see (2.97)).
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Closed Waveguides

3.1
Eigenmodes in nonfilled waveguides

3.1.1
Eigenmodes

In this chapter the structure of the electromagnetic waves in the waveguides
is investigated. Only one type of waveguides, namely, the waveguides in the
form of metallic tubes, is considered. The cross-section of the waveguide does
not vary throughout it. The cross-section can be arbitrary; the waveguides of
rectangular and circular cross-sections are usually used in practice.

Similarly as in majority of the lines designed for transmitting the field to
the distances much larger than the wavelength, the field in the waveguides
is convenient to express as a superposition of the eigenwaves (eigen modes).
Similar to the eigenwaves in the homogeneous medium, the eigenmode is the
field which can propagate without changing its structure in the infinitely large
waveguide in the absence of other fields. The structure of the eigenmode,
that is, the relation between the components of the fields E H, depends on
cross-section of the waveguide, its filling, and properties of its walls. Almost
everywhere in the closed lines, any field can be expressed as an infinite sum
of the eigenmodes with coefficients depending on the excitation type. In the
majority of the transmission lines of the usual technical applications, the field
contains only one eigenmode.

The field of the eigenmode satisfies the following conditions:

"(x,y,2) = E"(x,y,0) exp(—ihnz), (3.1a)
"(x,y,2z) = H"(x,y,0) exp(—ihyz), (3.1b)

oM

where z is the coordinate directed along the waveguide, and 7 is the mode
number. The fields E" (x,y,0), H" (x,v,0), as well as the wave numbers h, (prop-
agation constants),n = 1,2, ..., are different for different eigenmodes (although
there exist exceptions from this rule). The number of the eigenmodes in the
closed waveguide is infinite.
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According to (3.1), 9/9dz = —ih for the fields of eigenmodes (the number n
is omitted here and in some formulas below). Performing the differentiation
with respect to z in the four Maxwell equations involving this derivative, we
obtain

oH
mg+mwﬁ:—??
ay (3.2)
—ihH, — ikeE, = %,
—ma+mm@:%%

Here € and y are the parameters of the medium filling the waveguide. In this
chapter they are assumed to be independent of z (reqular waveguide) and x, y
(homogeneous waveguide).

The transverse components Ey, Ey, Hy, Hy can be expressed by derivatives
of the longitudinal components E,, H, from equations (3.2). The components
E., H, can play the role of scalar potentials. However, it is expedient to intro-
duce the potentials in another way. The determinant of the matrix of system
(3.2) equals k?epu(k?ep — h?). As we will show further, in the waveguides with
multiple-connected cross-section, the modes with W = kzs],t exist. In these
modes, E; = 0, H, = 0, and the transverse components are not expressed
by the longitudinal ones. Instead of these components, it is more convenient
to introduce the two functions x(x,y) and ¢(x,y) proportional to E., H, as
follows:

E: = (Kep — h*)x(x,y), (3.3a)
H: = (Keu — 1) (x,y). (3.3b)
Here and henceforth, we drop the factor exp(—ihz), common for all the com-

ponents. According to (3.2), the transverse components are expressed by the
potentials x and , as

wPI'J
I
=
|
_|_
-
e

(3.4)
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Equations for the potentials are found from the remaining two Maxwell
equations. Substituting expressions (3.4) into these equations, we get the same
two wave equations

V2x + (Keu —h?)x =0, (3.50)
V2 + (Key — h?)yp = 0, (3.5b)
where V2 is the two-dimensional Laplace operator
02 02
2 - — _
Vo= 72 e (3.6)
In the cylindrical coordinate system (r, ¢, z), formulas (3.4) are
L 0x . 0y
E, = zhg 1ky%,
Ep= i X ik,
7o or
5 5 (3.7)
H, = ike X — i %Y,
el or
Hy = —ike2X —in 2
or rop
and the two-dimensional Laplace operator is of the form
2 2
2 _ d 10 1 0 (3.9)

ar trar t g
The functions x(x,y) and ¢(x,y) should satisfy the boundary conditions on
the cross-section contour, which provide fulfilling the boundary conditions for
the tangential components of the fields. Further in this section we consider
the waveguide with the ideal-conducting walls. Both tangential components
of the vector E are zero on them. The first tangential component is E. The
second one lying in the plane of the cross-section is tangential to its contour.
Denote this contour by C, and the two unit vectors in this plane, tangential
and normal to C, by § and N, respectively. The z-axis and vectors N, § make
up the right-hand triple. It follows from (3.4) that the tangential component
E; is

_ 9K o 9P
Consequently, if the functions x and ¢ satisfy the conditions
x=0, (3.10a)
%W _ 0 (3.10b)

ON
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on the contour C, then the field E satisfies condition (1.79) on the ideal-
conducting walls of the waveguide.

3.1.2
The TM-, TE-, and TEM-modes

Equation (3.5a) with the boundary condition (3.10a), on one hand, and equa-
tion (3.5b) with the boundary condition (3.10b), on the other hand, are inde-
pendent. Consequently, there exist the eigenmodes with iy = 0 and modes
with x = 0. In modes of the first type, H, = 0 and, according to (3.3b), the
only longitudinal component different from zero is E.. Such modes are called
the transverse magnetic (TM) modes. The modes of the second type are called
the transverse electric (TE) modes. In such modes, E; = 0 and the only longitu-
dinal component different from zero is H. In other terminology, the TM- and
TE- modes are called the electric and magnetic modes, respectively.

The boundary value problem (3.5a), (3.10a) is homogeneous; it has “non-
trivial” (different from zero) solutions only at certain values of the number
h. These values are the eigenvalues of the problem; they are denoted by #,,
n=1,2,.... One eigenfunction x,(x,y) (or several linearly independent ones)
corresponds to each eigenvalue /. Problem (3.5b), (3.10b) has the solutions
Pu(x,y), corresponding to the eigenvalues i = h,, which differ (with some
exceptions) from those in the first problem. The eigenfunctions are also differ-
ent. The notations TM and TE indicate that the magnetic field is transversal in
electric modes, and the electric field is transversal in magnetic modes.

Compare problem (3.5a), (3.10a) with the problem

V2x +a?x =0, (3.11a)
Xlc =0. (3.11b)
Denote its eigenvalues by o, n = 1,2, .. .. These numbers are defined only by

the contour C. The eigenvalues /;, of the electric modes are expressed by a;
as

W2 = k%ep — o2, (3.12)
Similarly, the problem
Vi + By =0, (3.13a)
ol _
3N =0 (3.13b)

is compared with problem (3.5b), (3.10b) for the magnetic modes, and its
eigenvalues are expressed by p;:

W2 = Krey — 2. (3.14)
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Formulas (3.12), (3.14) are main formulas of the theory of waveguides with
homogeneous filling.

The quantities a2, 8% are nonnegative numbers, infinitely increasing as 1
increases. If € and y are real, that is, the homogeneous filling of the waveguide
has no losses, then the eigenvalues h, are real if k> > a2 /ey, k> > B2 /ey and
imaginary at smaller frequencies. Further, for simplicity, we pute =1, u = 1.

The frequencies

K = (3.15a)
kS = Bn (3.15b)

are called the cutoff frequencies for the nth modes of electric (3.15a) and mag-
netic (3.15b) types, respectively. Atk < ki, the eigenvalue hy, is imaginary,
and the factor exp(—ih,z) describes the damping wave. According to (3.4), the
transverse components of the fields E", H" are in-quadrature for both electric
(¢ = 0) and magnetic (x = 0) modes at the “low” frequencies, and the mode
does not transmit the energy. At the “high” frequencies, when k > kS, the
eigenvalue h, is real, E", H" are in-phase, and the mode propagates with-
out damping and transmits the energy. At each frequency, there are only a
finite number of modes having real /1,,; they can be absent at all. We take that
hy = —|hy| for the damping modes.

For the multiple-connected cross-sections there exist the solutions x(x,y)
of problem (3.11), for which a;, = 0. We will consider this case in Subsec-
tion 3.1.7. Here we assume that the cross-section is single-connected. Then all
the numbers a,, B, for which x # const, i # const, differ from zero. For the
solutions B = 0, ¢ = const, and a« = 0, x = const, the fields are zero.

The frequency dependence of the wave numbers /1, are defined by the gen-
eral formula

h% _ k2 _ (k;ut)z' (3.16)

The phase velocity v, = w/h, of each eigenmode is larger than c. According
to (2.36), the group velocity vy, gr = hy,/k is smaller than c. The relation

vn’grvn - CZ (3.17)

exists for these quantities; it is valid only for the waveguides with the ideal
walls, because (3.16) holds only for such waveguides.

3.1.3
The functional orthogonality of the fields of eigenmodes

There exists the relation

/ (B x Hm)z iS—=0, n#m (3.18)
S
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between transverse components of the fields of two different eigenmodes. It
is called the orthogonality condition, implying not the orthogonality of two vec-
tors, the angle between which is 77/2, but the orthogonality as a notion of
functional analysis. Indices n, m in (3.18) are the mode numbers; each mode
may belong to either TM- or TE-type. Integration is made over the cross-
section, that is, over the domain bounded by the contour C. It is assumed that
hy # hw. If this condition violates, that is, if the modes correspond to the same
eigenvalue, but their fields are different, then two linear combinations can be
composed (which are also eigenmodes) for which (3.18) holds.

We prove the property (3.18) using expressions (3.4) for the field compo-
nents in (3.18) by the scalar functions x(x,y), ¢(x,y), together with the equa-
tions and boundary conditions (3.11), (3.13) for these functions. The integrand
in (3.18) takes the form of one of the following three expressions:

— khy (VX0 V X)), (3.19a)
— kh (VP Vip), (3.19b)
— Hhwy (Vo X V)., (3.19¢)

depending on the type of modes involved in condition (3.18): both modes
are electric (a), magnetic (b), or the nth mode is electric and the mth one is
magnetic. We show that the integral of each of expressions (3.19) over the
cross-section equals zero.

Expression (3.19a) is equal to

khy,

a2 — a2

div (a%,)(n VXm— vcfn)(mVXn) . (3.20)

This assertion is easily checked by unbracketing and then using the iden-
tity div(aA) = adiv A + Va- A and equation (3.5a). According to the Gauss
theorem, the integral of (3.20) over the cross-section equals the contour inte-
gral over C of the normal component of the vector under the divergence; this
component vanishes owing to the boundary condition (3.10a). In the same
way, using equation (3.5b) and the boundary condition (3.10b), we can prove
that the integral of expression (3.19b) equals zero. Expression (3.19c) equals
—hphmrotz (XnVipm). According to the Stokes theorem, the integral of expres-
sion (3.19c) over the cross-section equals the contour integral over C of the
tangential component of the vector x,V xu. Consequently,

P
/rotZ (Xn Vi) dS = /(Xnvwm)s ds = /Xn ;bs ds. (3.21)
S o o

The last integral equals zero owing to the boundary condition (3.10a) for .
We use the normalization condition

S/ (B x H")Z ds = —kh, (3.22)
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for the fields of eigenmodes. It is easily seen that, according to (3.19a), (3.19b),
condition (3.22) leads to the following normalizations:

/ (Vxu)? dS =1, /(vq;n)2 ds =1 (3.23a)
5 S

for the potential functions x, ¢». They are equivalent to the normalizations
o2 / Rds=1, B2 / P2 ds = 1. (3.23b)
5 5

Hence, the functions x(x,y), ¢(x,y) are dimensionless, and the field compo-
nents have the dimension k2.

Introducing a certain normalization for the fields, we can use the notion of
the amplitude of the eigenmodes. For instance, the Poynting vector flux trans-
mitted by the mode of the amplitude A is A%w/(87) Re hy,.

The system of transverse components of the eigenmodes of waveguide with
ideal walls is complete, that is, any transverse component of arbitrary field
can be expressed as a series by the corresponding components of the modes.
If the field satisfies condition (1.79) on C, then the series converges in the
whole cross-section. Further, it will be shown that the set of eigenmodes of the
waveguide with impedance walls, or of the waveguide filled with a material
nonhomogeneous in the cross-section, may be incomplete. The orthogonality

condition for two eigenmodes of such waveguides is more complicated than
(3.18).

3.14
The electric and magnetic Hertz vectors

The potential functions x(x,y), ¥(x,y) introduced by (3.3) are longitudinal
components of the electric T1(¢) and magnetic TI(™) Hertz vectors, respectively.
In general form, the electric Hertz vector was introduced in (1.42), (1.43). The
fields E and H appear symmetrically in the Maxwell equations (with accuracy
to replacing ¢, i by p, —i), but asymmetrically in (1.43). Introduce the vector
[10")(x,y,z) satisfying equation (1.42) and express the fields by I1(") using
the formulas similar to (1.43), as

E = —ikprotT1™), H = KPeull™ + grad div 1™, (3.24)

Such fields satisfy the Maxwell equations, and the symmetry is renewed.

One can introduce the vectors I1(®) and T1(") simultaneously and express
the fields E, H by them. The expressions are “superfluous,” because they
involve six potential functions (scalar components of the potentials), whereas
only two are sufficient for expressing all the six components of any fields E
and H, satisfying the Maxwell equations.
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As has been already shown, only two scalar potentials are sufficient for de-
scribing the eigenmodes in the waveguide. Choosing the longitudinal com-
ponents of the Hertz vectors as the potentials, we obtain the same functions
x(x,y), ¥(x,y). Comparing the expressions for the fields by these functions
and by the Hertz vectors gives

11 (x,,2) = x(x,y) exp(—ihz), (3.25a)
Hgfm)(x, y,z) = ¢P(x,y) exp(—ihz). (3.25b)

The wave equations for x, 1 follow from those for the Hertz vectors (that is,
from equations (1.42) without the right-hand sides).

3.1.5
Rectangular waveguides

Apply the general technique based on formulas (3.11)—(3.14) to waveguides
with a rectangular cross-section (Fig. 3.1). Locate the origin in the lower-left
corner of the section and direct the x-axis along the larger rectangle side of
length a and the y-axis along the smaller one of length b.

y

f
b
J

o — X

Fig. 3.1 Rectangular waveguide

First, we consider the magnetic modes. We find the function ¢(x,y) from
problem (3.13). Expressing it in the form (x, ) = X(x)Y(y) and substituting
into (3.13), we get two ordinary differential equations

a2xX -, a2y

T2 TAX =0, a7 +BY =0 (3.26)
for the functions X(x) and Y(y), respectively; here By, B, are the separation
constants connected by the condition 82 + /35 = p?. The boundary condition
(3.13b) gives

dX dy

=0, = 0. (3.27)

dx x=0;a dy y=0;b

Only one of the two linearly independent solutions to each equation (3.26)
satisfies the corresponding boundary conditions, so that

P(x,y) = Pcos(Bxx) cos(Byy), (3.28)
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where the normalizing factor P is calculated from condition (3.23), and By, By
are determined from the boundary conditions (3.27):
m mq

po=T0,  p=T0 (3:29)
Each of the quantities m, ¢ may take the values 0,1, 2, ..., but function (3.28)
does not correspond to any mode at m = g = 0, since in this case h, = k,
¢ = const and all field components are zero. The mode number 7 introduced
before is a pair of the integers {m, q}. The mode with such indices is denoted
by TEyg (or Hyyg); its cutoff frequency is

peut _ 2m? g
mq a2 b2

(3.30)

The simplest of these modes, TEjg, corresponding to m = 1, g = 0 is mostly
used. Its field does not depend on y and has the three non-zero components

2
E, = PikE sin B; H, = PihE sin B; H, = PT[—2 cos B (3.31)
a a a a a a

The cutoff frequency of the TE;p-mode equals k{§* = 7r/a, which corresponds
to the wavelength Ajp = 2a. All other eigenmodes of the rectangular waveg-
uide have smaller cutoff wavelengths, so that there exists a frequency range,
higher than 7t/a, at which only one (the main) mode propagates without
dumping. If a > 2b, then the next mode is Hpg, for which Ay = a; in this
case, the one-mode range is a < A < 2a. If a < 2b, then the cutoff wavelength
closest to Ajg is Ag;, which corresponds to the TEy;-mode. The one-mode
range is 2b < A < 2a.

We pass to modes of electric type, denoted as TMq or Eyg. The function
x(x.y) is found from the same equations (3.26) with the boundary conditions

Xly—00=0, Y‘y:O;h =0, (3.32)
following from (3.11b). It is

sin % (3.33)

x(x,y) = Psin oy

where indices m, g take only positive values 1,2, . . ..

At fixed m, q the TE4-mode has the same cutoff frequency (3.30) as the
THpg-mode. The propagation constants of these two modes coincide, that is,
the modes are degenerated. Any of their superpositions is also the eigen-
mode of the rectangular waveguide. In particular, a superposition can be
combined such that the component E,, depending on the coordinates as
E, = sin(rtmx/a) cos(rtqy/b) in both the modes, is not present in the field.
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The entire theory of rectangular waveguides can be described in terms of
the longitudinal modes (in the field of which either H, = 0 or E, = 0), instead
of the transverse ones (in which either H, = 0 or E; = 0). Such modes make up
the complete system as well. They can be formed not by a combination of the
two transversal modes, but, in a more natural way, immediately expressing
the fields E, H by the Hertz vectors I1(¢) and I1("). Choosing the component
H;m) (x,y,z) as the scalar potential, we can express the field of the mode with
Ey = 0 by it using formula (3.24). If I1(") has only one component H;m), then
Ey = 0; similarly, if T1(®) has only H;e), then Hy = 0.

The concept of such longitudinal modes is convenient to apply when inves-
tigating the bendings of the rectangular waveguide in the plane of one of its
sides. Such a bending mutually connects the eigenmodes TH, and TM,, of
the usual classification, which requires the two scalar potentials. However, it
does not connect the longitudinal modes of different types. For instance, if the
waveguide is bent in the x-plane (i. e., the bending axis is parallel to the y-axis)
and a wave with E, = 0 falls on the bending, then all arisen modes belong to
the same type, that is, the total field does not have the component E, and it

can be described by one potential H;m) (x,,z) only.

Return to the usual meaning of transverse modes. The eigenmodes in the
rectangular waveguide can be treated as a superposition of several plane
waves in free space. We explain such a concept by the simplest example of the
TEjp-mode. It has only one field component E,, which, according to (3.31),
can be written (with another normalization) as

Ey = exp(—ihz —ifx) — exp(—ihz +iBx), (3.34)
where B = 7t/a and h? + p% = k2. Introduce an angle vy by the equalities

cosy = hf, siny = '87 (3.35)
Both terms in (3.34) have the form exp(—ik(z cosy & xsiny)). They describe
plane waves the normals to which make the angle v with the z-axis and the
angles 7t/2 F  with the x-axis. When interfering, these two waves make up
the zero (“nodal”) planes x = 0 and x = 7t/B. The field of the plane waves is
not disturbed if these planes are metallized. The same effect takes place when
introducing the two metallic planes y = 0, y = b perpendicular to the electric
field. On these planes the condition E; = 0 is fulfilled. The field (3.31) can
be treated as a result of interference of two plane waves sequentially reflected
from the walls x = 0, x = a. The plane waves the superposition of which
makes up an eigenmode of the waveguide are called the Brillouin waves.

The eigenmodes of the rectangular waveguide, the fields of which depend
not only on z and x but also on y, can be treated as a sum of four plane waves



3.1 Eigenmodes in nonfilled waveguides

sequentially reflected from the four walls of the waveguide. All these waves
propagate in the directions making the angle v, cosy = hy/k, with the z-
axis. The phase velocity in these directions is v = ¢/ cos <y, and the group
velocity is vgr = ¢ - cosy. The relation vvg, = ¢2, common for all homogeneous
waveguides with the ideal-conducted walls, holds.

At high frequencies, k > k", the angle v is small, and the Brillouin waves
propagate in the directions close to the z-axis. The mode structure is close
to that of the homogeneous plane wave. If the frequency decreases and ap-
proaches kSt from above ( k > k$), then the angle v increases up to 71/2
at k — k§" < kSt At the limit, the Brillouin waves propagate almost per-
pendicular to the z-axis. The energy flux in the z-direction becomes small at
the same amplitude of the mode. According to (3.35), at k < kS we have
siny > 1, the angle v becomes imaginary, and the mode does not propagate
in the z-direction. Atk = kS the field corresponds to the wave resonating in
the cross-section plane.

If the waveguide walls have the losses, then each reflection of the plane
wave is associated with the energy losses. This qualitative conclusion based
on consideration of the waveguide mode as a superposition of the plane
waves will be confirmed in Section 3.2.

3.1.6
Circular waveguides

The theory of waveguides with the circular cross-section is constructed by
the same scheme as the theory of rectangular cross-sections. Solutions to the
wave equations (3.11a), (3.13a) with the operator V2 written in cylindrical co-
ordinates in (3.8) are found as a product of a cylindrical function of z and
trigonometric function of ¢. The Bessel function J,; should be chosen among
the cylindrical functions because only it has no singularity at r = 0. The argu-
ment of the trigonometric function is m¢, where m takes the values 0,1, 2, .. ..
At any other m the function would be either ambiguous or nonanalytical at
certain ¢. The potentials (7, ¢) and x(r, ¢) of magnetic and electric modes,
respectively, are of the form

cos
qu]m(ﬁmqr){sin} (me). (3.36)
All the modes with m # 0 are polarizationally degenerated, their angular
dependences may be cos(m¢), sin(mg), or any their superposition which can
be written as cos(mg@ + ¢() with any ¢g. The propagation constant is the same
for all ¢q.

For the magnetic modes, the boundary condition (3.13b) gives J;, (Bmga) = 0,
where 7 is the cross-section radius, and J], is the derivative of the Bessel func-
tion with respect to the argument. For the electric modes, replacing B,; with
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amg and using the boundary condition (3.11b), we obtain ]m(amqu) = 0. In-
troduce the quantities g, Vg such that [}, (ttmg) = 0, J,;(Vimg) = 0. For the
cutoff frequency of the magnetic mode TEy; (Hpg) we have k%‘; = HUmg/4a,
and for the electric mode T Mg (Eng), k;}; = Upgq/a.

Among all modes of circular waveguide, the TE;;-mode has the largest
value of the cutoff wavelength A1; = 3.4a, which corresponds to ki = 1.84/a.
The structure of its field is very complicated; it has five nonzero components
(only E; = 0). It is the main mode, and it is usually applied in the waveguide
channels. The closest to the TE;;-mode is the symmetrical electric one, T My,
(Eo1). The first zero of the Bessel function Jj is vp; = 2.40. The cutoff wave-
length of this mode is Ag; = 2.6a. In the range 2.6a < A < 3.4a only the main
mode can propagate in the circular waveguide.

The TMjp;-mode has the property that its component E, proportional to
Jo(2.40r/a) does not equal zero at r = 0. This mode (like similar modes in
more complicated waveguides) is applied in electronic devices in which the
axial electron flow interacts with the high-frequency electromagnetic field.

We mention two more eigenmodes of the circular waveguide. The field of
the mode TEg; (Ho1), as well as of all the TEq;-modes, does not have the com-
ponent Hy; hence, the z-component is not present in the current on the walls:
I, = 0. Only the azimuth current flows in the walls, although the energy
propagates in the z-direction. The charges do not appear on the walls, either,
because E, = 0 and, according to (1.81), the two-dimensional divergence of
the surface current is zero: dl,/d¢ = 0. The absence of the longitudinal cur-
rent means that the field of this mode is slightly disturbed by the transversal
slots; such slots do not overcut the currents. For this reason, the TEjy;-mode
is used in the channels which have turning junctions. As will be shown later,
this property of the TEj;-mode leads to the fact that its damping caused by
the finite conductivity of the walls is small at high frequencies.

Since v17 = o1, the mode TM;j; (Eq;) has the same cutoff frequency
kSt = 3.83/a as TEp. These two modes are degenerated. For this reason,
they are strongly connected in the long irregular waveguides. This fact will
be considered in Section 3.4.

In the waveguides with the elliptic cross-section, the field of the modes is
usually expressed in elliptic coordinates. The functions ¢ and ) are written as
a product of the radial Mathieu function (an analog of the Bessel function in
(3.36)) and the angular Mathieu function (an analog of the trigonometric func-
tion). The boundary condition on C determines the coefficients in arguments
of these functions, that is, the numbers analogous to pmg, Vg, and then the
cutoff frequencies of the eigenmodes by these coefficients. The field structure
of these modes is similar to that of the circular waveguide. However, there
is no polarization degeneracy, as well as the degeneracy between the modes
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analogous to TMy; and TEy;, in elliptical waveguides. The longitudinal cur-
rent exists on the walls in the mode analogous to TEy;.

The waveguides of more complicated cross-sections are used in the case
when certain field structure should be formed. In this case the functions ¢
and x are found from the two-dimensional scalar boundary value problems
by special (as a rule, numerical) methods. The fields to be found are expressed
by these functions with the use of the universal formulas (3.4).

3.1.7
Multiple-connected cross-sections

If the cross-section contour is not single-connected, that is, if it consists of
several closed subcontours having no common points, then there exist eigen-
modes in the waveguide, the fields of which are transversal, E; = 0, H, = 0.
The propagation constant of these modes is equal to that in free space, that is,
their phase velocity is independent of the frequency (it equals c); the same is
true for the group velocity.

At o = 0, (3.5a) becomes the Laplace equation

V2x =0. (3.37)

It is known that this equation has no nonzero solutions, satisfying the bound-
ary condition (3.10a). However, for the multiple-connected domain condition
(3.10a), which follows from the condition

Eo=0 (3.38)

and formula (3.9), can be weakened at I = k (it is assumed thate = 1, y = 1).
In this case, equation (3.38) is satisfied if ¢ = 0 everywhere and x = const
on certain subcontours. The values of x may be different on different sub-
contours. Then equation (3.37) has nontrivial solutions, that is, there exist the
functions satisfying (3.37) and having constant values on the subcontours.
Under above assumptions the condition E; = 0 is automatically fulfilled ow-
ing to (3.3a).

The above modes are called the TEM-modes (cable modes). Similarly as in
the plane wave, the field of these modes is transversal. With accuracy to a
nonessential common factor, the field components of the TEM-mode are

E,=H :—a—Xex (—ikz); E,=—-H :—a—Xex (—ikz) (3.39)
g Y ax P ’ v g dy P ' ’
In contrast to the homogeneous plane wave, the fields of which are also ex-
pressed by these formulas, where y is a linear function of x and y (then (3.37)
is satisfied), in the TEM-mode the function x is a more complicated solution
to (3.37).
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Formally, the cutoff frequency of the TEM-mode equals zero; hence any
frequency is larger than it and the mode can propagate at all frequencies.

A two-conductor line consisting of an exterior shell and interior wire is of
the greatest interest among the closed lines with multiple-connected cross-
sections. The TEM-mode of such a line may be described in terms of the
long line theory. Since H, = 0 in this mode, the current flows only in the
longitudinal direction along both conductors: shell and interior wire. One can
introduce the notion of the total current, equal to the integral of the surface
current density I, taken over the contour of a single conductor. The currents
on the conductors differ only in sign. According to (1.80), the current density
equals ¢/ (47) Hs, so that

] = ﬁ. g_r)f] ds, (3.40)
where ds is an element of the contour arc. If V4, V, are the values (constants)
of the function x(x,y) on the interior (wire) and exterior (shell) contours, re-
spectively, then, according to (3.39), the integral of E; over any line connecting
the contours (7 is the direction tangential to this line) equals V; — V, , because
/] IZ 2Erdt = Ii *9x/dtdt. Here P; and P, are the points on the two conduc-

tors. The integral does not depend on the integration path, that is, the field E
is the potential in cross-section, and V; — V, is the difference of the potentials
(in terms of the long line theory) on the central wire and the shell.

The ratio

_14r(h-Vs) (3.41)
¢ $0x/0Nds

between the potential difference and the current is called the wave resistance
of the line. When connecting two lines, it plays the same role as the quantity
w = (u/e)'/? does in the theory of plane waves in the plano-layered medium.
The smaller the difference between the wave resistances of the lines, the easier
they can be matched, that is, the smaller the reflection factor of the TEM-mode
from the connection is.

If the exterior and interior conductors are circular cylinders, then the solu-
tion to equation (3.37) has the form

-
= In(a/b)

Inr + const, (3.42)

where a and b are the radii of the conductors, a > b. Such a line is called co-
axial. According to (3.41), its wave resistance is W = (2/c) In(a/b). The wave
resistance has the same dimensionality as the usual resistance in the theory
of direct currents, and it is convenient to express it in the practical system of
units, that is, in ohms. In the Gauss system the resistance unitis 9 x 10! times
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larger than an ohm. Introducing this coefficient into (3.41) and substituting
the light velocity value there are equivalent to replacing the factor 1/c with
the number 30. For the co-axial cable we have W = 601n(a/b) ohm.

There exists an analogy between the double-conductor transmission
line and the long condenser, that is, an electrostatic object. The field
E = —Vx(x,y), with x satisfying the Laplace equation (3.37) and having
the values V4, V5, on the conductors, coincides with the static field of the
long condenser consisting of the same conductors being under the potentials
V1, Vo. With accuracy to the sign, the charges on both the conductors are the
same. The value of the charge per unit length is calculated by formula (3.40)
(without the factor c), where the integration is made over the contour of any
of the two conductors.

The ratio of the charge per unit length to the potential difference is the ca-
pacity per unit length of the condenser; it is dimensionless. The condenser
is assumed to be so long that the end effects do not influence the most of its
parts, and the charge per unit length does not depend on the length itself.
The second multiplier in (3.41) is inversely proportional to the charge per unit
length.

As in any closed waveguide, in the two-conductor line, the waveguide
modes can propagate, in which (in contrast to the TEM-mode) either E, or H,
differs from zero, the cutoff frequency exists, the phase and group velocities
depend on the frequency, and so on. The potential functions of the waveguide
modes satisfy not the Laplace equation (3.37), but the wave equations (3.11a),
(3.13a).

The potential function for the TE-modes of the co-axial cable has the form

Ccos

9(r,9) = [AJn(Bugr) + BN (Bugr)] { }(n«p). (3.43)

sin
The existence domain for this solution to equation (3.13a) does not include
the point r = 0; hence, the Neumann function Nj, having a singularity at this
point should be presented in (3.43). The boundary condition (3.10b) should be
fulfilled at r = a and r = b. They give two equations

Al (Bmga) + Bern(;qua) =0, Ay (Bmgb) + Bern(,qub) =0. (3.44)

From this equation we obtain the ratio A/ B and transcendental equation

]&(ﬁmq”)N%(ﬁmqb) - Ir/n(ﬁmqb)Nr/n(‘qu”) =0 (3.45)

for Big. Of course, at b = 0 it transforms into the equation J,(Bmga) = 0 for

the TE-modes in the circular waveguide, since N'(B,5b) — o0 as b — 0.
Similar to the case of the single-connected circular waveguide, the smallest

value of the cutoff frequency B, that is, the smallest root of equation (3.45),
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corresponds to the TEjj-mode. Its cutoff wavelength is A1; = 271/B1y; it is
approximated (with an accuracy to about 10%) by the formula A1 = 77(a + b).
The co-axial cable is a single-mode line for all waves longer than 7r(a + b).

3.2
Waves in waveguides with nonhomogeneous cross-section filling

3.2.1
Nonhomogeneous filling and impedance walls

In this subsection we consider waves in closed waveguides filled with the
material of variable permittivity ¢ = €(x,y) and permeability 1 = u(x,y),
dependent on the transverse coordinates x, y. In fact, this means that longitu-
dinal rods or plates are introduced into the waveguide. The cross-section as
well as € and y is also independent of the z-coordinate, that is, similarly as in
Section 3.1, the considered waveguide is regular.

The waveguide, the field on the walls of which fulfills the impedance condi-
tion (1.67) instead of (1.79), also belongs to this type. Its cross-section bound-
ary on which (1.79) holds is displaced into the wall by several skin layers,
though. The electric field is zero at this depth, but the cross-section is filled
with a nonhomogeneous material: € # 1 in the layer near the boundary of
this extended cross-section. This conventional boundary should not be taken
into account; the integrals over the cross-section and its contour imply the in-
tegration over the domain on the boundary of which condition (1.79) holds.
However, the complications caused by the nonhomogeneous filling also relate
to nonfilled waveguides with impedance walls.

In the general case, the eigenmodes in waveguides with nonhomogeneous
filling are not divided into two classes — TE- and T M-modes. Both longitudi-
nal components are present in the field of the eigenmodes of such waveguides,
E; # 0, H, # 0in this field.

We point out two exceptions when T M- and TE-modes exist independently.
The first exception concerns the circular waveguide filled with a material hav-
ing the permittivity and permeability independent of ¢, that is, ¢ = ¢(r),
u = u(r). Waveguides with the walls of constant impedance belong to this
type, as well. Either E, = 0 or H, = 0 in the eigenmodes, fields of which do
not depend on ¢. If 9/d¢p = 0 and d/0dz = —ih in the homogeneous Maxwell
equations (1.32), then the equations split into the two independent groups: for
the components E;, E;, H, and H;, H, E,, respectively. From equations of the



3.2 Waves in waveguides with nonhomogeneous cross-section filling | 87

first group it follows that

ih  dE, ike  dE,

b=z Kep dr’ Ho =12z Kep dr (3.46)
Similar equations follow from those of the second group. These equations
together with the equation for E.(r) have a solution; hence, the assumption
that all the fields do not depend on ¢ is noncontradictory if ¢ and y are in-
dependent of ¢, as well. The third equation for the components of the first
group leads to the second-order ordinary differential equation for E,, in which
h plays a role of the eigenvalue. This equation has the same meaning as (3.5a);
however, it is more complicated than (3.11). There is no simple expression
similar to (3.12) for the wave numbers h,. Modes of this group are the T M-
modes. The theory of the TEy;- modes in such waveguides is developed in a
similar way.

A waveguide of another type in which the division onto the TE- and T M-
modes is kept is a rectangular waveguide filled with a material the parameters
of which do not depend on the Cartesian coordinate y: ¢ = ¢(x), g = u(x).
There exist eigenmodes in this waveguide, having the fields which are inde-
pendent of y, as well. Similar to (3.46),

—ikpy  dH; ih  dH,

Bv=1az Kep dx’ He =gz ey dx (3.47)
for these modes, so that if € and y do not depend on y, then the fields can also
be independent of y. In the fields of these modes E, = 0, that is, the modes
are of the TEy, type.

3.2.2
Wave number in impedance waveguide

We find an expression for the wave number in the waveguide, on the walls of
which conditions (1.67) hold. At w = 0 they transform into conditions (1.79),
and / is expressed by formulas (3.12), (3.14), (3.16) ate =1, u = 1.

Considering the transformation from (1.79) to (1.67) as a small perturbation
with the smallness parameter |w|, we expand h? into a series by the powers
of w. The first term of this series is h3 = k* — a3 or h} = k? — B3, where
xg and By are eigenvalues of problems (3.11), (3.13), correspondingly, for the
waveguide of the same cross-section with ideal-conducting walls. We find the
second term in /2, proportional to w.

The local Cartesian coordinate system mentioned after (1.67) is connected
with the system (7,s,z) used here, as x = —s, y = z,z = —r. According to
(1.67) the boundary conditions on the cylinder surface are

Es - sz, EZ = _st. (3.48)
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We express the tangential components in this condition in terms of the func-
tions x and ¥, using formulas (3.9) (and a similar formula for Hg) and (3.3).
The boundary conditions for these functions are

oN

If the fields of the eigenmodes do not depend on s, then the functions x and
1 are not connected by the boundary conditions. In waveguides having such
eigenmodes, the division onto the TM- and TE-modes is kept also for the case
of impedance walls. Of course, this is in accordance with the first example of
the preceding subsection. If d/ds # 0, then the division is impossible.

The functions x and ¢ satisfy the same equations (3.11a), (3.13a) and a?, B2
in (3.49) are eigenvalues of these equations. They are expanded into series by
powers of w, as

L R N T G
1has+zk wpY; acx =w zkaN+1has . (3.49)

o =ajtw@)i -, B =B+t (3.50)
The squared wave number is also expanded in such a series
W =h—w@?),+--- or hK=h—wp?+- - (3.51)

(the lower indices are not the mode numbers here).

However, the expansions of the type h = hg — w(a?)1/2hg + - - -, following
from (3.51), are not applicable at iy = 0 and, in general, if |hg| is not large
in comparison with w(a?);, that is, at the waveguide cutoff frequency or in
its neighborhood. According to (3.49), both the functions also cannot be ex-
panded into series by w applicable at any frequency.

The disturbance caused by passing from w = 0 to w # 0 should be investi-
gated for the three different cases: (a) the nondisturbed mode is the TE-mode
(xo = 0); (b) it is the TM-mode (39 = 0); (c) the degeneration occurs (yy # 0,
Xo # 0). In the first case, besides disturbing the field of the TE-mode, the T M-
mode of a small amplitude appears. In the second case, the small TE-mode
appears. In the third case, the disturbance, generally speaking, cancels the
degeneracy.

We begin with the disturbance of the TE-mode. Multiply the second bound-
ary condition in (3.49) by h and introduce the function & = h). Then the first
order of i does not take partin (3.49) and, therefore, all the quantities involved
in this condition are expanded into series by w, existing at all frequencies.

Substituting expansions (3.50) into (3.13a) and (3.49) yields

Y =vo+wyP, E=wxi (3.52)

In the zeroth order we have problem (3.13); in the first one we obtain the
equation

V21 + ot = — (B2) o (3.53)
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and boundary conditions

P —ip3 1905, B %alpo

N T Tk Pk TR s

(3.54)

Eliminating Z; from the first condition in (3.54) with the use of the second
one, we obtain the boundary condition for 1, containing the quantities of the
zeroth order only:

Wy _ i, 1 P
N~k 0T kp2os? "

(3.55)

Problem (3.53), (3.55) has a solution only if the corresponding homogeneous
one (3.13) has a nonzero solution. It is possible only if a certain connection
exists between the right-hand sides of both the boundary condition (3.55) and
equation (3.53). This condition gives an equation for (8?). In order to obtain
this equation, the expression ; Vg — 9o V211, which equals div(y Vipg —
Po V1), should be integrated over the cross-section and transformed into the
contour integral using the Green formula, and then the boundary conditions
(3.55) for 1P and 1p; should be used. In this way the sought expression

(B - 1 [ﬁ% foas i f () ds} 20

is obtained for (B2);.

The squared wave number of the eigenmode in the waveguide with
impedance walls, close to the magnetic mode in the same waveguide with
ideal-conducting walls, can be written in the following form:

W =n+1-i)M, (3.57)

where, according to (3.56),

2
M= lﬁgjflpgdswg]{ (%) ds] . (3.58)

Here d is the thickness of the skin layer (1.77), and expression (1.78) for w to-
gether with normalizing condition (3.22) for i is used. According to (3.57), i’
and 1’ are obtained from the following system of two linear algebraic equa-
tions:

(W)= (W) = +M, WK = %M. (3.59)

Far away from the cutoff frequency,  differs from hy by a value of the order
k|w|. In the immediate neighborhood of the cutoff frequency, when hy = 0, ||
is of the order k|w|!/2.
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The minimal value of |h| is reached not at k = By, but at k = {3 — M}1/2,
It equals v'M, where M is calculated by (3.58) at Bp = k and hy = 0. At the
frequency much larger than the cutoff one, that is, at #3 > M the damping
factor equals h"/ = M /2hy, the phase velocity is

v =1, (1 - M/zhg) . (3.60)

It is smaller than vy, that is, smaller than that in the same waveguide with
ideal-conducting walls. It seems as though the finite conductivity enlarges the
cross-section, it moves the cross-section contour to the distance proportional
to d. The relative decrease of 2 caused by the enlargement of the cross-section
linear dimensions by (1 + M/2p3) times would lead to the same relative de-
crease of the phase velocity.

At the frequency much smaller than the cutoff one, that is, at h% < 0,
|hg|?> > M, we have from (3.57)

. M M

The energy flux is proportional to //, that is, to the second term in (3.61).

The ratio E,/ H,, equal to zero in the field of the TE-mode propagating in
the waveguide with ideal-conducting walls, has the order |w| far from the
cutoff frequency and |w|3/2 near it for the waveguide with impedance walls.

The disturbance of the TM-modes, caused by passing to the impedance
walls, is investigated by the same scheme. First, the function ¥ = hy is in-
troduced; then the first of conditions (3.49) is multiplied by 4. Equation (3.11)
and conditions (3.49) are expanded into series by w. The expansion of a? is
given in (3.50), and the functions ¥ and x are expanded as follows:

Y=w¥1+- -, X = Xo+wxi- (3.62)
The functions X should solve the problem

2 20— (2 _ ik 9x0

Vax1 +agxa = —(a%)1xo, X1 = 2 N | (3.63)
Similar to (3.56), the solvability condition for this problem has a form of the
explicit expression:

(42); = ik }z{ (%?) ds. (3.64)

Formulas (3.59)—(3.61), describing the disturbance of the modes of magnetic
type, are transferred to the case of modes of the electric type, by replacing
expression (3.58) with

_ kR (90
M= (aN ds. (3.65)
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Consider briefly the third case when two eigenmodes of a waveguide with
ideal-conducting walls are degenerated. Then the main result of the replace-
ment of ideal-conducting walls by the impedance ones consists in the fact that
the eigenmodes of the “nondisturbed” waveguide cannot propagate without
a strong distortion of their structure, that is, they cease to be eigenmodes. Two
linear combinations of both the waves exist, being close to the eigenmodes of
the impedance waveguide. Only these combinations are weekly disturbed by
the transition from the ideal-conductive walls to the impedance ones.

If o # 0, xo # 0 atag = By (as, for instance, for the TE;y- and T Mg~
modes in the rectangular waveguide), then both systems (3.11) and (3.13)
have solutions. At w # 0 there must exist solutions to the nonhomogeneous
equation (3.53), together with a similar equation for x; and nonhomogeneous
boundary conditions for )1 and ¥; obtained from (3.49) after replacing all the
quantities on the right-hand side by the corresponding nondisturbed values.
This demand is fulfilled only for the two values of the ratio between ampli-
tudes involved in the boundary condition at ¢y and x(. Only the waves cor-
responding to these ratios are propagating without distortion, that is, they are
the eigenmodes of the impedance waveguide. Both the components E, and
H, are present in the field of these hybrid modes. Their propagation constants
differ by a value of the order Ah ~ k|w]|.

The situation is almost the same as in the case when the disturbance is
caused by the appearance of the chirality in dielectric. The disturbance re-
moves the polarization degeneracy of the plane waves. However, this effect
has no great practical importance in the waveguide engineering. If the field
of a degenerated mode is created at the waveguide entrance, then two eigen-
modes propagate in it, but their misphasing occurs only at the distance of the
order 1/Ah , thatis, A2/d. This is about hundreds of meters, whereas the rect-
angular waveguides are usually no more than several meters long. The field
structure created at the waveguide entrance does not practically change at this
distance.

3.2.3
Losses in impedance waveguide

If material, filling the waveguide, has losses and ¢’ < 0 or ' < 0, then the
eigenmodes propagate with damping at all frequencies, h = h' +ih”, h" <0,
and h? is complex. In this case, the notion of the cutoff frequency k, does
not have such an exact meaning as in the nonfilled waveguides with ideal-
conducting walls for which /2 is real and either i/ = 0 or k' = 0. However,
if the losses are not very large, then there exists a high-frequency range, in
which || < K" and propagation of the eigenmode is accompanied by not
very large damping (the damping per wavelength is small, || < k), and a
low-frequency range in which |1”| is large. At the high frequencies the energy
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flux along the waveguide is not zero, h” # 0. A part of the energy transforms
into the heat and it should be compensated by the energy influx. Between
these two frequency ranges there exists an intermediate range in which /" and
|h"| are of the same order.

The formulas of the preceding subsection give the values of i’ and 1"’ for the
impedance waveguide. The most significant influence of the nonideal walls
on the field consists in the appearance of damping. Far from the cutoff fre-
quency (in the high-frequency range) the damping coefficient is

W= — (3.66)

2_1’10,
where M is given in (3.58) for TE-modes and in (3.65) for T M-modes.

The above formula can be obtained using the energetic considerations. The
energy flux, transferred by the mode, decreases as exp(2h''z), i < 0. Con-
sider a waveguide segment between the cross-sections z and z + Az. A part
of the transferred energy, equal to 2|h”|Az, is lost in the segment. It is the en-
ergy outgoing into the impedance wall. According to (1.68), this energy equals
Az-c/(8m)w [(H? 4 H?) ds, where the integral is taken over the cross-section
contour. Equating these two expressions and substituting the tangential com-
ponents of the magnetic field in the waveguide with ideal-conducting walls,
that is, according to (3.4), (3.8), Hs = ihdy/ds, H, = B> (for TE-modes) and
H; = ikoy /0N (for TM-modes), we obtain (3.56) and (3.58), (3.65).

The energy losses occur in the boundary layer, the cross-sectional area of
which has the order dl, where [ is the length of the contour C. The energy is
transferred in the z-direction through the cross-section of the area proportional
to I2. The relative energy losses have the order of the ratio of these two areas,
that is, 1’ has the order kd /1. As any surface effect, the damping has the order
of the ratio of the cross-sectional area of the boundary layer and the area of
the entire cross-section.

At the frequency a little larger than the cutoff one, h” mainly depends on
the frequency just as 1/hg does, that is, it is fast decreasing when moving
away from the cutoff frequency. At the high frequency, "’ increases fast with
increasing frequency, which is described by the factor dhg or dk?/hg in the
expression for i/, At the high frequency hy = k, d ~ k~'/2, and " increases
as k1/2.

There exists an exception from the rule “the value h” increases with in-
creasing frequency,” which concerns the TEy;-mode (and, in general, all TEq,-
modes) in the waveguide with circular cross-section. For this wave d¢/ds = 0,
and 1" ~ d/hy, that is, "’ ~ k=3/2; the second term in (3.58) is not present.
As has already been noticed, there are no longitudinal currents I, in the TE;-
mode and the electric field has the only component E; there. The losses in-
crease in all other waveguides is caused just by the longitudinal currents.
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In the frequently used waveguide channels, formulas (3.56), (3.58), and
(3.65) lead to the following expressions for h"":

i/R
" (Z_b - 2[_3) ’ (3.67a)
d 1
w4 T 1o, _ .
"= 2 (u% —1)ahy [k t ok (" 1)} p=184 (3.67b)
1/a+1/b
W' = k= 3670

for the TEjp-modes in the rectangular waveguide (3.67a), the TEj1-mode in
the circular waveguide (3.67b), and the TE M-mode in the coaxial cable (3.67c).

In the decimeter band, the losses have the order of hundredth of decibel
per meter. For instance, for the standard waveguide with 4 = 0.072 m,
b = 0.034 m, the damping coefficient is #”" = 1.8 x 1072 m~!, that is, 0.015
dB/mat A = 01 mand d = 1pk. In the centimeter range, i’ is much
larger, particularly due to the fact that the cross-section must be smaller; oth-
erwise the waveguide ceases to be a single-mode waveguide. For instance,
at A ~ 0.002 m the damping is /" ~ 5 dB/m. Mainly due to the above, the
application of the closed waveguides is limited in the millimeter range.

The losses caused by the material nonideality can be decreased by placing
dielectric layers of finite thickness onto the walls. The decrease is essentially
large at high frequencies, that is, when the wavelength is much smaller than
the linear sizes of the cross-section. However, even for the standard waveg-
uide and A = 0.1 m, the damping decreases 3—4 times when the layer of thick-
ness A/ (4(e — 1)1/2) is placed onto the side walls.

324
Orthogonality condition

Relation (3.18) between the fields of the two different eigenmodes (the or-
thogonality condition) was proven using the properties of the two scalar func-
tions P(x,y) and x(x,y). However, only for the nonfilled waveguides the
fields of all eigenmodes are expressed by the two functions satisfying equa-
tions (3.11a), (3.13a) and only for the waveguides with ideal-conducting walls
these functions fulfill the simple boundary conditions (3.11b), (3.13b). For the
more complicated waveguides, the orthogonality condition has a more gen-
eral form, and (3.18) is only its particular case. Derivation of this general con-
dition is directly based on the Maxwell equations.

Using formula (1.45) and the homogenous Maxwell equations, we can ver-
ify that the fields of two eigenmodes are connected by the equality

div (E x H™ — Em x H) =0, (3.68)
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similar to (1.49). We integrate this equality over the domain bounded by the
waveguide segment z; < z < zj lying between the two cross-sections z = z;
and z = z5, and then transform the volume integral of the divergence into the
surface one. The surface integral is a sum of the integral

Z
/ / (E'H! — ENH — EMH? + E"H?) ds dz (3.69)
z1 C

of the transverse components of the vector located under the divergence sign
in (3.68), taken over the waveguide surface, and the integral taken over the
cross-sections z = z1, z = zp of the z-component of the vector under diver-
gence in (3.68). In (3.69) indices z, s correspond to the two unit vectors Z and
§ tangential to the wall, and ds is an element of the contour. The integral
(3.69) equals zero either for the waveguide with ideal-conducting walls or for
the impedance waveguide, on walls of which the boundary conditions (3.48)
hold. The integrals taken over the cross-sections z = z; and z = zp, respec-
tively, are equal to each other and opposite in sign. Therefore, the normals to
the planes z = z; and z = z; have opposite directions. The dependence of
the components of this vector on the z-coordinate is given by the multiplier
exp|—i(hy + hm)z]. Thus, the quantity

exp [—i (hn + hm) z]/ [(En X ﬁm)z - (Em X ﬁ”)z} ds (3.70)
S

is the same at z = zy and z = z5; here dS is an element of the cross-section. The
values z; and z, may be chosen arbitrarily so that at h,, + h;,; # 0 the product
(3.70) is independent of z. This means that

/ [(E7 % ﬁ’”)Z GE ﬁ")z} ds = 0. (3.71)
S

This is the general form of the sought functional orthogonality condition for
the components of the fields of two eigenmodes. It involves only the trans-
verse components of these fields. It is valid for the modes for which h,, # —hy,.

Consider a special case. Let the nth eigenmode have the property that if
the sign of the wave number #,, is changed, that is, if the direct mode of the
nth number is replaced with the back one of the same number, then either
the two components Ey, E, change the sign and Hy, H, remain the same, or,
conversely, the components Hy, H, change the sign and E,, E, remain the
same. Then the equality

E"x H™) 4 (E™ x H") |dS=0 (3.72)
[0 m) (e )
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holds together with (3.71). Hence, the integral of each term from (3.71), (3.72)
equals zero for the eigenmodes having the above property. In this case the
orthogonality condition holds in the simpler form (3.18).

It follows from (3.2) or (3.4) that the modes with either E; = 0 or H; = 0,
that is, the TE- or TM-modes, possess the above property. For instance, if
the sign of h changes in (3.4) for the electric waves, then the components Ey,
Ey change the sign, and Hy, Hy remain the same. For the more complicated
waveguides in which the fields of eigenmodes contain, in general, both the
longitudinal components, the orthogonality condition is valid only in the gen-
eral form (3.71).

Relation (3.71) takes place for any two waves of the same direction or two
opposite modes with different numbers. The integral in (3.71) differs from
zero only for the two modes of the same number, directed toward each other.
We use the following normalization for the modes:

E"x H™™) — (E"x H") |dS = —2kh,, (3.73)
/1 ).~ ).]

where E~", H™" are the fields of the nth mode propagating in the (—z)-
direction. It is clear that the previous normalization (3.22) conforms with
(3.73). The mode of the amplitude A transmits the energy w/(87) - |A|?> Re hy,.

3.2.5
Complex and associated modes

For the nonfilled waveguides with ideal-conducting walls, the squared wave
number /2 is real, and & is either real or imaginary. If the material filling (fully
or partially) the waveguide has losses or there are losses into the walls, then /2
is complex. The eigenmodes with complex , that is, with i/ # 0, h” # 0, can
also exist in the waveguide with nonhomogeneous filling although if there no
losses in the filling material, and the waveguide walls are ideal-conducting
without losses. The energy flux through the cross-section equals zero,

/ Re (E x H*)Z ds =0, (3.74)
5

for such modes. The integrand in (3.74) is not identical zero, as for the eigen-
modes for which 2 < 0 at low frequencies, and the transverse components
of E and H are in-quadrature. For the modes with complex #? and without
losses, the transverse component of the Poynting vector w/(877) - Re(E x H*),
is positive in one part of the cross-section and negative in another one, so that
condition (3.74) holds.

Sometimes, the above assertion is formulated as the existence of the oppo-
site energy fluxes. This formulation is illustrative, but not correct due to the
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fact that only the integral of the Poynting vector over a closed or infinite sur-
face has a meaning of the energy flux.

For the modes fulfilling condition (3.74), the quantity "/ may differ from
zero also in the absence of losses. This fact does not contradict formula (3.66).
The circular waveguide with a round dielectric rod placed along its axis is an
example of such a waveguide. In a certain frequency range, h? is complex for
some nonsymmetrical (9/9¢ # 0) eigenmodes of this waveguide.

The squared wave number h? is an eigenvalue of some vector boundary
problem for the transverse components of the fields. In the case of nonfilled
waveguides with ideal-conducting walls, this problem is reduced to the scalar
self-adjoint ones (3.13) and it has the real eigenvalues only. For the waveg-
uides of more complicated form, the problem, in general, is non-self-adjoint;
more precisely, a non-self-adjoint operator corresponds to it. Therefore, it can
have complex eigenvalues.

The non-self-adjointness of the problem, the eigenfunctions of which are
the fields of eigenmodes, is essential for the completeness of the system of
transverse components of eigenmodes and for the existence of the so-called
associated modes.

The completeness of a system of functions implies that the functions of a
certain class can be approximated by a finite superposition of functions of this
system so that this approximation can be made as precise as wanted by in-
creasing the number of the superposition terms. The inaccuracy can be char-
acterized, for instance, in the L, metric, that is, by the value of the integral
of the squared modulus of the difference between the given function and its
approximation, taken over the function definition domain. The system of the
eigenfunctions of the self-adjoint operator is always complete. The complete-
ness may not take place for the non-self-adjoint operator.

If the eigenvalues of the two modes coincide at a certain frequency, then,
in general, this leads only to a usual degeneration (h, = hy,). If the fields
of these modes also coincide, then the system of the eigenmodes ceases to
be complete. In this case the system of eigenfunctions supplemented by the
associated mode is complete. It can be shown that the fields of the associated
mode can be obtained by differentiating the coincident fields with respect to
the parameter i. According to (3.1), this means that the electric field of the
associated mode equals

cn
{w — izE"(x, y,z)} exp (—ihuz). (3.75)
ohy,
A similar formula expresses the magnetic field of the associated mode by the
magnetic field of the eigenmode, the fields of which coincide with those of
another wave at the same frequency. If the fields of three eigenmodes coincide,
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then two associated modes appear which together with all the eigenmodes
make up a complete system.

The existence of the modes (3.75) dependent on the z-coordinate in a differ-
ent way than the eigenmodes leads to some nontypical resonance phenomena.
In certain cases the field near the source with given excitation current /&t turns
to be formally infinite, as in a more simpler case of the waveguide excitation at
the cutoff frequency of an eigenmode when its amplitude turns to be infinite,
either. This means that some idealizations fail to be consistent: they become
mutually exclusive. For the above simple case, we consider this question in
the next section.

3.3
Excitation of closed waveguides

3.3.1
Excitation by extrinsic current

Fields of the modes considered in Subsection 3.1.8 satisfy the homogeneous
Maxwell equations. These modes are used for constructing solutions of the
problem about the fields created in the waveguide by certain sources located
inside it or on its walls. The problem of determining the mode amplitudes
is a typical problem of diffraction theory. The given are sources, equations,
and boundary conditions, which the solution must satisfy. In this subsection
we find the solution for the case of sources given in the simplest form of the
extrinsic current with density ]_"eXt.

One of the most general methods for solving the diffraction problems is
based on the use of the Green function. In the vector problems the Green
function describes a field created by a certain simple source, and subjected to
certain boundary conditions on certain surfaces. These surfaces and boundary
conditions are usually chosen such that the Green function can be written in
the explicit form. The flexibility of the Green function method consists in the
fact that the surfaces and conditions on them can be agreed with the diffrac-
tion problem for which the Green function is introduced.

Application of this method to the Maxwell equations is based on formula
(1.49) connecting the fields EM, AL and E?), H®?), created by the extrin-
sic currents with densities /1) and j1?), respectively. An integral form of this
equality is

AN R = 2o 0 47 [ (zeext | m
/ [(Exrs) —(Bxr) Jas==T [ (B —Ef)av.  (76)
S Vv

Here E, H are the sought fields, and fe"t is a current creating them; ES, HS
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are the fields of the Green function and /¥ is a current creating them. The
surface integral is taken over any surfaces enclosing all the currents & N is
the normal to this surface, and V is the volume bounded by S. The surface
integral involves only the tangential components of the fields.

In the waveguide problems, the Green function should be chosen as one
of the eigenmodes of the unit amplitude. The electric field E$ must satisfy
the same condition as the sought field E. The source j8 is as if moved into
“infinity,” it lies outside the integration domain of (3.76), and, therefore, fg
should be set equal to zero in this formula. The existence of the source of
the Green function manifests itself by the fact that this function violates the
radiation condition at z = co or z = —oco: it does not represent an outgoing
wave at one of the two “infinities.”

We apply the Green function method to the problem about field created by a
current /. As the Green function, we take a field of an eigenmode propagat-
ing in the back direction (into z = —o0). First, we suppose that the waveguide
walls are ideal conducting and {E8, H8} is a field of an eigenmode in such a
waveguide. Then E; = 0, E{ = 0 on the waveguide walls, and the integral in
(3.76) taken over the walls is zero. Similar to deriving the orthogonality condi-
tion (3.71), here we choose the waveguide segment between the cross-sections
z = z1 and z = zp (z1 < z), as an integration domain in (3.76). The currents
7! lie in this domain. The integrals over the cross-sections are the same as
those involved in the derivation of (3.71). Since at z = z;, the field {E, H} con-
sists of modes of the same direction as the mode {E$, H8}, the integral over
the cross-section z = z; is zero. Atz = z, the field {E, H} contains only modes
opposite to the mode {E$, H8}. Only the term proportional to the amplitude
of the mode, having the same number as in the Green function with opposite
sign, remains under the integral over z = z;. Denote the field of this mode by
{En, ﬁn}. Then the field {Eg, ﬁg} can be denoted as {E,n, ﬁ,n}. According
to the normalizing condition (3.73), the integral over the cross-section z = z»
equals —2kh;, - A,, where Aj is the sought amplitude of the nth mode created
by the extrinsic current with density /. Thus,

2 1

| Gext@
A= T / FE_, dV. (3.77)

When finding the amplitudes of modes propagating in the back direction,
a direct mode must be chosen as the Green function. Then the integral over
the cross-section z = z, contains only the fields of the same-directed modes
and, therefore, equals zero. The term containing the product of the two fields
of opposite modes differs from zero under the integral over the cross-section
z = z1. The same formula (3.77) with n replaced by —# (recall thath_,, = —h;,)
can be obtained for the amplitude of the back mode created by the extrinsic

e

current j*.
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Formula (3.77) remains valid also in the case of the waveguide with
impedance walls. The Green function must fulfill the same impedance condi-
tions and satisfy the same equations (3.71), (3.73). The above result also takes
place for the waveguide filled with nonhomogeneous dielectric, ¢ = ¢(x,y),
# = u(x,y). Itis clear that E8, H8 must be chosen as the fields of the eigen-
mode in this waveguide. Using the same scheme, the amplitude of the asso-
ciated wave could be found in the waveguides with an incomplete system of
eigenmodes.

According to (3.77), in order to excite a mode with a noticeable amplitude,
the excitation currents must be located along the electric field of this mode.
For instance, the current located in the cross-section of the rectangular waveg-
uide parallel to the narrow wall excites the main TEjp-mode with amplitude
increasing as the current location approaches the cross-section center where
the field of this mode is maximal. The longitudinal current located on the
axis of the circular waveguide excites only the THp;-modes, the only modes
in the field of which E; # 0 on the axis. The longitudinal currents (j, = 0)
do not excite the TE-modes. The circular current located in the middle of the
cross-section of the circular waveguide excites the TEp;-modes.

If the currents are located in several cross-sections, then the modes arisen
in these cross-sections are summed with the corresponding phase incursions.
The phase incursion of the direct mode is described by the factor exp(il,z)
involved in E_,. The fields of the current elements located at z = —L and
z = 0 appear in A,, n > 0, with factors exp(—ih,L) and 1, respectively. The
difference between the phases of these two summands is equal to the electric
(“optical”) distance between the two elementary sources.

The amplitude A, contains the wave number /,, in the denominator. Near
the cutoff frequency of the mode excited by a given current, A;, — co. The
transverse components of either electric or magnetic fields tend to zero, as
well. However, the flux of the energy carried away by this mode is propor-
tional to |A, |2, that is, it tends to infinity. In order that a finite (not infinitely
large) current radiates the infinite energy, it should be excited by an infinite
field. The formulation of the problem about the field of a given current has no
physical sense near the cutoff frequency. We must give the field exciting the
current, but not the current itself. At the small &, (42 > 0) the arisen current
is small and the energy carried away into infinity is finite if the given field is
finite. No infinities appear in the case when the inverse influence of the ex-
cited field onto the current is taken into account, that is, when the idealization
“j®t = const” is abandoned. Since the inverse influence is not strong at the
nonsmall /1, the multiplier 1/h, properly describes the dependence of A, on
the frequency.

In contrast to the transverse components of the field, the longitudinal ones
cannot be, in general, represented as a sum of the longitudinal components of
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the fields of the excited eigenmodes with the coefficients (3.77). The longitudi-
nal components must be found from the nonhomogeneous Maxwell equations
using the transverse components. It follows from the equations that

1 ext
E:=— (rotH) - (3.78)

in the domain with extrinsic currents. The first term in (3.78) contains only the
derivatives of the transverse components with respect to x, y, and equals the
sum of the longitudinal components of the arisen eigenmodes. The second
term is present only for the domains where the longitudinal extrinsic currents
exist. It is essential in the theory of electron devices for describing the interac-
tion between the electromagnetic field and electron beam.

The appearance of the second term in (3.78) can be simply explained. The
first term describes the longitudinal field which would be created in some
cross-section z = z by the currents located at z < z and z > z. This field
would appear in the narrow slot between the cross-sections z = z — 0 and
z = z+ 0. When cutting a slot, the currents would become discontinuous
and the surface charges pgyf, equal to +1/iw - j, by (1.18), would arise on
both the cross-sections. According to (1.17), these charges would create the
field E; = 47pgy, in the slot. The field (3.78) is a field in the absence of such a
slot. The second term in (3.78) compensates this additional field, which would
appear only in the “virtual” experiment with the slot cutting and which does
not exist in the absence of the slot.

3.3.2
The slot excitation and end-plane excitation

The waveguide may be excited not by a current /¢ located inside it, but by
a field created on the hole in the waveguide wall by an external source (Fig.
3.2(a)). In this case the volume integral is not present in formula (3.76), since
j8 equals zero. Similarly as in Subsection 3.3.1, the field {E$, H8} is a field of
the (—n)th mode with unit amplitude. Both the cross-sections must be chosen
such that the hole in the wall lies between them. Similar to the above, the
integral over the cross-section z = z; is zero, whereas the integral over the
cross-section z = zp (zp > z1) equals 2kh, A, where A, (n > 0) is the sought
amplitude of the direct mode.

Only the integral over the hole remains from the integral over the side wall
in (3.76). Since the tangential component E{, . = 0 on both the wall and the
hole, the second term under the surface integral is zero, as well. Hence,

An:

1 - _,
g
S S/ (Exm )N s, (3.79)
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W

(a) (b)

Fig. 3.2 Slot excitation and end-plane excitation

where the integral is taken over the hole and E is a field created on it by the
external sources. This formula can be rewritten in another form by replacing
the tangential components of HS with the surface current density I by (1.80).
Then (3.79) gives

_2rd / E.10ds, (3.80)

where the integral is taken over the hole, I2 is a current flowing in the waveg-
uide without the hole when the back mode of the nth number and unit am-
plitude propagates in it. The field E in (3.80) plays a role of the current /! in
(3.77); the current I8 in (3.80) plays a role of the field E_,, that is, the Green
function.

If the hole has the form of the long narrow slot, then the electric field E on
it is directed perpendicular to the longer side of the slot. According to (3.80),
in order to excite a mode, the direction of this field must coincide with the
direction of the current flowing in the waveguide without the hole. Hence,
the slot should cut these currents. The most intense field interaction in the
slot, cut in the metallic surface, occurs if the slot cuts the currents flowing in
the metal.

The efficiency of applying the Green function in the problems connected
with finding the field created either by Eian given on some surface, or by a
given current, is explained by the unnecessity to find the currents induced
on the metal. Since the electric field E{,, of the Green function is zero on the
metal, the currents do not appear in the main formula (3.76). The usual in
the wire antenna theory approach for finding the field with use of the vector
potential or the Hertz vector is not convenient for application in the problems
involving the metallic surfaces on which the induced currents arise. Recall
that all the currents including the induced ones appear in the wave equation
(1.42) for the Hertz vector.

If a waveguide end is closed by a plane metallic wall (diaphragm), then in
order to find the amplitudes A;, the field {Eg ,Hg } must be subjected to the

condition E{, | = 0 on this wall. The cross-section z = z; should be made co-
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incident with the diaphragm plane. The currents induced on it do not appear
in the expression for A,. The field {ES, H8} should be chosen as a field of
the standing wave, incoming from z = oo and reflected from the diaphragm.
The integral over the cross-section z = z; is zero, whereas the integral over
z = zj is calculated in a similar way as for the waveguide without the di-
aphragm. The amplitude A, is expressed by the same formula (3.80) where I3
is a current flowing in the waveguide with diaphragm (without slot).

The waveguide can be excited by the electric field created in the cross-
section (end-plane excitation) (Fig. 3.2(b)). The expression for amplitudes of
arisen modes is derived using the same scheme as in the case of the excita-
tion through the wall hole. The same standing wave as in the presence of
the metallic diaphragm must be chosen as the Green function and the cross-
section must be made coincident with the end plane. The integral of the elec-
tric field given on the end plane, multiplied by the magnetic field of the stand-
ing wave on the end plane, appears in the expression for A;;, and the formula
for A, coincides with (3.79).

In the problem on the end-plane excitation, the magnetic field can be given
on the end plane, instead of the electric one. Then, similar to the above, the
standing wave for which the magnetic field (instead of the electric one) equals
zero on the end plane should be chosen as the Green function. In analogy with
the ideal conductor, on which Ei,n = 0 and which can be represented as a di-
electric with |e| = oo, the material with Hian = 0 on its surface is called the ideal
magnetic, since this condition would hold on the material with |it| = co. The
Green function which should be used when the magnetic field is given on the
end plane satisfies the conditions different on the waveguide walls (Etan = 0)
and on its cross-section (Hin = 0). If the conditions for the Green function
are chosen in this way, then neither the values Hian on the walls nor En on
the end plane appear in the expression for amplitudes A;. The standing wave
with Hian = 0 in the cross-section z = 0 differs from the wave with Eiyzn = 0
in this cross-section in displacement along the z-axis by a quarter of the wave-
length in the waveguide.

It is impossible to prescribe arbitrarily both Eian and Hin in any cross-
section at the same time. Prescribing one field completely defines the other,
and, in particular, its values in this cross-section.

3.3.3
Integration in the plane of a complex variable

In this subsection we consider in detail a simple problem about excitation
of the circular waveguide by an elementary dipole located on its axis and
directed along it. In the general formula (3.77) we should take j, = J§(R),
R = /12 + z2. Only the TMy;-modes arise.
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The component E, equals a%q X in such modes, where, according to (3.11),
X = PogJo(aoqr), and ap; = vog/4a, Jo(vo;) = 0. According to (3.22), the nor-
malizing factor is Py, = [v/7tvoqJ§ (vog)] ~!. Substituting these values into (3.77)
gives

2\/% 1 VO!]
Ap, = , 3.81
U7 "W hoy - a? Th(voy) (3.81)

where 4 is the waveguide radius.

Below we derive this formula once more using the method of integration in
the plane of the complex variable instead of the Green function method. The
considerations of this subsection have a methodical purpose only. They make
possible to pass to some problems considered in the next chapters, for which
only this method is applicable.

The excitation of the waveguide by a given current can be treated as
a process of diffraction of the field, created by this current in vacuum, on
the waveguide walls. Further this field is called the incident field. The sec-
ondary (diffraction) field is found from the requirement that the sum of these
two fields must satisfy the boundary condition on the waveguide metallic sur-
face r = a. Inside the waveguide the only nonzero component of the field E,
tangential to the surface, is E,. We also assume that the waveguide walls are
ideal-conducting, thatis, E, = O atr = a.

If the incident field were a cylindrical wave, then E.(r,z) would be pro-
portional to the function H(()z) (ar) exp(—ihz), &« = Vk?* — h?, where the pa-
rameter &1 may take any value. Then the diffraction field could be easily con-
structed. It would also be a cylindrical wave and be proportional to the func-
tion Jo(ar)exp(—ihz). The proportionality factor would be found from the
requirement that E, (a,z) = 0, and the total field would be

Text
J

———=Jo(ar) | exp (—ihz). (3.82)
0

At any value of 1, the functions H(()z) (ar) exp(—ihz) and Jo(ar) exp(—ihz) sat-
isfy the wave equation just as the Cartesian component E; of the field should
do. The first summand in (3.82) represents the outgoing cylindrical wave. It is
proportional to exp(—iar — ihz) /+/ar at |ar| > 1, according to the asymptotic
of H(()z) (ar). This function has a singularity at » — 0, which is agreed with the
fact that such a field can be created only by the current distributed along the
axis r = 0. The second summand has no singularities. It describes the field
created by the currents induced on the cylindrical surface r = a.

However, a dipole located at the origin creates not a cylindrical but a spher-
ical wave in free space. In order to find the diffraction field, the incident field
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is convenient to be preliminarily represented in the form consistent with the
shape of the surface on which the diffraction occurs. Such a consistency is the
first stage of solving diffraction theory problems. In our problem the repre-
sentation of the spherical wave as a superposition of cylindrical ones is also a
preparatory stage in the method of integration in the complex variable plane.

We write the Cartesian component of the field of the elementary dipole
7€t = 6(R) in Cartesian coordinates instead of spherical ones convenient for
finding the spherical components of the field. Similar to the current, the elec-
tric Hertz vector I1(¢) has only the z-component, which must satisfy the non-
homogeneous wave equation

AT 4 1) = %5(1{) (3.83)

(see (1.42)) and the radiation condition. The component E; is expressed by

HS) using the formula

2
9 e (3.84)

E: = RIL + 511,

obtained from (1.43) at H,(f) = H;e) = 0. Since in the fields of the eigenmodes,

HS) is connected with x(x,y) by formula (3.25a), then (3.84) takes the form
(3.3). However, E, cannot be expressed by yx for the spherical wave.

The function Cexp(—ikR)/R is a solution to equation (3.83). The factor C
is determined by the value of the singularity at R = 0, that is, by the factor
4mi/w in (3.83). Integrating (3.83) over a sphere of small radius ¢ (ke < 1) cen-
tered at R = 0, considering that A = div grad and using the Gauss theorem,
we get the surface integral [ (9I1(®) /AR) dS over the sphere to the left from the
first term. The second term does not give a finite contribution at ¢ — 0. In
the surface integral dS = €% dQ), where Q) is the entire solid angle. Substituting
1) = Cexp(—ikR)/R, we obtain —471C on the left-hand side. According
to the J-function property, the value 47ti/w appears on the right-hand side.
Hence, the solution to (3.83), satisfying the radiation condition, is

Y = —é exp (—ikR) /R. (3.85)

Formula (3.84) expresses the z-component of the incident field in terms of
the Hertz vector. The same formula is valid for the diffraction field if we re-
place 119 with T1V% in it. Then the boundary condition E, (a,z) = 0 for the

sum of the incident field and the sought diffraction one holds if
1" (a,z) + 118 (g,2) = 0 (3.86)

for all z. Here IT" redenotes HS) given by (3.85); the index (e) is omitted.
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The representation of function (3.85) describing a spherical wave as a super-
position of the cylindrical ones is given by the table integral

exp (—ik\/rz—l——zz)
Voo

— % / H(gz)(ar) exp(—ihz)dh, « = \/m

(3.87)

It is implied in this integral that Rea > 0if —k < h < k, that is, if a® >0,
and Ima < 0if —co < h < —kork < h < oo, that is, if a? < 0. In the first
interval, that is, at real «, the integrand describes the outgoing wave. In the
remaining two intervals (at the imaginary «) it represents the field decreasing
when r increases. This conforms with the fact that the left-hand side of (3.87)
describes the outgoing wave. The condition Ima < 0 ath — oo provides the
convergence of the integral.

Hence, according to (3.84), (3.82), and (3.87), the solution of the diffraction
problem considered here is given by the formula

B Héz)(txa)

2 -
(o) Joler) | af exp(—ihz)dh.  (3.88)

E(r,z) = ﬁ | / [ng) (ar)

In the problem of this subsection the finding of the solution in the form of
the Fourier integral is elementary. This stage is the most difficult in the more
complicated problems. The second stage consists of introduction of the com-
plex plane h = I’ + ih" and transformation of the integral (3.88) over the real
axis of this plane, by deforming the integration contour. In this procedure,
the investigation of the integrand behavior when continuing it onto the whole
complex plane of the variable & is decisive.

The integration contour should be deformed into the infinitely remote half-
circle located in the lower or upper half-plane of /1. The choice of the complex
half-plane to which the contour is displaced depends on the points at which
the field is calculated, namely, on the sign of the z-coordinate.

We carry out the transformation allowing us to calculate the field at points
z > 0. In this case the contour is displaced into the lower half-plane. Since,
at z > 0, the multiplier exp(—ihz) = exp(—il'z) - exp(h”'z) tends to zero as
h— —o0-i, the integral over the infinitely remote half-circle tends to zero, ei-
ther. When displacing the contour and using the Cauchy theorem, it is es-
sential that the integrand is single-valued, so that its only singularities lying
between the initial contour (1" = 0) and the final one (" = —o0) are the poles,
that is, the points at which the function is infinite.

We show that the expression in the square brackets under the integral in
(3.88) is single-valued, although it contains the Hankel function, an ambigu-
ous function of its argument, and an ambiguous function «. The ambiguity of

105



106

3 Closed Waveguides

« is caused by the fact that the function a(/) has the branching points & = k
and i = —k, at which « = 0. When a point on the complex plane passes
around the branching point and returns to its initial position, then « changes
the sign. Consider the neighborhood of the branching point 7 = k. Let the
point i = k + pexp(iy) pass around the point # = k along a small circle,
p < k. Then « = /27mpiexp(ip/2). When passing, ¢ varies from ¢ = 0 to
¢ = 27 and & varies from /27pi to —+/27pi, that is, it changes the sign. The
same relates to the neighborhood of the branching point 1 = —k.

However, the entire integrand in (3.88) is single-valued; it does not change

the sign after the passing. At small arguments, the functions H(gz)(acr) and

H(gz) (aa) are equal (with accuracy to a nonessential factor) to Jo(ar) In(ar) and
Jo(aa) In(aa), respectively. Hence, the integrand is proportional to the differ-
ence In(ar) —In(aa), that is, to In(r/a), at small |a|. It does not depend on &
near the points & = 0, and there are no other points on the plane of 1 where
the functions are ambiguous. Therefore, expression (3.88) equals the sum of
residues at the poles, lying between the initial and final integration contours.

The poles are zeros of the denominator, that is, the values of h, for which
Jo(aa) = 0. Denote these values by h,,. Applying the theorem of residues

f(h) , f(hn)
o~ dh=2miy ————, 3.89

I (1) L TE T, (389)
where F (h,) = 0, and using the fact that the first term under the integral in
(3.88) does not have the poles, we transform (3.88) into the sum of the residues
of the second term

; (2) 2
i Hy” (ana) o .
E.(r,z) = ol aJ7 (o) dtxn/dhjo (anr) exp (—ihuz), (3.90)

where 2 = k? — a2, Jo(ana) = 0. The sum contains all the roots of this equa-
tion, so that, replacing the number n by {0, 4}, yields

1w HE (voy) atog

Ay = . 3.91
Using formulas of the cylindrical function theory, namely, Jj(x) = —J;(x) and
H(gz) (vog) = —2i/[mvog]1(vog)], and substituting the value P,, we get the same

expression (3.81) for A, as that obtained by the Green function method.

A finite number of poles h; can be located in the interval —k < h < k of
the real axis; they correspond to the roots of the equation Jo(xya) = 0 for
which a, < k. The roots lying on the imaginary half-axis ' = 0, k" < 0
correspond to the larger values of w;,. The real 1, relates to the traveling modes,
and the imaginary h,, to the damping ones. If there exist roots lying on the real
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axis, that is, if k is not smaller than the cutoff frequency of the TMy;-mode,
then the initial integration contour in (3.88) cannot coincide with the real axis
of the complex plane everywhere. The contour should pass around the poles
leaving them over or under itself. In (3.88), the location of the contour near the
poles on the real axis should be chosen such that this expression satisfies the
unused demand about the absence of the eigenmodes incoming from infinity.
This means that at z > 0 only the modes can arise, for which Reh, > 0.
Consequently, the poles lying on the half-axis #” = 0, i’ < 0 must not be
located inside the domain which the initial contour covers when transforming
into the infinite half-circle lying in the lower half-plane. The contour in (3.88)
must be located under the poles lying on the negative part of the real axis
of the complex plane h. In a similar way, investigating the field at z < 0 and
deforming for this end the integration contour into the infinite half-circle lying
in the upper half-plane, we can show that the poles lying on the positive part
of the real axis must be located under the integration contour (see Fig. 3.3). In
the space domain z > 0 these poles give the eigenmodes in (3.90) propagating
straightforward, that is, in the direction z = co.

Fig. 3.3 The integration contour for the problem of closed waveguide
excitation

If the integrand in (3.88) were not single-valued, then the lines of the cut
would be drawn on the plane and after this the integration contour would
be deformed in such a way that the lines would not be intersected by the
contour. Then the integral in (3.88) would be equal not only to the sum of
residues, but it would also contain the integrals over both the sides (banks) of
the cut. This would mean that the field consists not only of the sum of fields
of the eigenmodes of the discrete spectrum (we mean formula (3.90)), but also
of the integral of modes of the continuous spectrum. The latter notion will be
explained further when considering the problem in which such an additive
integral exists. Since in the closed waveguide the system of the eigenmodes
of field is complete (with adding the associated modes in certain cases and,
in particular, for more complicated waveguides), the integral term does not
appear when transforming expression (3.88).
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A connection exists between the completeness of the system of eigenmodes
of a physical object (closed waveguide in our case) and single-valuedness of
the expression under the Fourier integral providing a formal solution to the
diffraction problem on excitation of this object by a given current. In this case
the left-hand side of the equation for the wave numbers of the eigenmodes
(equation Jo(Vk? — h?a) = 0 in our problem) coincides with the denominator
of this expression.

34
Nonregular closed waveguides

3.4.1
The cross-section method

Each eigenmode may propagate in the waveguide independently, without af-
fecting and generating other modes. If the waveguide is nonregular, that is,
some of its parameters are different in different cross-sections, then there can-
not exist only one eigenmode. When propagating in a nonhomogeneous seg-
ment of the waveguide, the eigenmode generates other modes and, besides,
its amplitude varies. The nonhomogeneity may be of the following types:
the varying shape or size of the cross-section (expansion or contraction of the
waveguide, junction of the waveguides of different cross-sections), varying
the orientation of the cross-section (twisted waveguides), or varying the di-
rection of the axis (bending). The impedance of the waveguide walls or the
shape and permittivity of the material filling (fully or partly) the waveguide
may also vary. In all these cases, the field can be described by the infinite sys-
tem of the first-order ordinary differential equations for amplitudes of arisen
eigenmodes of certain auxiliary waveguides.

As an eigenmode in a cross-section of the nonregular waveguide we call the
eigenmode of a certain auxiliary regular waveguide (the reference waveguide),
with the size, shape and filling, same as those of the actual cross-section of the
nonregular waveguide. The reference waveguides are different for different
cross-sections of the nonregular waveguide. The system of their eigenmodes
depends on the cross-section of the nonregular waveguide to which it corre-
sponds.

For simplicity, when deriving the system of equations we confine ourselves
to the waveguides without associated waves. In any cross-section of the non-
regular waveguide the transverse components of the fields E and H (that is,
the components lying in the cross-section) can be expanded into series by the
complete system of the transverse components of the eigenmodes in the ref-
erence waveguide. The expansion coefficients in the series for E, and for E,
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are the same, as well as those in the series for Hy and for H,, but the coeffi-
cients in the series for E and H are different. However, one can “double the
number” of the expansion functions, using the fields of waves propagating in
both the directions (the quotation marks mean that the notion “number” has,
formally, no sense for the elements of infinite systems). Below the mode index
n will take positive and negative values, n > 0 for the direct waves (i.e., the
waves propagating or damping in the direction z — c0) and n < 0 for the
back waves. Then the coefficients in the expansions of the transverse compo-
nents of E and H are the same. From the Maxwell equations it follows that in
the domains free of the extrinsic currents, the longitudinal components of the
fields are expanded into the series with the same coefficients.
The expansions have the form

x v,2) Z A (z (x,y,2), (3.92a)

n=—oo

H(x,y,z) Z Ay (z) B (x,y,2). (3.92b)

n=—oo

Here E"(x,y,z) and H" (x, y, z) are the factors at exp(—il,z) in the fields of the
eigenmodes. In a regular waveguide these quantities do not depend on z; the
dependence on z is contained in the functions A,(z), which are exp(—ih;,z).
In a nonregular waveguide E”, H" depend on the z-coordinate of the cross-
section to which the reference waveguide corresponds, and A, (z) is a more
complicated function depending on the amplitudes of the other modes. The
propagation constants also depend on z, h,, = hy(z).
The equation system for A, (z) has the form

dAn
dz

+ih, A, = Z SumAm  n=...-2,-1,1,2,... (3.93)

m=—0co

In order to obtain this system and expressions for the coefficients S, (the
coupling coefficients), expressions (3.92) should be substituted into the Maxwell
equations and both the orthogonality conditions (3.71) and the normalization
ones (3.73) should be used. However, this way cannot be applied immediately.

The left-hand side in series (3.92a), that is, the field E in a nonregular waveg-
uide does not fulfill the boundary conditions which the fields E” (i. e., all terms
of the sum) fulfill. In the simplest case of the waveguide with ideal-conducting
walls, the reference waveguides have the ideal-conducting walls, as well, and
the longitudinal component E} equals zero on the wall for all eigenmodes.
Hence, all terms of the series for E, (3.92a) are zero on the wall. The compo-
nent E, of the field in a nonregular waveguide is not zero on the wall, since it
does not coincide with the tangential component not lying in the cross-section
plane. Thus, series (3.92a) for E, does not converge on the wall: all its terms
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are zero but the quantity represented by it, does not equal zero. The series, di-
vergent on the domain boundary, converges nonuniformly inside the domain,
that is, the number of terms needed for obtaining the result with a given ac-
curacy infinitely increases when the point at which the series is calculated ap-
proaches the boundary. The derivative of the nonuniformly convergent series
does not equal the series of derivatives of its terms. The direct substitution of
the vector series (3.92) into the Maxwell equations as well as their termwise
differentiation is not allowed.

Several artificial methods are used for obtaining system (3.93), which allow
us to avoid the differentiation of series (3.92a) for E, with respect to x, y. Of
course, all they lead to the same form of this system and to the same expres-
sion for S;;.

The derivation can be carried out in the way that only the x- and y-
components of the vectorial series (3.92) are used. The boundary condition
Es = 0 (unit vector § lies in the cross-section plane) for these components
is valid both for all terms of the series and for the field in the nonregular
waveguide. Series for the components are uniformly convergent and they can
be differentiated termwise. Another method consists in treating the nonregu-
lar waveguide as a limit of sequentially linked short segments of the regular
waveguides and using the small perturbation method for investigation of
the mutual mode transformation at the segment junctions. From this point
of view, the waveguide bending is a subsequence of small sharp bendings
whereas the cross-section shape variation is a limit of the small step sequence.

Justification of formula (3.93) (and (3.94) below) is not based on the pre-
sentation of the nonregular waveguide as a limiting case of the staircase one;
it can be carried out in other ways. For instance, the rigorous method men-
tioned above can be used. However, the staircase approach leads to the proper
result. This can probably be explained by the fact that system (3.93) describes
a volume (not surface) effect, whereas the difference between continuous and
staircase waveguides is localized near the surface. An analog is a known ge-
ometrical effect: the length of the staircase line does not tend to the length of
its limiting continuous form, but the areas bounded by these two curves are
equal at the limit.

The nonregular waveguide (Fig. 3.4(a)) can also be treated as a limiting case
of the waveguide with the regular cross-section and nonhomogeneous filling,
ate — —oo-i (Fig. 3.4(b)). At finite |¢|, the fields of the modes of the reference
waveguides approximate the field in the nonregular waveguide in the entire
cross-section. The series for the waveguides shown in Fig. 3.4(b), analogous to
(3.92), can be differentiated termwise, and in this way the coupling coefficients
can be calculated. Their limits at e — —oco - i are the sought coefficients for the
waveguide shown in Fig. 3.4. The boundary conditions on metal for all the
components of the field E are fulfilled without using series (3.92) for E,, which
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is divergent on the boundary.

\
/ 7

(a) (b)

Fig. 3.4 Nonregular and partially filled waveguides

The larger the coefficient S, (z) at a certain z, the stronger the influence of
the field of the mth mode on the amplitude A, of the nth mode is in this cross-
section. The influence depends on the type and value of the nonregularity at
this z. It is proportional to the amplitude A, of the mth mode.

We give without detailed proof the formulas for S, in the case of a straight
nonfilled waveguide with the variable cross-section. The coefficients S;;;; can
be expressed in terms of the z-derivatives of the fields E", H", participating
in series (3.92). However, it is more convenient to express Sy in terms of in-
tegrals over the cross-section contour, taken of the potentials yx, ¥ (3.3), and
their derivatives with respect to s and N, where N is a unit vector lying in
the cross-section plane normal to the surface of the reference waveguide. In-
troduce the function v(s,z), (v > 0) as the tangent of the angle between the
z-axis and the tangent to the surface of the nonregular waveguide, which lies
in the plane containing the z-axis, that is, in the plane perpendicular to the
cross-section. At a given z, the function v(s,z) describes the degree of the
waveguide nonregularity. If the waveguide is regular in a certain interval of
z,thenv(s,z) =0, and S, = 0 for these z.

The coupling coefficients are equal to

Sm = =
e Zhn (hn - hm)
g a n a m

Y{ v (s) [tx% a2ty (hnhm - kz) ais%} ds (3.94a)
B k2 — hyhy, : ox" ox™

Sum = i (e — ) T — 1) Y{ v (s) N OIN ds (3.94b)
.k ax" oy

Snm = —M fl/ (S) ON . a—s ds (394:C)

Formulas (3.94a), (3.94b) refers to the cases, when both the participated modes
are of the same type, TE or TM, respectively; (3.94c) gives S, for the case
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when the nth is the TE-mode and the mth is the TM-modes. The coupling
coefficients have the dimensionality cm~! (the same as k has).

The term S, A, involved in series (3.93) for dA, /dz is proportional to the
amplitude of the mode with the same number. The coefficient S, is propor-
tional to the derivative of the wave number

1 dhy,

The derivative dh,, /dz can be expressed by the formulas similar to (3.94),
dhy o2 22 (99
E = % %V (S) |fxn (7’[7 ) — < 9% ) ds, (396a)
dhy a2 ax"\?

for the wave number of the magnetic and electric modes, respectively.

The equation system (3.93) should be supplemented by the end conditions
at the ends of the nonregular segment. If this segment is located between two
regular waveguides, then the reference waveguides corresponding to the in-
put and output cross-sections coincide with these regular waveguides. There-
fore, no additional calculations should be made for passing from the ampli-
tudes at the ends of the nonregular segment to the amplitudes in the regular
waveguides. The mode amplitudes in the regular segments are equal to A, (0)
and A, (L), where z = 0 and z = L are the z-coordinates of the cross-sections
at the input and output of the nonregular segment, respectively. If the first
mode falls onto the nonregular segment from the left and there are no other
modes incoming, then the end conditions are as follows:

A1(0)=1, A, (0)=0 (n#1,n>0); A ,(L)=0 (n>0).(397)

The reflected mode with the amplitude A_;(0) and other back modes with the
amplitudes A_,(0) (n > 0) outgo into the left waveguide; the direct modes
with amplitudes A, (L) (n > 0) outgo into the right one. The values A_,(0)
and A, (L) are sought. Their aggregate for all modes falling onto the nonreg-
ular segment makes up the so-called scattering matrix.

System (3.93) supplied with the end conditions (3.97) imposed at the op-
posite ends of the segment represents a two-point problem. Such a problem
for the system of two equations was considered in Section 2.2 (see formulas
(2.54), (2.69)). Similarly as in that more simpler case, our problem can also
be reduced to the same equation system with the end conditions at one end
(the Cauchy problem) by means of introducing auxiliary functions following
the scheme described by (2.70). However, numerically solving this problem
is difficult in the case when the dumping modes are considered. There exists
some iterative technique avoiding this difficulty.
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3.4.2
Slowly varying parameters

An approximate explicit solution to system (3.93), (3.97) can be found in the
case when the coupling of different modes caused by the waveguide nonreg-
ularity is weak. For different types of nonregularity, the mode coupling may
be treated to be weak in the following cases. For the bent waveguides, the
bending radius should be large in comparison with linear sizes of the cross-
section. For the nonregular straightline waveguides, the waveguide param-
eters should be slowly varying in comparison with this size; more precisely,
the parameter v(s,z) should be small. Then all the coupling coefficients in
(3.97) are small, |Su|/k < 1. However, the total variation of the parameters
through the entire nonregular segment 0 < z < L may be large.

For the solution obtained below to be approximately valid on the large seg-
ment, that is, at kL > 1, it is necessary to pass from A;(z) to new variables
a,(z) such that the equation for da,, /dz does not contain the term proportional
to a,(z), that is, the matrix of coefficients in the differential equation system
does not contain the diagonal elements.

According to (3.95), the term —(ihy, + 1/2hy, - dh, /dz) A, is involved in the
equation for dA, /dz in (3.93). Introduce the reduced amplitudes a,(z) using the
relation

An(z) = qu(z) exp [—ivn (2)] - au (2), (3.98)
where
n (z) = Z: Eg (3.99a)
n(z) = / ha (g) dg. (3.99Db)
0

The equation system for a,(z) contains no diagonal terms

dap (z) _ v 4 (2) .
s m;ﬂ o () S (2) &P [ (ym = )] an- (3.100)

The function 7,(z) has the same physical meaning as the similar-denoted
function from (2.50) in the theory of waves in a nonhomogeneous medium.
The multiplier exp[—i7y,(z)] describes the main process occurring in the non-
regular segment of the waveguide or in the nonhomogeneous medium. This
process is known as phase accumulation, that is, the summation of the phase
incursion on different segments.

The end conditions for the function a,(z) are the same as those (3.97) for
Apn(z).
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Similarly as in (3.93), in system (3.100) the small quantities S, are factors
in the expressions for da,, /dz, and the solution is easily found in the first order
of the small parameter vy, where vy is a certain mean value of the geometric
parameter v(s, z). Keeping only the reduced amplitude of the incident mode
in equation (3.100) for n = 1, we get

a1(z) = 1. (3.101)

In this approximation, the amplitude of the main mode, transmitted through
the nonregular segment, is

A (L) = g1 (L) exp [=iv1 (L)]. (3.102a)

The amplitude A;(z) varies through the nonregular segment in such a way
that, according to (3.99) and (3.98), the transmitted energy, proportional to
h1(z)|A1(z)|?, is constant (see the text after (3.73).

Substituting the function 47 (z) = 1 into right-hand side of equations (3.100)
for n # 1 and dropping the remaining terms (which is possible just owing
to the absence of the term proportional to a,(z) among them), we obtain the
sought approximate expressions for both the amplitudes A, (L) of the direct
modes outgoing into the right waveguide and the amplitudes A_,(0) of the
back modes outgoing into the left waveguide:

qn (2
+ivn(2)dz,  n=12..., (3.102b)
L
z . .
A (0) = =0 (1) [ I4E sy exp [im (1) + 17 (2],
n
0
n=1,2,... (3.102¢)
The energy carried away by the arisen modes is proportional to | A, (L)|? and

|A_,(0)[% that is, it has the order of v3. The energy of the incident mode does
not vary with accuracy to this value, that is, (3.102a) holds.

According to (3.102), the process of appearance of the nth direct (n > 1)
mode and the (—n)th back (n > 0) one, when the first (n = 1) incident mode
is passing, consists in the following: the mode falling onto the nonregular
segment acquires the phase 71 (z) on its way to the interval dz. When passing
through the dz interval, the mode generates the nth direct and the (—n)th back
modes with amplitudes S,1(z) A1(z) dzand S_ ;1 (z) A1(z) dz, respectively. The
arisen direct mode acquires the additional phase fZL hpdz = 9, (L) — vu(2)
when propagating to the end z = L of the nonregular segment (Fig. 3.5, upper
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711(2) Yu(L) = u(2)

o dZ/—L Tz
<—/
Y -n(2)

Fig. 3.5 Mode transformation on nonregular waveguide segment

arrows). The back mode acquires the phase | ZO h_, dz when propagating to
the beginning z = 0 of the nonregular segment (Fig. 3.5, lower line).

The appearance of new modes is the interferential process. Modes arisen
on different segments of the waveguide are summed together, each with its
own phase. The amplitude of the mode scattered by the nonregular segment
depends not only on the coupling coefficient between this mode and the inci-
dent one, but also on the difference ,,(z) — h1(z) between their propagation
constants. The smaller this difference, the weaker the mutual interferential
suppression of the elementary modes arisen in different parts of the nonregu-
lar segment is, and the larger the amplitude of the arisen mode is. Thus, the
reflection coefficient A_1(0) is, as a rule, small, because for n = 1 the phase
factor in formula (3.102¢) equals 271 (z) and is large. The most part of the en-
ergy of arisen modes is carried out by the direct modes for which this factor is
small, equal to exp[—i(yy — 71)]-

If there exists a cross-section in the nonregular segment, in which the propa-
gation constant of the nth mode (n # 1) equals hy, that s, if 1, (zg) = h1(zp) at
z = zp, then in the cross-section neighborhood, the mutual mode suppres-
sion described by the exponential factor in (3.102b) is weakened. The nth
modes arisen on the interval dz near z; reach the end of the segment with
close phases. It can be shown that in this case A, (L) has the order not of vy
but the smaller one, namely, of 1/(1)/ 2 However, if the equality h,; = hy holds
for any z, that is, the first and nth modes are degenerated, then the process
does not have the interferential nature, and the amplitude A, (z) is not small.
The inverse influence of the nth mode upon the first one causes a1(z) not to
be constant as well as the approximations (3.101) and, consequently, (3.102),
not to be valid. Such a situation occurs, for instance, for the bent circular
waveguide. The TEp;- and TMjj-modes are degenerated in such a waveg-
uide; the bending couples these modes together. Regardless of how large the
radius of bending is, the field in it consists mainly of the combination of the
fields of these two modes which completely transform to each other in cycles.
The angle at which the full transformation occurs does not depend on the
bending radius. It can be found from the expression for the coupling coeffi-
cient caused by the bending. The coupling coefficients in the equations for the
bent waveguide play the same role as the coefficients S,;; in the equation sys-
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tem for the waveguide with a varying cross-section. The above angle equals
y01/(2\/§) -AJa =1.35-A/aradian.

If a mode falls onto the contracting waveguide segment from the wide side,
then a situation may occur when in the narrow segment it is already damped,
not a traveling one. At a certain value z = z the wave number vanishes,
hi(Z) = 0, so that hy is real at z < Z and imaginary at z > Z. The cross-section
z = 7z is a cutoff one. The mode is reflected on this cross-section; the modulus
IR| of the reflection coefficient is close to unity. This situation can occur at
as slow as possible contracting, that is, at arbitrarily small vy. The phase of
the reflection coefficient depends on the waveguide shape at z > z, that is,
in the domain in which the mode is no longer traveling, but into which the
field penetrates. The field structure is similar to that of the plane wave in the
case of the complete interior reflection. If at a certain cross-section Z (? > Z)
the waveguide again widens so that /;(z) becomes real, then the mode will
again propagate with a smaller amplitude and |R| < 1, though. The tunneling
occurs just as in the case of the disturbance of the complete interior reflection
(2.1.4). However, this notion is more descriptive in this case.

From formulas (3.94) it follows that at the cutoff cross-section, S;_; be-
comes infinite for nonfilled waveguides. The immediate application of sys-
tem (3.93) is impossible near this cross-section. Coupling between the modes
of numbers n = 1 and n = —1 is very strong (the complete reflection), sep-
aration of the direct and back modes does not correspond to the actual field
structure. In this domain the field has nature of a standing wave, and it is ex-
pedient to introduce other unknown functions instead of A, and A_;. Similar
transformations are also required in the case when the cross-section is a cutoff
one for the arisen mode.

If the nonregularity is not flat (radius of the bending curvature is small or
the function v (s, z) is large), then system (3.93), (3.97) must be solved numer-
ically. Although the system is not convenient for the numerical analysis in
the case of finite coupling coefficients, the numerical experiments have shown
that it provides a valid solution even for such extremely sharp nonregularity
as a step between two circular waveguides of different diameters. However,
in general, other methods should be applied to such local, not flat, nonregu-
larities.

3.4.3
The diaphragm: equation for field in the slot

One of the examples of a local waveguide nonregularity is a diaphragm, that
is, an infinitely thin ideal-conducting plate with a hole, placed perpendicu-
lar to the axis. Usually the diaphragm is used in a single-mode rectangular
waveguide. Near such a local element occupying a small part of the channel,
the field contains many waveguide modes of higher numbers. These waves,
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however, are damping at some distance from the diaphragm, and the field
consists only of the incident mode and the reflected and transmitted ones of
the same number. In practice, it is necessary to know only the reflection and
transmission coefficients of the main mode. However, formation of the re-
flected and transmitted modes occurs near the diaphragm, where the field
also contains other (“local”) modes. Amplitudes of these modes appear in the
formulas of the theory of local nonregularities.

Let the diaphragm be located in the cross-section z = 0 and the main TE-
mode fall on it from the side z < 0. The back and direct modes outgo from the
diaphragm into the directions z < 0 and z > 0, respectively.

We consider the so-called inductive diaphragm, consisting of two identical
metallic strips parallel to the narrow side of the cross-section (and adjacent
to walls). There is a slot between the strips (Fig. 3.6). The theory for such a
waveguide is a little simpler than that for the capacitive diaphragm with strips
parallel to the wide side of the cross-section.

y

X
Fig. 3.6 Diaphragm in the waveguide

The field of the incident TEy;-mode does not depend on the y-coordinate.
Since the parameters of the diaphragm disturbing the field do not depend
on y as well, then the diffracted field is also independent of y. Besides the
transmitted and reflected modes, the TE,,-modes (m > 1) are also radiated
from the diaphragm. The cutoff frequencies of these modes (see (3.30)) are
k%‘g = mtm/a, where a is the waveguide width. At ka < 27, the waveguide is
the single-mode one; all higher modes are damping.

The field of the incident mode contains three components: two transverse
Ey and Hy, lying in the diaphragm plane, and one longitudinal H,. There are
no new components appearing at the diffraction on the inductive diaphragm.
In the main mode, E, and H, are proportional to sin(7rx/a); in the higher
modes they are proportional to sin(7tmx/a).

In the cross-section z = 0, Ey, vanishes on the metal; E, and H, are continu-
ous on the slot. Under these conditions the component H, is equal to zero on
the metal and continuous on the slot automatically.

The electric field E, is continuous in the whole interval 0 < x < a, since at
both z = —0 and z = +0 it equals zero on the metal and continuous on the
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slot. We express the component Ey in the form of the series

7Tmx

E, = e~z sm —|— Re!Mz sm —|— 2 Ape™Z gin z<0
! T (3.103)
E, = De iz sm + Z Ape Tz gin 22 oy z > 0.
a a

m>1

Here R and D are the sought reflection and transmission coefficients of the
main mode, respectively, and A, are the amplitudes of local modes.

Since the system of functions sin(7tmx/a), m = 1,2, ..., is complete in the
whole interval 0 < x < g, it follows from equating the two expressions (3.103)
at z = 0 that the coefficients A,, are identical in both the sums (which is al-
ready considered in (3.103)), and

1+R=D. (3.104)

The coefficients in (3.103) can be expressed by the function E,(x,z). We mul-
tiply (3.103) by sin(7tmx/a) and integrate over the interval 0 < x < a. After
denoting e(x) = Ey,(x,0), we obtain

a

R— % / e(&) sin ”75 g1, (3.105a)
0

A= % / e(&) sin ”mg dz. (3.105b)
0

Relation (3.104) has already been used here. Since e(x) = 0 on the metal, the
integrals in (3.105) are actually taken over the slot.

The component H of the magnetic field equals 1/ (ik) - 0E, (x, y) / 9z, so that,
according to (3.103), at z = +0 we have

hy . hy - i X

Hy= = sin 5+ RIS “7+,§1Amk . =0

h X hm Tmx (3.106)
H, = D lsin= — ZAm sin , z=+0.

k a i k a

From equating the magnetic field on both sides of the slot and using (3.104), it
follows that

7Tmx

Rhq sin 7 + Z Aphy sin =0. (3.107)

m>1

Equality (3.107) does not hold in the whole interval 0 < z < a. It is true only
on the slot. The component Hy has a jump on the metal, the current flows on
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the strips in the y-direction. The system of functions sin(7rmx/a) is incomplete
on the slot, and, therefore, from (3.107) it does not follow that the coefficients
at these functions vanish.

Substituting expressions (3.105) into (3.107) and interchanging the summa-
tion over m and integration over ¢, we obtain the following equation for e(x):

/e (§) K(x,¢)d¢ = sin % (3.108)
where
2 hy . mmx . mé
K(x, &) = B mz_:l i sin —— sin — . (3.109)

Equation (3.108) as well as equality (3.107) is valid for the points x located on
the slot; the integration in (3.108) is performed over the slot. Nevertheless,
(3.108) is formally not an integral equation, since its kernel (3.109) has non-
integrable singularity at { = x, caused by the fast increase of the multiplier
hy as m increases, hy, — im/a-m as m — oo. Interchanging the summation
and integration was formally not allowed, since it caused the appearance of
the function K(x, ¢) with a strong singularity. However, computational tech-
niques exist which allow us to solve such equations numerically.

Equation (3.108) is an integral equation of the first kind, that is, ill-posed;
a small perturbation of the right-hand side may cause a significant distortion
of the solution. However, not the function e(x) itself but the coefficients R
and D are of interest. According to (3.105a) and (3.104), these coefficients are
obtained from e(x) by the integration, that is, by the smoothing operation.

3.4.4
The diaphragm: equation for current on strips

The problem on inductive diaphragm can be solved by another method dual
to that considered above. In this method, the jump of the magnetic field on the
metallic screen is the sought function instead of the electric field on the slot.
The current (1.80) flowing on the strips along the y-axis is proportional to this
jump:

I(x) = ﬁ [Hy (x +0) — Hy (x — 0)]. (3.110)

The function I(x) differs from zero on the strips and vanishes on the slot.
Recall that e(x) possesses the opposite property.

According to (3.110) and (3.104), the function I(x) can be expressed as a
series
Tmx

hy . 7x My .
—2R—1$1n7—2ZAm—msmT . (3.111)

C
I (x) -
4 k = k
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This expression is valid in the whole interval 0 < x < g; therefore, similar to
(3.105),

a
4w 4kl 7w
0
a
4 4k1 . mtmé
Aw=="T 0 1) sin T g, (3.112b)

Since I(¢) = 0 on the slot, the integrals are actually taken only over the strips.
The electric field vanishes on the strips, so that

Tmx

(1+R)s1n7+ Y Apsin

m>1

=0. (3.113)

This formula is similar to (3.107). It is also valid only in a part of the interval
0 < x < 4, in which the system of functions sin(7tmx/a) is incomplete, and it
does not follow from (3.113) that the coefficients at these functions are zero.

Substituting expressions (3.112) into (3.113) and interchanging the integra-
tion and summation order gives the first-kind integral equation for I(x),

/1 (x,8)dE = sm% (3.114)

The integral is taken over the strips and the equation is valid for the points on
the strips. The kernel of the equation has the form

L tmé _ lem
=C- Ehm sin—=, C=_——. (3.115)

It has a weak (integrable) singularity at § = x.

3.4.5
Diffraction on the screen with a hole

The problem about the diaphragm partitioning the waveguide can be treated
as a partial case of the diffraction problem on a thin metallic screen with a
hole. In this subsection we consider this general problem although it does not
relate to the nonregular waveguide theory directly. The same ideas are used
for its solving as those used in the waveguide problems in the two preceding
subsections. The methods applied to these problems are, in fact, examples of
application of more general methods. Two mutually dual methods can also be
used for solving this general problem.

In the first method, the sought function is the electric field in the hole, that
is, a two-dimensional vector €(x,y) lying in the screen plane. The screen is
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assumed to be planar, although the technique is also applicable to nonplanar
screens with holes. The coordinates x, y together with the z-axis, normal to the
screen plane, make up the Cartesian system. On the strips Exan = 0, and on
the hole Ean = €. In order to obtain the integral equation for ¢, the magnetic
field H should be expressed by  in the half-spaces z < 0 and z > 0, and
the equality condition for Hian on both the sides of the hole (at z = 40 and
z = —0) should be considered.

We introduce the field {E9, FIQF} which would exist in the half-space z > 0
if the hole were replaced by the metallic surface, and the sources located at
z > 0 were kept. They, in particular, may be the incoming modes. The field
Eg satisfies the condition Etn = 0 in the whole plane z = 0. The difference
field {E, — Eg_, H, — ﬁg} is created only by the field ¢ on the hole; it does
not have any other sources. It satisfies the radiation condition.

We use the Green function method for solving the boundary problem for
determining the difference field from its value on the boundary. Taking into
account that the expression for the magnetic field H — HE is to be found, we
introduce the Green function {ES, H8} as a field satisfying certain artificially
constructed equation system, different from the Maxwell equations (1.29) by

7t in the first equation and introducing the vector denoted
Jext s

dropping the term j
as 47t/c - ) on the right-hand side of the second one. In analogy with /& in
the equation system (1.29), the vector jU") is called the magnetic current density.
Being chosen in the form

i =as (|7 —7l), (3.116)

it is called the elementary magnetic dipole, located at the point 7 = 7, and di-
rected along the unit vector 4. The magnetic current does not really exist; it is
an auxiliary mathematical notion introduced in order to construct the Green
function possessing the desired properties.

The field {ES8, H8} satisfies the equation system

rot HS — ikeES =0,
. B (3.117)
rot ES +ikuHS$ = —477[f(m),

where j1") is given in (3.116). A solution to this system can be obtained from
the solution of system (1.29) by replacing e — u, u — ¢, H — E, E — —H
and t — i) The Green function is subject to the condition ES, = 0 in
the whole plane z = 0 and to the radiation condition. Similar to the field of
the elementary electric dipole satisfying the above conditions, the field of the
elementary magnetic one equals the sum of the fields created in free space by
the dipole and its mirror reflection in the plane z = 0.

Both the fields { E$, H8} and {E?, FI&} fulfill the simple boundary condition

on the simple surface (plane) and are assumed to be known, henceforth.
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The fields {E, —E9, H, — IjIQL} and {E$, H8} are connected by the equality

div {(E+—E3) % H8 — E8 (H+—ﬁ3)}
47'(

4 (H+ - HO) jim,(3118)

similar to (1.49). The integral form of this relation is

J{1( - 20) ] - [ (- )] s
_ 4nm (H+_Ho)_]7(m)dv, (3.119)

The surface integral is taken over the infinite half-sphere and the plane z = 0,
whereas the volume integral is taken over the half-space z > 0. The integral
over the half-sphere is zero, since the fields satisfy the radiation condition; the
proof of this assertion is given after formula (1.49). Since Ean = 0 for all elec-
tric fields in the metallic part of the plane z = 0, the surface integral is taken
over the hole only. The tangential component of the sought field E. differs
from zero on the hole. This component is denoted by ¢. Keeping in mind
the properties of the J-function, which stands, according to (3.116), under the
volume integral, we obtain from (3.119) the relation

/ (¢ Fg) ds = 4T”a [, (7) - H (7) | (3.120)
From this relation, the magnetic field H, at z > 0 can be expressed by the
electric field € on the hole in the plane z = 0.

A similar formula can be obtained for H_, that is, for the magnetic field
in the half-space z < 0. The continuity of Eian is provided by the fact that
the same field ¢ is involved in both (3.120) and similar expression for H_.
Requiring Hian to be the same on both sides z = +0 and z = —0 of the hole,
as well, we obtain the sought integral equation for the vector ¢

/(éxK)NdS: (A9 —A)

This vector equation is a system of two scalar equations for the two compo-
nents of the vector ¢ directed along the x- and y-axes, respectively. According
to (3.120), the two-dimensional vector K (7, 7g) is constructed from the mag-
netic fields of the two Green functions created by the magnetic dipoles lo-
cated on both sides of the metallic screen without hole, that is, at z; = +-0 and
zg = —0.

The expression on the right-hand side of equation (3.121) describes the cur-
rent in an auxiliary problem about the screen without hole, which flows in the

4. 121
0 ? (3.121)
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place on the screen where the hole is cut in the real problem. The larger this
current, the larger the electric field in the cut hole (see the text after (3.80)).
Equation (3.108) can be treated as a partial form of equation (3.121), in which
the half-infinite waveguides are replaced with the half-spacesz > 0 and z < 0.

Integration in (3.121) is performed with respect to the point 7. The point 7, is
a parameter in the integral; the right-hand side of the equation depends on 7.
Since the plane z = 0 where both the magnetic dipole (3.116) and the point at
which the field equals H° are located is not bounded, then K does not depend
on 7 and 7, separately, but only on their difference. The similarly denoted
kernel (3.109) in equation (3.108) does not possess this property, because the
surface on which the electric field of the Green function vanishes is finite and
bounded by the cross-section contour.

We describe the second method for solving the same problem on the metal-
lic screen with a hole. This method leads to an integral equation for the current
on the screen surface. It generalizes the method leading to equation (3.114) for
the case of the diaphragm in waveguide.

Denote the field created by the same sources in the absence of the screen as
{E°, H°}. The difference field {E — E°, H — H"} is created only by the current
T induced on the screen; it satisfies the radiation condition.

Define the Green functions in the half-spaces z > 0 and z < 0 as fields of
the electric dipoles located at z = +0 and z = —0, correspondingly, that is, on
both the sides of the plane z = 0. We subject them to the condition

HS

tan

=0 (3.122)

in this plane. At the end of Subsection 3.3.3 we have also introduced the Green
function fulfilling this boundary condition. It was used there when consider-
ing the problem about the end-plane excitation of the waveguide with a mag-
netic field given in the cross-section. Introducing the Green function which
satisfies condition (3.122) on a certain surface allows us to construct an ex-
pression for the field in the volume, not containing the electric field on this
surface. In the problem about diaphragm with a hole, the equality condition
for the field on both sides of the hole should be written without knowing the
electric field on it. The elementary electric dipoles creating the fields {E%,
Ijli} and {E%, H® } should be located on the screen and oriented tangentially
to it, that is, the unit vectors @ are tangential, 2, = 0. Then, the fields Ei and
E¢ coincide on the hole.
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According to (1.49), the difference field and the field of the Green function
are connected as

(- 8) ], - o0 (-], Jos
(e

Since both the fields satisfy the same radiation condition, the integral is taken
only over the plane z = 0. According to (3.122), the first term under the in-
tegral equals zero. All the fields in the vector product of the second term are
continuous on the hole. Since the normals on both sides of the plane z = 0
are opposite-directed, this term is the same in magnitude and different in sign
on both sides z = +0 and z = —0. Summing equalities (3.123) written at
z = +0and z = —0, on the right-hand side we obtain the integral of the nor-
mal component of the vector products E8 x H and E$ x H?, taken only over
the screen. The second sum vanishes since both the multipliers in the inte-
grands are the same on both sides of the screen. The sum of the first integrals
gives the normal component of the vector product E8 x (H, — H_), that is,
the scalar product of E. . and the jump of the tangential components of the
magnetic field on the screen. This jump equals the current (3.110) induced on
the screen.

The right-hand side of (3.123) includes the values of the fields E and E° at
the point 7 = 7; lying on the screen where Eian = 0. Thus, we get the sought
equation for the current, which can be written as

7. (3.123)

T’:Tg

[P @5 [@ds; =a-E° (7). (3.124)

The integral is taken over the screen, and the equation is valid for the points
on it, so that (3.124) is the sought integral equation (more precisely, the system
of two scalar integral equations for I and ).

The right-hand side of the equation is the tangential component of the elec-
tric field created by the same sources in the absence of the screen. The larger
this field, the larger the induced current flowing on the screen. This current
creates the field on the screen equal (and opposite in direction) to the compo-
nent EY.  existing there in the absence of the screen. Existence of the screen in
the domain where the electric field, tangential to it, is small, causes the appear-
ance of the small current and the small disturbance of the field in the domain.
If the screen is perpendicular to the electric field E°, then the current does not
flow on it and the field in the domain remains the same.

The kernel P in equation (3.124), as well as K in (3.121), depends not on
both of its arguments, but on their difference only.
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3.4.6
Open end of waveguide

The open end of the waveguide can also be considered as a cross-section,
where the regularity is violated. Consider a waveguide located only in the
domain z < 0. The waveguide is broken at z = 0; there are no objects outside
the waveguide. A direct eigenmode of the waveguide falls onto the open end
from z = —oco. A part of energy returns into the waveguide as the reflected
mode of the same number together with back modes of other numbers. An-
other part of energy is radiated into free space (into both the half-space z > 0
and z < 0). The reflection factor R and amplitudes A, (p > 0) of other back
modes, as well as the amplitude and structure of the radiated field, depend on
the waveguide shape, the incident mode number, and the frequency.

If the scattered field is known, then the field of the same mode penetrated
into the waveguide may be determined from a “reciprocal” problem about a
certain wave falling from free space onto the open end of the waveguide. The
reciprocity principle should be used for comparing these two problems.

At a high frequency, that is, at k > k", where 7 is the incident mode
number, the modules of the reflection factor |R| and the amplitudes |A_,|
are small; the most part of energy is radiated into free space. The field in the
orifice has approximately the same structure as the incident mode. When the
frequency decreases, |R| increases and approaches the unity at k a little larger
than kS, so that a small part of energy is radiated or transformed into other
modes.

The back modes appear at the waveguide end in a similar way to those at
a sharp junction of the waveguide with a horn. In this case the integral in
formula (3.102) for A, can be calculated by parts. Then the integral term be-
comes of a higher order of smallness, and A_, is proportional to the coupling
factor S, at the fracture cross-section. Amplitudes of the modes for which
such coefficients are larger (at the same v(s)) are larger as well. This assertion
is only qualitative because the waveguide break is not a flat disturbance, for
which formula (3.102) relates. However, certain “selection rules,” related to
flat irregularities, are also valid for the diffraction at the open end.

In the circular waveguide, the total field keeps the dependence on the az-
imuthal coordinate existing in the excited mode. At m # 0, the TE;;;- and
T Mimg-modes arise when TE ;1 or TM,,; falls. When the magnetic mode TE,
falls, only the magnetic ones TEy, arise, but TMp; do not. The modes of elec-
tric type do not arise when TEy, falls. The same holds for the circular waveg-
uide with a symmetrical (not necessary small) ledge.

The rigorous theory of diffraction on the open waveguide end is developed
only for the circular waveguides and for the waveguide consisting of two in-
finite planes. This theory uses the technique of integration in the plane of the
complex variable. The foundation of this technique is sketched in Section 3.3.
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However, in the problem which is considered here, a more complicated vari-
ant of the method is applied. This variant is called the Wiener—Hopf method,
or the factorization method. The latter title owes to a procedure used in this
method. The procedure consists in expressing a certain function, defined on
the real axis (1" = 0) of the complex plane h = I’ 4 ih”, as a product of two
functions, one of which is analytically continuable into the upper half-plane
(W > 0), so that it has no singularities there and tends to zero as "/ — oo,
whereas another has the same properties in the lower half-plane (1" < 0).

The problem of diffraction at an open end of a half-infinite waveguide,
placed in the half-space —co < z < 0, can be reduced to the integral equa-
tion in half-infinite limits

0
/ P(z—¢)I(¢)dg = f(z), z<0 (3.125)

for the current I(z), with the kernel P dependent only on the difference be-
tween its arguments. The equation has the same form as (3.124) for the current
on the screen with a hole. The kernel P is the Green function. It describes the
field at the point ¢, created in the infinite waveguide by the dipole placed at
the point z. The boundary conditions for this function are different for the
waveguides with different cross-sections; the functions P for them are differ-
ent as well. They depend not only on z and ¢, but also on the transverse coor-
dinates. The function f(z) on the right-hand side of equation (3.125) depends
on the field of the mode which falls onto the open end from the waveguide.

The integral equation of the type (3.125) or a system of such equations is
obtained not only in the problem about a half-infinite waveguide, but also in
the problem of diffraction on a simple half-plane or on an equi-distant array
of half-planes, as well as in other electrodynamic problems and problems of
other radio-physical branches.

We sketch a way for solving this problem, without a detailed explanation.
Denote by F(z) the function equal to ffoo P(z—¢)I(g)dgatz < 0and to zero
atz > 0. Similarly, denote by ®(z) the function equal to the same integral at
z > 0 and to zero at z < 0. Hence, by definition,

F(z)=0 atz>0; d(z) =0 atz<O. (3.126)

Make up the following function of the variable h:
9 o0
/ F(z) exp(—ihz) dz + / ®(2) exp(—ihz) dz. (3.127)
e 0

The integrand in first term of (3.127) involves the left-hand side of equation
(3.125), so that this term equals ffoo f(z) exp(—ihz) dz.



3.4 Nonregular closed waveguides

Substitute the functions F(z) and ®(z), according to their definitions at
z < 0 and z > 0, respectively, into (3.127), and then interchange the in-
tegration order with respect to z and ¢. The inner integral of the product
P(z — ¢) exp(—ihz) is taken over the whole z-axis —c0 < z < co. Introduce
the new variable t = z — ¢ instead of z there. Then expression (3.127) becomes
a product of two integrals. Equating it to (3.127) and using equation (3.125)
give

0 0
/I(z)exp(—ihz)dz- /P(t)exp(—iht)dt
- 0 - oo
= /f(z) exp(—ihz) dz+/<I>(z) exp(—ihz)dz. (3.128)
0

—00

Formula (3.128), as an equality of two functions of }, is equivalent to the
integral equation (3.125), as an equality of two functions of z.

We factorize the second multiplier in the left-hand side of (10.36), that is,
express it as a product of two functions of h:

/ P(t) exp(—iht) dt = Py () Pa(h), (3.129)

—00

where P; (h) is an analytical function tending to zero in the upper half-plane
as I — oo, and P,(h) is an analytical function tending to zero in the lower
half-plane as I/ — —oo. Divide both sides of equality (3.128) by P,(h) and
write

0 —i
S f <Z)pi(1;§ hz)dz a1 (h) + o), (3.130)

where g71(h), g2(h) have the same properties as Pj(h), P,(h), respectively.
Then, (3.128) becomes

0
/ I(z) exp(—ihz) dz-Py(h) — g1(h) =

1
Py(h)

Q(h) + D(z) exp(—ihz) dz. (3.131)

All these procedures are made for expressing equation (3.128) as an equal-
ity of two functions of h, one of which is analytical and tends to zero in the
upper half-plane (h" > 0), and another has the same properties in the lower
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half-plane (1" < 0). It is easy to check that (3.131) has these properties. In-
deed, z < 0 in the integrand of the left-hand side, so that exp(—ihz) — 0 as
h" — oo. The functions P; (k) and g (h) have this property by definition. In a
similar way it may be checked that all functions on the right-hand side have
analogous property in the lower half-plane.

Under certain conditions, from the equality on the axis I/ = 0 of two
functions having the above properties, it follows that these functions equal
zero on this axis. This fact leads to an explicit expression for the integral
J Ew I(g) exp(—ihg) dg. The integration domain can be extended to +oo since
I(g) = 0 atg > 0. The inverse Fourier transformation of this function gives
I(z), that is, the sought solution of the integral equation (3.125).

In the waveguide problem the function P depends not only on the longi-
tudinal coordinates z and ¢, but also on the transverse ones x,y. The field
at a point with coordinates x,y, z is proportional to | Eoo P(x,y,z—¢)I(g) dg.
For points inside the waveguide, this integral is reduced to a sum of residues,
analogous to (3.90). The field consists of the incident mode and a series of the
back ones; the amplitudes of these modes (in particular, the reflection coeffi-
cient) are proportional to values of residues. For exterior points the integral is
not reduced to a residual sum; it describes the wave outgoing from the open
end of the waveguide.



4
Closed Resonators

4.1
Resonators with ideal-conducting walls

411
Waveguide resonators without filling

At certain frequencies, in the closed domain bounded by the walls on which
the condition Eqan = 0 holds, there exist solutions to the homogeneous
Maxwell equations (1.29) with &t = 0. This fact was mentioned in Sec-
tion 1.4 when considering the existence and uniqueness of the solution to
these equations. For any domain, such solutions exist only at certain frequen-
cies depending on the domain shape and size. These frequencies make up the
countable sequence (the discrete spectrum). These frequencies are called the
eigenfrequencies of the domain whereas the fields corresponding to them are
called the eigenoscillation fields. The solutions to the homogeneous equations
may be used for solving the nonhomogeneous ones. The field excited by the
extrinsic current in the closed domain (resonator) is expressed in a series by
its eigenoscillations. Further this statement will be specified more exactly.
Such an expression exists at any frequency except for the eigenfrequency of
the resonator. In general, the nonhomogeneous problem is not solvable at the
eigenfrequency. The assumption about the possibility of creating an arbitrary
current at this frequency contradicts the accepted idealizations (monochro-
matic oscillation, ideal-conducting walls).

We investigate the eigenoscillations of a simple-shaped waveguide res-
onator, namely, the waveguide segment closed by two solid diaphragms
at the ends. Assume that the waveguide walls and diaphragms are ideal-
conducting. The field in the resonator coincides with the field of one of its
eigenmodes, but with a standing, not a propagating, one. The dependence
of such fields on the longitudinal coordinate is determined by the multiplier
cos(hyz) or sin(h,z) instead of exp(=ih,z). Let this mode be a TE-mode for
the definiteness. Then the field in the resonator is expressed by the longitudi-

(m)

nal component of the magnetic Hertz vector IT; "’ (x,y,z) having in this case
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the form ¢"(x,y) sin(h,z), where ¢" (x,y) is a solution to system (3.13) corre-
sponding to the eigenvalue f,, h2 = k> — 2. The transverse components of

the electric field are
n

sin (h,z), Ey, = ikaaix sin (hyz) . (4.1a)

_ 99"
E, = —ik 3y

Inthe planesz = 0and z = L, where L = 7wl /h,, (I =1,2,...), wehave Ey =0,
Ey = 0. The condition Etan = 0 holds on the diaphragms located in these two
planes. The field with the components (4.1a) and

n

]
E, =0, H,= hn% cos (hyz),
n

Hy, = h"aaiy cos (hyz), H. = BAy" sin (h,z2) (4.1b)
solves the homogeneous Maxwell equations, and fulfills the condition
Etan = 0 both on the side walls of the cylinder and on its bases. The field
(4.1b) is obtained by formulas (3.4) with replacing the multiplier —ih, by the
z-differentiation.

At a given L, solution (4.1) exists only if h, = I7t/L, | =1,2,... Since h% =
k? — B2, the frequency should be equal to

2
kn = (%) + B2 (4.2)
These frequencies are the eigenfrequencies of the waveguide resonator for the
TE-modes. Since the eigenmode number # is a combination of the two num-
bers m, q (see the text above (3.30)), N is an aggregate of three integer indices:
N = {m,q,1}. For instance, according to (3.30) and (4.2), for the rectangular
waveguide resonator, that is, for the rectangular parallelepiped, we have
2 2 2

K, = Z—Zmz + %cﬂ + %12, 4.3)
where a, b, L are the resonator sides. One of the numbers m, g, [ in (4.3) may be
zero, the two others should be positive. The three parallelepiped sizes appear
in ky equally.

In a similar way as for the waveguides, the oscillations of the TE (with
respect to the z-axis) and TM types may be introduced for the waveguide
resonators. The fields of the eigen T M-oscillations are expressed by the lon-
gitudinal component of the electric Hertz vector I1(°) (3.25a) of the form
X" (x,y) cos(h,z) by formulas similar to (3.4). These fields are

n n

0 . .
Ey = —hn% sin (hyz), Ey= —hn% sin (hyz),

E. = a?x" cos(hnz) (4.4a)
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n n

. Ox ax
H, =ik
=t ay ox
The oscillations exist at the frequencies for which h, = nl/L (I =0,1,2,...).
The eigenfrequencies are connected to a;, by the relation

1\ 2
Ky = (f) +a2, (45)

cos (hyz), Hy = —ik

cos (hyz), H;=0. (4.4b)

where L is a distance between the diaphragms, that is, a cylinder height, just
as in (4.2). For the rectangular waveguide a? is expressed by the cross-section
sides a and b by the same formula (3.30) and the same expression (4.3) is ob-
tained for k%;. The eigenfrequency depends only on the geometric parameters
of the resonator.

In the circular waveguide resonator, the fields of the eigenoscillations are
expressed by formulas similar to (4.1) and (4.4) with replacing the derivatives
with respect to x and y by those with respect to r and ¢, correspondingly. The

functions ng) and H§’"> have the form

I (002) { om b mg)cos (2); o (Bur) { S | (mg)sin (2). (49

Similarly as in the circular waveguides, there exists the polarization degener-
ation for the oscillations with m > 0 in such resonators.

Usually, the resonators are used at the frequencies close to the frequency
of the so-called main eigenoscillations, that is, oscillations with the small-
est ky. In the circular waveguide resonators the main oscillation is either of
the magnetic type TE11; (m = 1, g = 1,1 = 1) with the potential function
J1(1.84r/a) cos ¢ sin(h,z) and the eigenfrequency

2
= (22 (5 679

or of the electric type TMyig (m = 0, q = 1, I = 0) with the potential function
Jo(2.40r/a) and the eigenfrequency

Ko - 230,

010 — ~, (4.7b)

The field of this oscillations depends neither on ¢ nor on z. The electric field
of it, as well as of any other T M-oscillation with | = 0, has almost the same
structure as a field in the electrostatic condenser.

For the short resonators with L < 2.04a, the main oscillation is T My; for
the resonators with L > 2.044, it is TEq11.

131



132

4 Closed Resonators

We mention two more types of oscillations in the circular waveguide
resonator, namely, the magnetic TEyji-oscillation and the electric TMjq1-
oscillation. These oscillations are degenerated just like the TE(;- and TM;;-
modes in the circular waveguide. Their eigenfrequencies coincide and equal

m . 3.83\? 2
k((m) :kgl)l = (7) T (4.8)

According to (4.1), (4.4) all the components of the field E as well as those
of the field H are in-phase, whereas the fields themselves are in-quadrature.
During each half-period the energy transfers from the electric field to the
magnetic one and back. After passing from the complex amplitudes to the
physical quantities by (1.3), this fact makes the fields E and H proportional to
cos(wt — ) and sin(wt — ), respectively.

From (4.1) and (4.4) it follows that the energies of the electric and magnetic
fields coincide,

o2 L2

/‘E‘ dV:/‘H‘ v, (4.9)
14 14

Here the integral is taken over the resonator volume; this relates to all volume
integrals below. Of course, equality (4.9) conforms with the property men-

tioned above. In the next subsection it will be shown that both these properties
of the eigenoscillations are inherent to the arbitrarily shaped resonators.

412
Resonators of arbitrary shape

The field of the eigenoscillation in the resonator of arbitrary shape solves the
homogeneous equations

rot H — ikE = 0, rotE +ikH =0, (4.10a)
with the boundary condition
Etan = 0. (4.10b)

The homogeneous system (4.10a) has nontrivial (i. e., different from the iden-
tical zero) solution at certain frequencies only. These eigenfrequencies are de-
noted by ky, whereas the fields of the corresponding eigenoscillations can be
denoted by EN HN,

Consider two oscillations of numbers M and N. In a similar way to Subsec-
tion 1.2.2, we integrate the expression div(EM x HVN) over the volume. Using
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formula (1.55), equations (4.10a), and the boundary condition (4.10b), we ob-
tain the identity

ks / ﬁNHMdV+kN/E’NEMdV: 0. @.11)
v v

In particular, if N = M, then

/ (HN)z qv — —/ (EN)2 av. 4.12)
|4 14

Exchanging indices N and M in (4.11), we get another identity analogous to
(4.11). It follows from both the identities that if the eigenfrequencies do not co-
incide, then the fields of two eigenoscillations are orthogonal in the following
sense:

/HNHMdV:o, /ENEMdV:o, kn % kar. (4.13)
1% 1%

Analogously, taking the volume integral of the expression div(EN x HN*)
yields the identity

kN/}ﬁN‘z dV:k;,/‘E’N}Z av. (4.14)
14 1%4

From (4.14) it follows that the eigenfrequencies ky are real and

/‘ﬁN‘Z dV:/‘EN‘Z av. (4.15)
1%4 1%4

From the reality of ky and the wave equation (1.37) it follows that if the
eigenoscillation is not degenerated, then each of the fields HY and EN has
the same phase in the whole domain. Writing, for instance, the first one as
HN = AN 4+ iHN", we obtain the equations for HN "and HN" with the same
eigenvalue k%;. Since it is not degenerated, the real and imaginary parts of AN
differ only in the constant factor, that is, HY is in-phase in the whole domain.
Then it follows from (4.12), (4.15) (or directly from (4.10a)) that the fields EN
and HN are in-quadrature.

These conditions may not be satisfied for the degenerated eigenoscillations.
For instance, the polarization degeneration exists in the circular waveguide
resonator, such that the p-dependence of fields may be determined either by
the multiplier cos(m¢) or by sin(m¢). The eigenoscillation exists in which
the fields are proportional to exp(img). Such an oscillation represents not a
standing but propagating (in the azimuthal direction) wave and the field is
not in-phase in it, of course.
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The main results, namely, the functional orthogonality of the fields of differ-
ent eigenoscillations (4.13), equality of energies (4.15), reality of eigenvalues,
equiphaseness of the fields HN and EN, and relative time shift of these fields
by a quarter of period, are obtained for the resonators with ideal-conducting
walls, which do not contain any objects inside. With some specifications these
results are valid for the resonators containing any nonchiral objects with-
out losses. In such resonators, the Maxwell equations for the fields of the
eigenoscillations differ from (4.10a) by the multipliers &(7) and u(7)

rot HN — ikneEN =0, rot EN +ikNyHN =0. (4.16)

Assume that ¢ and y are independent of frequency and are real; we will
specify this condition in Section 4.2. Repeating the derivations which resulted
in (4.13), (4.15), we obtain the orthogonality conditions in the form

/ pHNAM 4V = 0, /sENE’M AV =0 (ky #ku). (4.17)
% 1%

The condition of equality of energies is
I
v

The reality of eigenfrequencies, synchronism of the fields EN, HV, and their
misphasing by a quarter of period remain to be valid.

—

HN}Z av = /s ‘E’N}z av. (4.18)
v

41.3
Calculation of eigenfrequencies

The volume resonators are used, in particular, for measuring the parameters of
materials inserted into the resonator as certain “samples.” The measurements
are carried out at the frequency close to the eigenfrequency ky of the resonator.
For nonfilled waveguide resonators the explicit formulas (4.2), (4.5) exist for
finding ky; it is sufficient to find an eigenvalue of one of the two-dimensional
scalar problems (3.11), (3.13).

If a sample inserted into the waveguide resonator is a homogeneous cylin-
der of the same cross-sections as the resonator, then a simple equation can be
derived for ky containing the material parameters € and . Having measured
kn, we can find the parameters from this equation.

We begin the derivation of this equation with the case when the TE,,;-
oscillation (I > 0) exists in the resonator without the sample. After the sample
with the shape described above is inserted, the dependence of the field com-
ponents on the transverse coordinates remains the same, whereas in the filled
part of the resonator the transverse components of the field E get the addi-
tional multiplier # in comparison with formulas (4.1). In the filled part of the
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resonator, the field has the same structure of the standing TE;,;-wave as in
the nonfilled one; only the propagation constant 1 = (k? — 82)!/2 should be
replaced by the quantity h, = (k?ey — p%)1/2. The lower index n is omitted
in the above formulas. The components Ey, E, are proportional to sin(.z)
and the components Hy, Hy to cos(hez). It is assumed that the sample lies
at the bottom of the resonator, that is, its base is located at z = 0 (Fig. 4.1).
Neither new components, nor different dependences on x, y arise, similarly as
they do not arise in the eigenmode of the waveguide with the homogeneous
dielectric cylinder filling the entire cross-section. According to (4.1), in the
nonfilled part, the fields are proportional to the functions sin[i(z — L)] and
cos[h(z — L)]; arguments of the functions are constructed in such a way that
the requirement Ex = 0, E;, = 0is fulfilled at z = L. The equality conditions
for the transverse components of the fields E and Hatz =d —0andz = d 40,
where d is the height of the sample, lead to the sought equation

B tan (hed) + 7 tam [i (L — d)] = 0. 4.19)

Ate =1, u = 1 this equation becomes tan(Lh) = 0, thatis, h = 7l /L, resulting
in expression (4.2) for ky.

L
=
-
2
T
d e
RN
IR
SRS
0 X

Fig. 4.1 Partially filled resonator

The problem about the TM,,;-oscillation in the waveguide resonator with
the same inclusion is reduced to the similar equation connecting ky with pa-
rameters of the sample material. In this case the fields are also expressed by
formulas similar to (4.4). Analogously to the above, i should be replaced by &,
in the filled part 0 < z < d and the components Hy, Hy get the additional mul-
tiplier e. Repeating the derivations which led to (4.19) for the TE-oscillations,
for the T M-oscillations we obtain

% tan (hed) + htan[h (L — d)] = 0. (4.20)

Inserting the object with e > 1, y > 1 into the resonator causes the field re-
distribution along the z-axis. The eigenfrequency ky decreases which follows
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also from formulas (4.19), (4.20). Increasing € or y even in a part of the vol-
ume is equivalent to increasing the length of the nonfilled resonator, which,
according to (4.2), (4.5), causes the decrease of ky.

In the nonfilled resonator the field of the T M, -oscillation (I = 0) is the
same at all z, the eigenfrequency does not depend on the length L; it equals
«y (see (4.7b); for this case a, = 2.40/a). If a sample with ey > 1 is intro-
duced, then h2 > 0, h? < 0. The field in the free (nonfilled) part of the res-
onator is proportional not to the trigonometric but to the hyperbolic functions
sinh[|h|(z — L)] and cosh[|l|(z — L)]. The field concentrates near the sample
and weakens when approaching the opposite resonator side just as a field in
the waveguide at the frequency lower than a cutoff one. This type of oscilla-
tions is not used in the measuring devices.

414
Variational technique

If the resonator is not a segment of the waveguide closed by the two di-
aphragms at the ends, but an arbitrary volume V bounded by a surface S,
then the field of its eigenoscillation cannot be written in the explicit form even
if the resonator does not contain any dielectric inclusion. Therefore, there are
also neither an explicit expression for its eigenfrequencies ky;, nor any simple
equation from which ky could be found. In this case ky can be calculated us-
ing the variational technique applicable to the arbitrarily shaped resonators
with any filling.

We describe the simplest version of this method as follows. Let the eigen-
frequency (more exactly, its square) be represented by a functional

K> = L(H) (4.21)
In this subsection we omit the index N in the notation of the eigenfrequency
and fields of the eigenoscillations. Substituting the field (4.1b) or (4.4b) into
(4.21) yields (4.2) or (4.5), respectively. However, the field H is unknown. A
peculiar property of the functionals used in the variational method consists in
the fact that the inaccuracy of k? is much smaller than that of the approximate
field H substituted into (4.21).
We specify this assertion. Denote exact values of the field H and eigenfre-
quency k by H® and ko, respectively. By definition, £(H®) = k3. The men-
tioned feature of the functional £ is called the stationarity and means that

c (ﬁo + wp) =K+0 (1/2) . (4.22)

Here ¢ is any vector (this formulation will be specified later), and v is a small
real constant. According to (4.22), the inaccuracy of k? calculated by (4.21) has
the higher order of smallness than that of the field.
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For calculating the rough estimate of kg, formula (4.22) with the approxi-
mate field H substituted into £(H) may be used. However, a more consistent
method is known, the so-called Ritz method, allowing us to find ko with any
given accuracy. We express the field A as an infinite series Xy Apﬁp, where
{ﬁp} is a complete system of vector functions. Substitute this series into the
functional (4.21). It becomes the function £(A1, A, ...) of the coefficients Ay.
At certain unknown values of the coefficients Ag, the sum of the series equals
the field HO. According to (4.22), the function L(A1,Ay,...) reaches its ex-
treme values at A, = A(;, (r = 1,2,...). Consequently, the derivatives of £
with respect to all the coefficients are zero at the stationary point A(;,:

oL
E—O, p=12..., (4.23)
which gives an infinite system of algebraic equations. After finding Ag from

these equations, we can find the field HO and the extreme value of L, that
is, k%.

The functional £(H) can be obtained after substituting the expression for E
from the first equation of system (4.10a) into identity (4.15), which is valid for
the fields satisfying (4.10a). Thus,

L2
[y |rotH| dV
- M (4.24)
Sy |A["av
We prove that the functional (4.24) possesses the property (4.22). Substituting

H = H 4 v§ into (4.24) and keeping only the terms of the zeroth and first
order with respect to v, for the denominator of (4.24) we obtain that

/ (H0+uq3)2 dv:/(ﬁo)z dv+2v/ﬁ0(ﬁdV, (4.25)
1% v 7

where, for simplicity, not only H but also @ is assumed to be a real vector.
With the same accuracy, the numerator is

/[rot (1310—1—1/(?)}2 v = / (l’othIO)2 dV+2v/rotﬁO rotpdV. (4.26)
1% \%4 1%

Substituting A= @, B = HY into the table identity
rot A - rot B = Arotrot B + div (ﬁ X rot E) (4.27)
yields for the second term in (4.26)

/rotHO rot pdV = /(ﬁrotrotﬁo dV+/ ((P’ X rotﬁO)N ds. (4.28)
v v
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According to the wave equation (1.37), the first integral on the right-hand
equals k3 [, H°@dV. The second term is zero owing to the boundary con-
dition (4.10b). Hence, substituting H = H + v into (4.24) results in the
denominator coincident (with the accuracy to a value of the second order of v)
with the numerator multiplied by k3. The deviation of the functional (4.24)
from k% has the order 12, that is, this functional reaches the extremum on the
solutions of system (4.10a) with the boundary conditions (4.10b). In this case,
there are no conditions imposed on the function ¢, that is, on the functions ﬁp,
except for the condition of differentiability in the whole domain.

Substituting the series with the coefficients A, for H gives the expression
for k? in the form of the ratio of two bilinear forms of Ap

p

= e
p

(4.29)

For simplicity the vector functions ﬁp and coefficients Aj, are assumed to be
real. The coefficients a,; and by are

oy = /V rothi, - rothydV, by = /V iy T dV. (4.30)

They are known values depending only on the chosen system of functions ﬁp
and the shape of the resonator. It is clear that ay; = atp, byt = byp (under the
above assumption of the reality of ﬁp).

Differentiating (4.29) with respect to A, and equating the results to zero, we

obtain the following infinite system of the homogeneous algebraic equations
for AY:

Y (ap =Ky ) AP =0, p=12,... (431)
t

Here we have considered that the stationary values of the ratio (4.29) equal k%.
These values play a role of the eigenvalues in system (4.31). The system has a
nontrivial solution only if k2 satisfies the equation

det{a,; — Kby} = 0. (4.32)

If only a finite number of functions , are used in the expression for H, then
the roots of this algebraic equation tend to the eigenvalues of the resonator
as the matrix dimension grows. In this version of the variational method the
eigenfrequencies are determined (as the roots of equation (4.32)) before find-
ing the coefficients Ag (from system (4.31)), that is, the fields of the corre-
sponding eigenoscillations.
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The similar functional

. Iy (rotﬁ)2 v
N2

Jy (E) av
does not possess the above property if ¢ is an arbitrary differentiable vector
function. When calculating the linear (with respect to ) term in the expres-
sion [, (rot E 4 v$)?dV and performing the derivations similar to those made
above for the functional (4.24), the term (¢ x rot EY%)n dS does not vanish
for any vector @, since the component (rot E?)ay proportional to HY, | does
not vanish on the walls. The demand that the functional (4.33) is stationary on
E0 is fulfilled only if ¢ satisfies the condition @an = 0. This demand should be
imposed on the vector functions €, by which the sought field EY is expressed.
An auxiliary way exists allowing us to modify the functional (4.33) so that
it becomes stationary for any perturbation of its argument, that is, no demand
on the system of functions €, is imposed to satisfy certain boundary conditions
on the resonator walls. Using the direct checking, it is easy to show that the

functional

Jy(rotE)2dV —2 [ (E X rotE)N ds

2 _
K2 = TR (4.34)

(4.33)

possesses the above property.
The functionals of the type (4.24), (4.34) exist also for the eigenvalues of the
resonators containing any material objects.

415
Excitation of resonators

We find the field which exists in the resonator in the presence of the current
with density j®!. The resonator may have any filling described by the func-
tions ¢(7) and u(7). The field satisfies the nonhomogeneous equation system

rot H — ikeE = 4T”fexf, (4.35a)

rotE + ikuH = 0 (4.35b)

in the volume and the boundary condition (4.10b) on the walls. Represent the
fields E and H in the form of series

E=Y ANEN —gradg, (4.36a)
N

H =Y ByH". (4.36b)
N
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The gradient term should be introduced into (4.36a), since, according to
(4.16), the electric field of any eigenoscillation is subjected to the condition
div(eEN) = 0 and the quantity div(eE), proportional to div /&, is, in general,
not zero for the field created by the extrinsic currents. If there exists a charge

ot = i/wdiv [, then div(eE) = —4mp®, and the function ¢(7) solves the
equation
div(egrad ¢) = 47rp™ (4.37)

with the boundary condition (V¢)wan = 0 on the walls The function ¢(7) is
a potential of the electrostatic field excited by the charge introduced in the
resonator. This field does not have a resonant nature and almost always is
small in comparison with the part of the field E represented by the series by
fields EN. The vector V¢ is orthogonal to all the fields EN, that is, the equality

/ eENVpdV = 0 (4.38)
14

holds for any N. This equality can be easily obtained by integrating the ex-
pression div(HN x V¢) over V. According to the boundary condition for V¢,
this integral equals zero. Substituting rot H from (4.16) into the obtained ex-
pression, we get (4.38).

After substituting the series (4.36) into (4.35), applying the “rot” operation
termwise and using (4.16), we obtain the two equalities
Y (kAn —knBn) eEN —keVg = ?fexf, (4.39)
N

Z (kNAN — kBN) ;MHN =0.
N

We multiply these equalities by EM and HM, respectively, and integrate
over V. Taking into account the orthogonality conditions (4.17) and (4.38),
we obtain the system of two algebraic equations for Ay and By for each N,
from which the sought coefficients are calculated as

477i k fV ]_"extE'N dv
T 2 S N2 ’
c k2 — k5 fvs (EN) AV

ami ky [y ENAV
T 2 S N2 :

N =

By =

(4.40)

At the frequencies close to eigenfrequencies, the frequency dependence is
mainly determined by the denominator of (4.40). The amplitudes Ay and By
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are inversely proportional to the difference of the frequencies, that is, they
depend onkas 1/ (k — ky).

Note that in the case of excitation of the waveguide, the frequency depen-
dence is weaker than that for the resonator, and the amplitude of the eigen-
mode with number N is proportional to (k — kS4t)1/2, where kSW is the cutoff
frequency of the mode. Weakening of the resonant property of the waveguide
in comparison with that of the resonator can be explained by the fact that the
waveguide is nonclosed in one of the directions, and the resonance takes place
only in the cross-section.

The denominator in the amplitudes of eigenoscillation fields has the same
form as that in expression (3.77) for the eigenmodes in the problem of excita-
tion of the waveguide. To excite certain eigenoscillation, the extrinsic current
should be directed along the electric field of this oscillation.

If the frequency k coincides with one of the eigenfrequencies, then, accord-
ing to (4.40), the amplitude of the corresponding eigenoscillation is infinite.
There is no solution to the nonhomogeneous system (4.35) with arbitrary
right-hand side if k = ky, that is, when the homogeneous system (4.16) is
solvable. The solution exists only in the case when the right-hand side of the
nonhomogeneous system is orthogonal to the solution of the homogeneous
system in the following sense:

/ FPUEN gy = 0. (4.41)
1%

We have already had such a demand in Section 3.2 when finding the correction
to the wave number of the eigenmode in the waveguide, caused by replacing
the ideal-conducting walls with the impedance ones (see the text below (3.55)).

If conditions (4.41) are fulfilled, then a solution to system (4.35) exists, but
it is nonunique. The fields of the Nth eigenoscillation may be added to this
solution, with any coefficient. As we have already noted, this nonphysical
result (the solution either does not exist or is nonunique) is caused by the
contradictory idealizations accepted.

The resonator can be excited not only by the current introduced inside it,
but also by the electric field on a hole in the wall, that is, by the field created
by external sources. We denote this two-dimensional vector field by ¢ and the
hole area by X. We find the fields E, H satisfying equations (4.41) with /ot = 0
and the boundary condition (4.10b) on the whole wall except for the hole on
which

Ean| =¢. (4.42)

We again express the sought fields in the form of series (4.36), dropping only
the gradient term in the series for E. Expansion (4.36a) for E is not valid on
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the whole surface, since EJY,, = 0 for all N on the whole surface, but Egp, is not
zero on its part. In order to avoid termwise application of the “rot” operation
to the series (4.36), we use an auxiliary technique which neither requires the
termwise differentiation of the nonuniformly convergent series, nor uses the
value of the series for E on the wall. Strictly speaking, this technique should
have been used when deriving formulas (4.40), since for the problem on exci-
tation of the field by the metallic wire with the current, the series (4.36b) is not
applicable on the wire surface. The field H has a jump on this surface, but the
fields HYN are continuous. However, the above-used technique of the imme-
diate substitution of the series into equation (4.35) leads to the proper results
and it is logically more natural.
Calculate the following quantities:

div (EN x ﬁ) = —ikypuHHAN — ikeEEN, (4.43a)

div (E x BN ) = —ikuHAN — ikyeEEN (4.43b)
using only identity (1.55) and equations (4.35), (4.16). Integrate both the iden-
tities over the volume. The integral of the left-hand side of identity (4.43a) is
/. S(E xN H)n dS, that is, it equals zero, since EN. = 0 on the whole surface.
The integral of the left-hand side of (4.43b) equals [ (E x HN)y dS, which is
Js (€% HAN)dS. The series (4.36) can be used in the volume integrals of the
right-hand sides of (4.43) . Taking into account also the identity which in nat-
ural way generalizes relations (4.12) for the case ¢ # 1, u # 1, we obtain the
system of two equations for Ay and By:

kAN — kNBN = 0, (4.44a)

i fy (¢x AN) ds

5 (4.44b)

Jye(EN) av

Here index v indicates the normal component to S. As a result, the sought
coefficients of the series (4.36) are

iy e (ExHN) as
AN = 5 _Nk%\] fV (SEN)Z ;V , (4.45a)

g il (FxAN) ds
By = o fvs(EN)Z;V . (4.45b)

kNAN — kBN =

The frequency dependence of the amplitudes of the eigenoscillations is the
same as in (4.40), that is, in the case when the resonator is excited by the given
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current. The numerators in (4.45) are the same as in formulas (3.79) for ampli-
tudes of the eigenmodes in the problem on the waveguide excited by the given
field on the hole in its wall. If the value of HY on the wall is expressed, ac-
cording to (1.80), by the density of the surface current I flowing on the solid
wall in the eigenoscillation, then the component (& x HN)y is proportional to
the scalar product & IN of two two-dimensional vectors.

Similarly as in the case when the resonator is excited by the current at the
frequency ky of its eigenoscillation, the solution to the Maxwell equations
(nonuniquely) exists only if the electric field € given on the hole is orthogonal
to the surface current with density I, flowing on the part of the wall which
becomes the hole. The orthogonality condition, similar to (4.41), has the form

e s —o. (4-46)
2

4.2
Resonators with impedance walls

4.2.1
Complex eigenfrequencies

The main distinction between the resonator with losses and a nonfilled (or
containing the objects without losses) resonator having ideal-conducting
walls, lies in the complexity of the eigenfrequencies: ky = k), + ik};. The time
dependence of the complex amplitudes of the eigenoscillation is described by
the multiplier exp (iwnt), where wy = cky. The physical quantities vary with
time as exp(—ck}t) cos(cki\t). If the field energy outgoes into the walls or
into the lossy material, then the eigenoscillations should damp with time, that
is,

> 0. (4.47)

In the resonator with impedance walls, the field must satisfy equations
(4.35) and the boundary conditions (1.67). Correspondingly, the eigenoscil-
lations must satisfy equations (4.16) with the same boundary conditions.

The parameters ¢, 4 and impedance w should be the same in both the prob-
lems: nonhomogeneous and homogeneous. Otherwise, the series (4.36) by
the fields of the homogeneous system do not satisfy the nonhomogeneous
one (4.35). However, in general, these parameters depend on the frequency.
Therefore, in equations (4.16), €, 4 and w should be treated not as the values
of the parameters at the eigenfrequency, but as the values which these param-
eters take at the frequency of the nonhomogeneous problem; for solving this
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problem the fields of eigenoscillations are used. In this sense, as already ex-
plained in the text below formula (4.16), when finding the eigenfrequencies,
the resonator parameters should be treated as those independent of frequency.

We derive the expression for the eigenfrequency of the resonator with lossy
walls. If the thickness d of the skin layer (1.77) of the impedance wall is small
in comparison with all linear sizes of the problem, then this wall can be re-
placed by the ideal-conducting wall covered with a thin film having e with
large imaginary part. The thickness of such film should be several times larger
than d. After such a replacement the field in the resonator does not change.
The replacement is equivalent to the way of treating the resonator bound-
ary not as a surface of the impedance wall but as a parallel to it surface with
Etan = 0 located inside the impedance wall. It allows us to use the formulas
applicable for the resonator with ideal-conducting walls, inside which, how-
ever, objects with any (7) and u(7) are placed.

We find the expression for ky similar to (4.24), which is valid at ¢ # 1,
# # 1. Eliminating the field EN from the expression for div(EN x HN*) with
the usage of formula (1.55) yields

- ., L2 L2
div (EN x HN*) = —iuky ‘HN‘ + rotHN‘ . (4.48)
ek N
The volume integral of the left-hand side is zero, since the fields satisfy the
condition EYY, = 0 on the chosen boundary.

tan
Consequently,

2
el |rot HN| av
k= Iy ‘ - ‘ : (4.49)
fvl“ﬁN‘ dv

Formula (4.24) is a partial case of this.
For simplicity, we assume that " = 0, that is, the losses are caused only by
the nonzero ¢’. Then

. 2
¢ le| 2 lrot HN|  dV
_
Imk$, = — .

. (4.50)
Jyu ‘ﬁN‘ av

Replace rot HN under the integral in the numerator by its expression from
(4.16):

Imk%\, B fv (—€")
knf? an[* av
Juu

12
EN ‘ av
. (4.51)
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In order to find the contribution into Im k3, caused by the losses in the walls,
we temporarily introduce the z-coordinate directed inside the wall; z = 0
on the wall surface. According to (1.76), |EN(z)|2 = |EN(0) | exp(—2z/d) in
the skin layer. The integral over the wall thickness equals —¢” |[EN(0)|2 - d /2.
According to (1.75), (1.67), and (1.74), —""d/2 = w'/(ky|w|?). Substituting
this equality together with [EN (0)] = |w||HY,(0)| into (4.51), we obtain the
sought expression

. 2
HY | ds

m (i3,)  Js@
k - _,
fenl fv.”‘HN

Of course, this formula conforms with the fact that the energy flux outgoing
into the impedance wall per unit area is c/477 - | Hian |*w’ (see Subsection 1.3.2);
it equals the energy absorbed by the wall material. The imaginary part of ky
is proportional to the ratio of the energy absorbed by the wall to the entire
energy in the resonator volume.

The frequency dependence of the eigenoscillation amplitude is mainly de-
termined by the multiplier 1/ (k? — k%;) (4.40), as in the lossless resonator. Sim-
ilarly as in oscillation theory, we introduce the notion of the dimensionless
resonator quality Q (Q-factor) by the formula

_ Jkn|
2k,

— (4.52)
av

Q (4.53)

Then the time dependence exp(—kj;ct) of the field amplitudes is written as
exp(—w/(2Q) - t). The relative energy decrease over the period is 271/ Q.
According to (4.52), (4.53), the Q-factor equals

:Efvy‘FIN‘z av
T

It is proportional to the ratio of the resonator volume to its surface area S and
has the order of V/S - d. Since d is proportional to A!/? (if the dependence of
the conductivity o on the frequency is not considered) and V' /S is proportional
to A, then Q is proportional to A'/2. For the wavelength shorter than several
millimeters, the resonator must be very small and its Q-factor cannot be large.

According to (4.53), the frequency dependence may be written in the same
form as for the LCR contour; it is determined by the multiplier proportional
to the quantity

Q (4.54)

L2 '
HN‘ ds

1
= (k)" =i (4)°/ @

(4.55)
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At the frequencies such that [k? — (k})?| ~ (kly)?/Q, this multiplier is large,
of the order Q/(kj)?, that is, approximately Q times larger than that out-
side this interval. The width of this interval (“width of resonant curve”) is
k\,/Q. The resonator may be used as a single-frequency contour if 1/Q <
lkny — kny1|/kn, that is, if the relative distance between two neighbor eigen-
frequencies is larger than the inverse Q-factor.
The Q-factor of the circular waveguide resonator for the T My;p-mode is
1 aL
- - = 4.
Q da+L (4:562)
For the TEpj1-mode the Q-factor is larger; it is

_ 1 alL
d, n?/ (k2L2) + L - (3-83)2/ (kzuz)'

(4.56b)

Recall that in the circular waveguide, the TEy;-mode damps slower than T My,
(see Section 3.2).

422
Displacement of eigenfrequencies

Replacement of the ideal-conducting walls of the resonator by the impedance
ones not only supplies the imaginary part, proportional to w’, to the eigen-
frequencies, but also leads to the displacement of their real parts proportional
to w”. This effect is interesting mainly owing to the fact that the displacement
is different for different eigenoscillations. This difference can be increased
by making the impedance different in different parts of the wall. In particu-
lar, w” can be made positive in one part of the wall and negative in another.
Creating an impedance with the imaginary part w”(S) (S is a point on the
wall) of an appropriate form, we can, for instance, lower the eigenfrequency
of the main eigenoscillation, leaving the eigenfrequency of the first overtone
almost unchanged (or even increasing it) and widening, in this way, the fre-
quency range in which the resonator (at its main oscillation) is equivalent to
the single-frequency oscillation contour.

Assume, for simplicity, that # = 1 in the resonator and there are no losses
inside it, that is, w’ = 0, ¢” = 0, so that the eigenfrequencies are real. Then the
expression

kn [y w"” |[HY|? ds

kR = (k) —
Jy |HN|" av

can be easily obtained, where kY, is the eigenfrequency of the resonator of the
same shape with ideal-conducting walls; the expression for kY, is given by

(4.57)
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(4.24). The integral in the numerator of (4.57) is taken over the actual surface
of the resonator, not over the “equivalent” one (deepen into the wall), as it was
described in the text before formula (4.48).

At not large values of |w|, the field HN can be replaced by the field in the
resonator with the ideal-conducting walls; HY, is proportional to the current
flowing on the wall of such a resonator at the Nth eigenoscillation. For de-
creasing ky, an area with a large positive value of w” should be created in the
part of the walls where this current is large. If w” < 0 in this part, then ky
is larger than k,. The mentioned effect of the one-frequency range widening
is based on the fact that the current distribution on the walls is different for
different eigenoscillations.

423
Impedance as a spectral parameter

In Section 4.1 the spectral method was used for solving the nonhomogeneous
Maxwell equations. The system of the eigenoscillation fields was developed,
which satisfied the corresponding homogenous equations in which the fre-
quency was replaced by the spectral parameter. At certain values of this pa-
rameter different from the actual frequency value, the homogeneous equa-
tions are solvable. In the homogeneous problem, the impedance boundary
condition (1.67) is taken the same as in the nonhomogeneous one, that is, with
the same value of the impedance w.

The spectral method can be generalized. Namely, not only the frequency
but also any other parameter participating in the problem may play a role of
the spectral parameter. In these variants the frequency in the homogeneous
problem has the same value as that in the nonhomogeneous one. Another pa-
rameter, which plays a role of a spectral one, has a different value than in the
nonhomogeneous problem. In this subsection, such a variant of the general-
ized method is described. Solutions to this homogeneous problem make up a
system of eigenoscillation fields. The impedance w is chosen as a spectral one
in it.

The problem is to find the fields E, H from the nonhomogeneous equations
(4.35) satisfying the conditions

Etan = TwHtan (4.58)

on the resonator surface S (see (1.67)). The two signs relate to two tangen-
tial components. For simplicity, we assume that w is constant on the whole
surface. The homogeneous equations generating the system of the eigenoscil-
lation fields have the form

rot HN — ikeEN =0, rotEN—l—ikyﬁN =0. (4.59)
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The spectral parameter wy is introduced into the boundary conditions for the
fields EN, HN, as follows:

EN, = +wyHEY,. (4.60)

Similar to the actual impedance w in (4.58), the eigenimpedances wy are con-
stant on the whole boundary. In contrast to (4.16), the frequency k in the homo-
geneous equations (4.59), is the same as that in the nonhomogeneous problem.
The eigenimpedances wy depend on k, similarly as the eigenfrequencies ky
depend on w. In this variant of the spectral method, the eigenoscillation fields
do not coincide with those of the variant described in Section 4.1.

We find the expression of wy by the eigenoscillation fields, similar to (4.49).
Assume that y = 1. Multiply the wave equation rotrot EN — k?eEN by EN*
and transform the obtained product by (4.27). Then we integrate the obtained

equality
div (EN* x ﬁN) = % <‘rot E’N’Z — K2 ‘E’Nf) (4.61)

over the volume V. Substituting EX* by (4.60) yields

tan
2 2
. rot EN| — k2 |EN| ) dV
i 14

wy =
Yk Js |HL [ ds

(4.62)

tan

The eigenimpedance wy does not depend on the impedance w of the actual
system. If in the actual system the losses exist only in the walls, that is, w’ > 0,
but ¢’ = 0, then, according to (4.62), w), = 0, that is, the auxiliary system
described by equations (4.59), (4.60) has no losses.

We can obtain another expression

_ika |Egn‘2 s
Iy (‘rotEN’z — k2¢ ‘ENr) av

wi = (4.63)

from formula (4.62), which possesses the stationarity property similarly as for
expression (4.24). We consider the right-hand side of this formula as a func-
tional £(E) which possesses the property

L (EN + vqﬁ) =wy+0 (1/2) (4.64)

(see (4.22)), that is, £ is stationary at E = EN. We apply the variational tech-
nique described in Subsection 4.1.4 to this functional.

The auxiliary problem (4.59), (4.60) has its own physical meaning. It de-
scribes the resonator having the wall impedance for which the undamping
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oscillation of the frequency k exists. It follows from (4.62) that if the energy is
not absorbed in the resonator, that is, if the dielectric contained inside it has no
losses (¢ = 0), then w); = 0. If the dielectric with losses is placed into the real
resonator, that is, ¢’ < 0, then, according to (4.62), w}, < 0. This means that
there exists the energy flux in the auxiliary problem which enter into the vol-
ume from the wall. The auxiliary problem describes the field in the resonator
having such a wall material which radiates the energy under the influence of
the field in which it is contained, that is, the wall material has the negative ab-
sorption. In this case the auxiliary problem describes a certain although exotic
but, in principle, possible physical system, as well.

The fields of two eigenoscillations corresponding to different eigen-
impedances are orthogonal in the following sense:

/ (BN EM)t s — 0, / (AN % ﬁM)t AS—=0, wy #wy. (4.65)
S

Here (Aﬁ) ¢ implies At By, + At,Bt,, where 1, t, are two mutually perpen-
dicular unit vectors tangential to the surface. These formulas can be easily
obtained by integrating the expression div(EN x HM — EM x HN) over the
volume. Since all the fields satisfy the same equation system (4.59), this ex-
pression equals zero. Consequently, the surface integral of the normal compo-
nent of the vector under the divergence, is zero, either. This fact together with
conditions (4.60) leads to conditions (4.65).

When solving the problem (4.35), (4.58), it is more convenient to express not
the complete fields E, ﬁ, but the differences E — Eo, H — HO in the form of
the series by EN, HN; here E°, HO are the fields created by the sources /! in
vacuum.

We represent the fields E, H in the form

E=E+Y AvEN,  H=H 1Y AyAN. (4.66)

The gradient term presented in (4.36a) does not appear in (4.66), because it is
contained in EV. The series (4.66) satisfy equations (4.35) termwise. The coeffi-
cients Ay, the same in both the series, are found from condition (4.58). It must
be fulfilled on the surface, where the eigenoscillation fields are orthogonal.
Therefore, the coefficients Ay are easily found. They are

1 .f[(EOXIjIN)N—w(FIOXFIN)

w —wy (k) [ |HN|? ds

tan

]

Ay = (4.67)

The values of the tangential components of the fields E?, H? on the resonator
surface play a role of the excitation current [t explicitly involved into the
analogous formula (4.40). Formula (4.67) is valid, in particular, at w = 0, that
is, for the resonator with the ideal-conducting walls.
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The frequency dependence of the amplitudes is mainly determined by the
multiplier 1/[w — wy (k)], that is, by the dependence of wy on k. Since w’ > 0,
wg\, < 0, this multiplier may become infinite only if there are no losses in the
resonator both in its walls (w’ = 0) and inside it (¢” = 0, hence w);, = 0).
The “infinite resonance” implies that the problem either has no solution at the
frequency for which wy (k) = w, or the solution is not unique if the numerator
in (4.67) is zero.

In contrast to the method of eigenfrequencies, the eigenimpedances method, as
well as some other variants of the generalized eigenoscillations method, is easily
transferred to the case of the open resonators and, in general, to the diffraction
problems in the nonclosed domains (see Subsection 7.1.6).
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Open Lines

5.1
Dielectric waveguides

5.1.1
Circular dielectric waveguides

Eigenmodes may propagate along the dielectric cylinder with arbitrary cross-
section. They are the fields with all the components dependent on z as
exp(—ihz); z is the coordinate directed along the cylinder axis. The fields are
mainly concentrated in the dielectric or in its neighborhood. For the circular
cylinders the fields of these modes are expressible by the special functions so
that finding these fields and propagation constants /1 consists in solving sim-
ple equations.

In this subsection, we present the theory of eigenmodes of the circular ho-
mogeneous dielectric waveguides, that is, the transmitting lines with ¢ =
const > latr < aand ¢ = 1 atr > a, where a is a radius of the circular
cylinder. We assume that # = 1. The theory of dielectric waveguides is based
on the same formulas (3.1), (3.3), (3.4), (3.5) as the theory of closed ones. The
fields are expressed by the two scalar functions x(r, ), (, @) satisfying the
wave equations (3.5). However, in the dielectric waveguides there is, in gen-
eral, no division into the modes with E; = 0 and H; = 0. The functions y and
1 are not the solutions to the two independent problems of the types (3.11)
and (3.13).

The exceptions are the symmetric modes (9/9¢ = 0), for which the division
into the TE- and TM-modes is kept. For instance, for the symmetric TM-
modes the fields are expressed by formulas (3.3), (3.4) in which ¢ = 0. Inside
the waveguide, the function yx satisfies the same equation (3.5a) having the
form

>y 1dy

WJF;EjL(st—hZ)X:O, r<a (5.1a)

in cylindrical coordinates. In the waveguide exterior, the equation for x(r) is
High-frequency Electrodynamics. Boris Z. Katsenelenbaum

Copyright (© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40529-1
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of the form

N S

?+——+(k —h)xfo, r>a. (5.1b)
Solutions to these equations are the cylindrical functions of the zeroth order

x(r)=AJp(tr), T =ke—H, r<a, (5.2a)
x(r)=BH (ar), a>=K -k, Ima<0, r>a (5.2b)

The cylindrical function ]y appears in (5.2a) since it is the only cylindrical func-
tion of the zeroth order which has no singularity at the point » = 0 lying inside
the domain r < a. A function decreasing at r — co must participate in (5.2b).

At the chosen sign of Im a only the function Héz) (ar) possesses this property;
it has the asymptotic v/2i/ 7 - exp(—ikar)/+/ar atr — oco.

Three components E;, Hy, E;, differ from zero. The first two must be contin-
uous on the cylinder surface (at r = a) where the dielectric constant is discon-
tinuous. This demand leads to the two relations

ATy (ta) — Ba2HP) (xa) = 0, et]; (ta) — BaH (aq) = 0. (5.3)

Eliminating A and B from them results in the following dispersion equation
for h:

aaH(()z) (aa)  tajy(ta)

H1(2) (aa) ~ efi(ta)’

(5.4)

After the propagation constant / is found from (5.4) the ratio A/B (which
describes the field structure in the whole space), can be determined from (5.3).

At the real ¢ > 1, equation (5.4) has only the real roots & with Ima < 0, all
lying in the two symmetrical intervals

—kVe <h < —k, k<h<kye (5.5
The phase velocity v = k/h of all the eigenmodes lies in the interval

c
c>v> %I (5.6)
that is, v is larger than the velocity of the plane wave in the infinite dielectric
and smaller than the wave velocity in vacuum.
According to (5.5), 7> > 0, &? < 0. The field decreases as exp(—|a|r)/+/7 at
r — oo.
Equation (5.4) has also the complex roots for which Ima > 0. The fields
with such & grow with 7 increasing. Such waves are not the eigenmodes of the
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waveguide. However, at certain frequencies it is expedient to introduce them
for describing the field in the bounded domains. We will return to this case in
Subsection 5.1.3.

The eigenmode corresponding to the gth root /1 of equation (5.4), is called the
TMoq—mode. For each such mode, h varies from the value h ~ k+/¢ at high fre-
quencies (k > 1/a(+/e — 1)) to the value h = k at a certain frequency denoted
by kf)‘,;t (cutoff frequency). At the frequency lower than kf)‘;t, the TMp;-mode
does not exist. When k decreases and becomes lower than kg;“ for any g, then
the number of eigenmodes becomes smaller by one. At the cutoff frequency,
the parameter « is zero for the given mode. Since the left-hand side of (5.4)
is zero at &« = 0, then the quantity kg‘q‘tu\/s —11is equal to the gth zero of the
function Jj.

At high frequencies the field is fast decreasing at r — oo; it is almost wholly
concentrated inside the dielectric and v is close to its minimal value c/+/e.
At frequencies only a little larger than the cutoff one of the eigenmode of the
given type, the field is slowly decreasing as r increases and almost wholly
lies outside the dielectric. The velocity v is close to its maximal value c. The
eigenmode ceases to exist at its cutoff frequency; it would transfer the infinite
energy ata = 0.

The theory of the TE;-modes differs from that of the T Mo,;-modes only by
the fact that the other three components, namely, H;, E,, H, are present in
the field. They are expressed by the function 1(r) which satisfies the same
equations (5.1) and has the same form (5.2). The boundary conditions for the
components H; and E, (continuity conditions at » = a) lead to the equation
which differs from (5.4) only by the absence of the multiplier 1/¢ in the right-
hand side. The roots /i of this equation lie in the same intervals (5.5) and
possess the same properties as the roots of (5.4). In particular, at kave —1 <
2.40 there are no modes of the types TEq; and TMy,. The cutoff frequencies of
these modes coincide.

The theory of the nonsymmetrical (“hybrid”) modes, the fields of which
depend on ¢, is constructed by the same scheme. The fields contain all the
six components; they are expressed by both the functions x(r.¢) and ¥(r, ¢).
These functions are proportional to the functions cos(m¢), sin(m¢e), m > 1,

and [y, (tr), H,S12 )(ar). The boundary conditions at r = a lead to an equation
similar to (5.4), but more cumbersome. The roots of this equation possess
the same properties as the propagation constants of the symmetric modes.
There is only one distinction: the cutoff frequency of the mode with indices
m = 1,9 = 11is zero. This eigenmode (a dipole mode) exists at any frequency, in
particular, at the arbitrarily low one.

Near the cutoff frequency of a certain mode, that is, at small positive value
of k — k%‘qt, the difference i — k is also small. At these frequencies the equations
for h, similar to (5.4), can be simplified by using the asymptotic of the cylin-
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drical functions at small value of |xa|. The obtained approximate dispersion
equations make possible the qualitative investigation of the field properties,
as well as of the behavior of the phase and group velocities of the eigenmodes
when the frequency approaches the cutoff one.

Such approximate equations for the dipole, symmetric and hybrid (but not
dipole) modes are

In (_“2) = —k%, —a>=hn -k >0, (5.7a)
—o%In (—az) - C [kz - (kcuf)z} ) (5.7b)
2 =C [kZ - (kcut)ﬂ , (5.7¢)

respectively. In these three dispersion equations the positive coefficients C are
different for the modes of different numbers.

It follows from (5.7a) that the dipole mode is connected with a cylinder
weaker than others. The quantity —a? is zero at the zero frequency; it re-
mains small for a long time when the frequency increases. The phase velocity
v = k/h and the group velocity vg = (dh/dk) ™! remain close to c at relatively
large k.

According to (5.7b), the symmetric modes are stronger connected with a
cylinder. With increasing the frequency (i. e., with moving it from the cutoff
one), the difference 1 — k increases faster than for the dipole mode. The veloc-
ities v and vgy, equal to c at the cutoff frequency, are varying also faster than
for the dipole mode. The hybrid modes (see (5.7c)), except for the dipole one,
are connected with the dielectric cylinder stronger than others. The group ve-
locity vgy of these modes remains smaller than ¢ even at the cutoff frequency.
Atk = k4 0 the Poynting vector flux of these modes through the dielectric
remains to be a finite part of the flux through the whole plane z = const. For
other modes, the entire flux goes outside the cylinder at k = ket 0.

5.1.2
Eigenmodes of dielectric waveguides with arbitrary cross-section

The eigenmodes of dielectric waveguides with arbitrary cross-section possess
the same main properties as those of the circular waveguides. However, there
is no mathematical technique for the arbitrary case, as simple as for the circu-
lar waveguides. There are neither the explicit expression (5.2) for the potential
functions nor a simple dispersion equation similar to (5.4) for the propagation
constant /1. For such waveguides it can be shown that the propagation con-
stant /1 and the phase velocity v lie in the same intervals (5.5) and (5.6), respec-
tively; the number of the eigenmodes is finite and grows as ka+/e — 1 increase,
where 4 is a linear scale of the cross-section.
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All the modes except one exist only at the frequencies larger than their cut-
off modes. The existence of the specific mode, not having the cutoff frequency
(a dipole mode), may be simply explained. Let a dielectric cylinder be in-
serted into the field of the linearly polarized plane wave, such that the cylin-
der director coincides with the wave propagation direction (Fig. 5.1). The
field partially penetrates into the cylinder and the phase velocity decreases.
The field decreases in the radial direction keeping its structure at infinity. The
eigenmode arises. Such a mode exists at any frequency. It corresponds to the
indices m = 1, g = 1 for the circular waveguide.

e
//

Fig. 5.1 Dielectric waveguide in the field of plane wave

It can be shown that near the cutoff frequencies the dispersion equations
for all other modes of any waveguide have either the form (5.7b) or (5.7c).
Equations (5.7) are the universal notation of the dispersion equations for the
eigenmodes of any dielectric waveguide at frequencies a little larger than the
cutoff ones. Each mode belongs to one of the three types described in the text
below formula (5.7). These three types differ in degree of the field-to-dielectric
connection and, in particular, in the frequency dependencies of the phase and
group velocities.

Propagation of the eigenmode along the dielectric waveguide may be
treated as a multiple complete inner reflection of the plane waves falling
from the waveguide onto its boundary. Consider the aggregate of the plane
waves propagating in the dielectric, normals to the equiphase surfaces of
which make up a circular cone surface having the z-axis as its director. De-
note the apical angle of this surface by 2-y. The fields of such waves depend
on z by means of the multiplier exp(—iky/ecosy - z). If the angle -y is defined
by the equation cosy = h/k\/e, where h is the propagation constant of the
eigenmode, then the dependence on z of the waves aggregate is determined
by the multiplier exp(—ihz), that is, the same as that in the eigenmode. When
interfering, the fields of these plane waves create the field of the eigenmode.
The similar derivation was carried out in Section 3.1 where the eigenmodes
of the closed rectangular waveguide were considered (see formulas (3.34),
(3.35)). Since & lies in the interval (5.5), then cosy < 1, that is, the angel -y is
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real. However, it is not large, cosy > 1/+/e. The waves fall onto the bound-
ary at the glancing angle . According to (2.86) (where f = 7/2 — 7), the
complete inner reflection occurs when the waves fall at such small angle of
glancing from the medium with & > 1 onto the interface with the medium in
which & = 1. The energy does not outgo into this medium, the field decreases
exponentially when moving away from the boundary. This corresponds to
the structure of the eigenmode field.

Two properties of the eigenmodes, namely,”their velocity is smaller than
¢” and “their fields concentrate near the waveguide” are mutually connected.
As we will find out later, the fields of the slow modes of other open lines
decrease exponentially as r — oo, as well. This fact follows from equation
(5.1b). The function V2y is proportional to x outside the line; the proportion-
ality factor is h? — k2. For the slow modes, h > k, that is, this factor is posi-
tive. Consequently, x depends on r with the real exponent, approximately as
exp(—vh? — k?), that is, it decreases with r increasing.

The fields of the eigenmodes are orthogonal for any dielectric waveguide.
They are related as (3.17) or, in general, as (3.72). The derivation of these rela-
tions which was carried out in Section 3.2 for the modes in the closed waveg-
uide filled by the material with € being an arbitrary function of the transverse
coordinates, remains valid also for the open waveguides. These orthogonality
conditions are fulfilled if the fields are decreasing at the radial infinity, that is,
for any two slow modes.

At high frequencies, we have h ~ ky/¢ for any mode, that is, 7a is small. In
the zeroth order of the expansion of all fields by k~! as the small parameter, the
only nonzero components are transverse ones Hy, Hy inside the waveguide.
As the Cartesian components, they satisfy the two-dimensional homogeneous
wave equation

V2Hyy + T°Hyy = 0 (5.8)

in the cross-section. Owing to the continuity conditions for the z- and s-
components of the electric field on the boundary, the above components fulfill
the approximate boundary conditions

Hiyy

s =0. (5.9)

Consequently, both these components are solutions to the same homogeneous
boundary value problem. In absence of the degeneration, they are propor-
tional to each other so that the mode polarization is linear.

The usage of the transverse components Hy, Hy as potential functions, is
easy when investigating the dielectric waveguides (instead of E,, H; as in the
metallic ones) of arbitrary cross-section not only at high frequencies but also
in the general case. Such an approach simplifies the numerical technique for
solving the homogeneous problems, in particular, the variational technique.
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5.1.3
Excitation of dielectric waveguides

We begin with solving a model problem. An elementary electric dipole is lo-
cated on the axis of the circular waveguide and oriented along it, that is, the
current j& = §(|7|). We repeat with nonessential modifications, the first stage
of the derivations carried out in Subsection 3.3.4, for the similar but more sim-
ple problem about the field created by the same current in the closed waveg-
uide. The field consists of the incident field and the diffracted field. The inci-
dent field is the field created by the same dipole in the infinite homogeneous
dielectric. This field is described by the electric Hertz vector having only the
z-component. According to (3.85), it equals

i exp (—iky/eR)

Hinc — _
Z w R 7

(5.10)
where R = V/r2 + 22 is a radius of the spherical coordinate system (R, 9, ¢).
We use this expression only inside the waveguide, at # < a. Outside the cylin-
der we put IT"® = 0. Since the boundary conditions must be fulfilled on the
cylindrical surface r = g, this function should be represented as a superposi-
tion of the product of functions of z and r, that is, similarly to (3.87),

I1ine = % / HP (tr)exp (—ihz) dh, T2 =K —H?, (5.11)

where ReT > 0at 7> > 0,Im7 < 0 at 7 < 0.

The diffracted field must be expressed by the function Jo(7r) (having no
singularity in this domain) at » < a4, and by Héz)(txr) atr > a. Asr — oo,
this function describes an outgoing wave at a> > 0, and a damping wave at
a? < 0. We represent the component TT¢ in the form of the Fourier integral
similar to (5.11), that is, as the superposition of functions, similar to (5.2),

Tidiff — / A(h) Jo (tr) exp (—ihz)dh, <a (5.12a)

—00

H;liff _ / B (h) H(()z) (ar) exp (—ihz) dh,

=k —nr>a, (5.12b)

where Rea > 0ata? > 0, Ima < 0 ata? <0.
Integrals (5.12) satisfy the wave equations for IT3ff with different values of
eatr < aand r > a4, at any functions A(h), B(h) for which the integrals
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converge. These two functions are found from the boundary conditions on
the cylinder surface r = a. The components E, and H,, tangential to this
surface must be continuous on it. These components are expressible by the
total Hertz vector IT = IT"¢ 4 T4 by formulas
2

E, = k%I, + %, Hy = —ikstaa—riZ, (5.13)
which follow from (3.25a). The boundary conditions lead to the equality of the
two Fourier integrals. Since these equalities are valid at any z, —c0 < z < oo,
then the coefficients at exp(—ihz) are equal under the integrals. Differentiat-
ing with respect to z and r under the integrals yields two nonhomogeneous
linear equations for A(h) and B(h). The left-hand sides of these equations co-
incide with those of equations (5.3) for the coefficients A and B in the fields of

the symmetric eigen TM-modes. The functions Héz) (ta) and Jo(ta) and their
derivatives participate in the right-hand side of the equations for A(h) and
B(h).

The solutions to the nonhomogeneous algebraic equation system become
infinite if the corresponding homogeneous system has a solution. The first
solution contains the denominator vanishing at the values of / at which solu-
tions to the homogeneous system (5.3) exist, that is, at such & which are the
roots of equation (5.4). Recall that the similar situation occurs in the problem
about the closed waveguide excitation. The coefficient at exp(—ihz) under the
Fourier integral (3.88) contains the function Jo(av/k? — h?) in the denominator,
which equals zero at the values of /i corresponding to the eigenmodes.

However, the structures of fields arising when exciting the closed and open
waveguides are different. This corresponds to the difference of analytical
properties of the functions under the integrals in (3.88) and (5.12). Continua-
tion of these functions from the real axis of the complex plane i (h = h'" + ih")
onto the whole plane, has different singularities.

The coefficient at exp(—ihz) under the integral (3.88) has an infinite number
of poles. A finite number of them lies on the real axis, and the rest (infinite
number) lies on the imaginary axis. In the integrals (5.12), the functions A(h)
and B(h) have only a finite number of poles and all of them are located on the
real axis (we will specify this statement below). The analytical continuation of
the integrand in (3.88) is unique on the whole complex plane /. In the problem
about the dielectric waveguide, the corresponding analytical continuation is
not unique.

The integral representation (5.12) for the fields allows us to find the approxi-
mate asymptotic expressions. They are different in different domains of space.

We find the field inside the cylinder (at r < 4) and in the adjacent domain
in which z > 0 and

k> <z,  kz>1. (5.14)
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Deform the integration contour in (5.12), so that the real axis k" = 0 is de-
formed into an infinitely remote half-circle lying in the lower part of the com-
plex plane, that is, at i/ — —oo. This procedure and further applying of the
residue theorem (3.89) can be carried out only if the function under the inte-
gral is single valued. However, the functions A(h) and B(h) are ambiguous
since they contain the ambiguous functions H(gz) (ta) and H(()Z) (aa) having the
singularities 1 = +k\/e and h = +k. As follows from the explicit expressions
for A(h) and B(h) which are not shown here because they are too cumber-
some, the ambiguity of the Hankel functions at the points 1 = +ky/e does
not cause the functions A(h) and B(h) to be also ambiguous. However, when
passing around the points # = k and h = —k, the functions A(h) and B(h)
change the sign. In order that they be single-valued one should make cuts
from the points h = £k (branching points) — dashed lines in Fig. 5.2.

h//

|

Fig. 5.2 The integration contour for the problem of dielectric waveg-
uide excitation

In order to find the field at the points with z > 0, the integration contour
should be deformed into the lower half-plane (see text below (3.88)). The ini-
tial integral taken over the real axis, equals the sum of residues which the
contour sweeps during the displacement (according to the residue theorem
(3.89)), and the integral over the loop on the cut (dotted line in Fig. 5.2), or
(which is the same) over the cut when it is taken of the difference of inte-
grand values on both sides of this cut. If the cut is made downward from the
point i = k, so that Reh = k on it and Im# varies from zero to —oo, then
the multiplier exp(—ihz) is fast decreasing at kz > 1 and the integral over
the cut may be asymptotically estimated. The field described by this integral
(so-called additional field) has the phase factor exp(—ikz). At frequencies not
close to the cutoff one of some eigenmode, it decreases inversely proportional
to z2. Separation of the domain (5.14) is caused by the fact that only in this
domain the additional field is small and can be easily found, thus, the method
of the integral estimation (5.12) consisting in the deformation of the integra-
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tion contour is efficient. For finding the approximate expression of the fields
in other domains, below we use another method of the asymptotic calculation
of integrals (5.12).

The residues at poles, lying on the real axis in the interval k < h < kv/e, de-
scribe the eigenmodes excited by the dipole. Their fields have the multipliers
exp(—ihyz), where hy, are the roots of equation (5.4). The amplitudes of these
modes are determined by (3.89). Without writing the corresponding cumber-
some formulas similar to (3.91), we only outline that when the frequency de-
creases and approaches the cutoff frequency of this mode, its amplitude tends
to zero.

The expression for the amplitudes of the eigenmodes excited by the given
current in the dielectric waveguide, can be found without using the technique
of integration in the complex plane. Similarly as in Section 3.3 when deriving
the formula (3.77) for the closed waveguides, the relation (3.76) can be used
here. The field of the back mode of the same number should be chosen as
the Green function and the orthogonality condition should be used. Since the
system of the eigenmodes is incomplete because the field also contains the
additional one, the expression for the sought amplitude should also contain
the integral of the Green function multiplied by this additional field. Since
the amplitude does not depend on z, and the integral depends on it, then the
integral equals zero. This method for finding field in the domain (5.14) will be
specified at the end of the next subsection.

As it was already noted, equation (5.4) has not only the roots lying in the
intervals (5.5) but also ones for which Ima > 0. The poles h;, corresponding
to these roots in the integrals (5.12), lie in the complex plane / between the cut
and imaginary axis, in the domain 0 < Reh < k, Imh < 0 (small circles in
Fig. 5.2). When the integration contour is deformed into the lower half-plane,
residues at these poles are also introduced into the field expression. The fields

corresponding to these residues depend on z and r as exp(—ihnz)Héz)(acnr).
They decrease proportionally to exp(Im /1, - z), Im h,;, < 0 when moving away
from the source along the cylinder and increase nearly as exp(Imua, - z),
Ima, > 0 when moving away from the cylinder. These waves are present
in the field only in the domain (5.14). When there are no sources, these waves
do not exist: they are not the eigenmodes. In fact, their existence is visible
only if poles exist at which — Im £, is small in comparison with k. Such poles
appear only at the frequencies a little lower than the cutoff one of a certain
eigenmode. These waves as if replace the eigenmodes which disappear when
the frequency becomes slower than the cutoff one.

In the previous subsection, the propagation of the eigenmode was com-
pared with the multiple complete inner reflection of the plane waves falling
from the dielectric onto its boundary at the glancing angle vy, where cosy =
hu/ky/e. Such an illustration is also possible for the wave with Imh, < 0
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considered in the preceding paragraph. However, since the wave is fast
(Rehy, < k), the glancing angle ¢ determined from the condition cosy =
Rehy, /ky/e is larger than the angle at which the complete inner reflection oc-
curs; the cosine of such an angle should be larger than 1/+/¢, butcos v < 1//¢
for the considered wave. Each reflection is not complete, the field energy par-
tially goes out of the cylinder; the field decreases with z increasing. As for
any fast wave, the field grows when moving away from the cylinder. There-
fore, in particular, all the eigenmodes are slow. The ray illustration of this
wave propagation describes this “highlighting” effect as well. The further the
given point, located outside the cylinder, is moved away from the boundary,
the closer to the source is the place on the dielectric boundary, where the ray
reaching this point left the cylinder, and, therefore, the larger the energy car-
ried away by this ray is (Fig. 5.3). Such waves are called the leaky waves. The
figure illustrates the ray model of creating such modes. Two rays are shown,
which outgo from the source and do not reflect completely. The ray 1 trans-
mits more energy, than the ray 2. In the domain where the field is expressed
by these rays, it decreases with the distance from the surface decreasing.

Fig. 5.3 Formation of the leaky wave

The main result consists in the fact that when the circular waveguide is ex-
cited by the axial dipole, then the total field in the domain consists of the
fields of the eigenmodes and the leaky waves together with the additional
field which decreases by the algebraic law with respect to the distance from
the source. In this formulation, the result is valid for the waveguide of arbi-
trary cross-section at any local excitation.

According to the text at the end of Subsection 5.12, all eigenmodes of any
waveguide are divided into three types. It can be shown that their dispersion
equations have the universal form (5.7) at the frequencies a little larger than
the cutoff one. Some properties of the field created by an extrinsic current,
also depend only on the type of the arisen eigenmodes. All the properties of
the fields arisen in the above problem are also inherent to the fields created at
arbitrary waveguide excitation, if the modes of the second type arise. If the
modes of the third type are arisen, then their amplitudes do not tend to zero
when the frequency approaches the cutoff one. If the dipole mode (mode of
the first type) arises, then the leaky waves do not appear; the additional field
decreases slower than 1/z?, approximately as 1/z.
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We consider an approximate method for calculating the integral (5.12b),
which is applicable in the domain

kr?>> z, kR > 1, (5.15)

“complementary” to the domain (5.14). This method does not require the ana-
lytical continuation of the integrand onto the complex plane h. For the points
lying in domain (5.15), the main contribution into the integral value is made
by a small subdomain of the integration. This subdomain lies in the interval
0 < h < k, its location depends on the ¢-coordinate of the point for which the
integral is calculated. In the subdomain a? > 0.

Assume that ar > 1 in the subdomain (we will verify this assumption fur-

ther). Then the function H(()z) (ar) can be replaced by its asymptotic, and the
integral (5.12b) takes the form

% / F () exp [—ikRy (h)] dh, (5.16)
where
o) = Lsind+ " cosd. (5.17)

k k

Here it is considered that r = Rsin®, z = Rcos?d. Introduce the new inte-
gration variable 9, instead of & by the equations cos %, = h/k, sint®, = a/k.
Then the angle &, is real in the interval 0 < h < k, and dh = —ksin 9y, - d¢y,.
The function (h) is equal to cos(d — 9y,).

The method of the approximate calculation of the integral (5.16) is based on
the fact that the phase of integrand involves the large factor kR in front of the
function i(9;). Even if the integration variable is varied only a little, the phase
changes by 7. The function F(h) almost does not change and the contributions
of the neighbor areas to the integral is almost completely compensated. The
larger the parameter kR, the more complete the compensation and the smaller
the value of integral.

If the integration domain did not contain the point at which

dip

an =
then the integration by parts would be possible. The whole integral in (5.16)
would be of the order 1/kR or smaller. However, equation (5.18) has the root
¥, = ¢ lying in the integration interval. The compensation is weakened near
this root, and the whole integral approximately equals the integral taken over
the small segment near the root. This point, located on the integration con-
tour, is called the stationary phase point. The considered method is called the
stationary phase method.

(5.18)
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Denote the values of i and ¢, at the stationary phase point by hs and 9,
respectively. Equation (5.18) becomes sin(d;, — ¢) = 0, so that 9 = ¢ and
hs = kcos 9. Near this point, F(h) can be replaced by F(kcos @) in (5.16) and
then taken out of the integral sign. The phase can be replaced by two terms of
its Taylor series, as follows:

P (8y) ~1— % (8, — 0)%. (5.19)

The assumed condition ar > 1 must be valid also for « = a5 = ksin¥; it

becomes of the form krsin @ > 1. This condition holds in domain (5.15).
Substituting the approximate formula (5.19) into (5.16), we can calculate the

integral and obtain the expression as

o—ikR

F(ksm19) -sin @ - W,

(5.20)
where the constant factor is omitted. Formula (5.20) gives the first term of the
expansion of integral (5.12b) into the asymptotic series by the powers of small
parameter (kR) /2. The next term has the order (kR)~3/2.

In domain (5.15), the Hertz potential and, therefore, the fields, are the spher-
ical wave outgoing from the source. The presence of the dielectric cylinder
leads not to forming the cylindrical waves in this domain, as it does in domain
(5.14), but to altering the spherical wave pattern, that is, the field dependence
on the angle ¢. Note that any straight ray beginning at the origin comes to the
domain (5.15) at the sufficiently large R.

The paraboloid of revolution kr> = z can be treated as a conventional
boundary separating the domains of the cylindrical and spherical waves. The
field determination in the transition domain adjacent to this boundary is the
problem solvable only by the numerical methods.

5.1.4
Nonregular dielectric waveguides

The theory of nonregular waveguides, that is, the waveguides with the pa-
rameters (size and shape of the cross-section, axis direction, and dielectric
permittivity) different in different domains, is constructed by the same prin-
ciple scheme as the theory of closed nonregular waveguides (see Section 3.4).
At any cross-section z = const, a certain regular waveguide (reference waveg-
uide) is associated with the given nonregular one. The reference waveguide
has the same parameters through its length, as the nonregular waveguide has
in the given cross-section. The field at any cross-section is represented as a
linear combination of the fields of eigenmodes of the reference waveguide
corresponding to this cross-section. The coefficients of this combination are
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the functions of z. They satisfy a certain linear equation system. The three-
dimensional vector problem is thereby reduced to the two-dimensional vector
problem on finding the fields of the eigenmodes of regular waveguides and to
an one-dimensional scalar equation system.

The application of this method to the closed nonregular waveguides was
based on the fact that the system of fields of the eigenmodes of regular waveg-
uides is complete (with some reservations; see text around formulas (3.75)).
For the open waveguides, the system of fields of the eigenmodes is incom-
plete. It consists of the finite number of modes; in some cases there are no
eigenmodes at all. In order to use this method for the dielectric waveguides, it
is necessary to enlarge the class of functions which can play a role of the fields
of the eigenmodes and by which the field of the nonregular waveguide can be
expressed. For this end, the demand imposed on the eigenmodes should be
weakened.

In the problem about the symmetric eigenmodes of the circular waveguide,

the function H(()z) (ar) standing in formula (5.2b) for the potential function in
the cylinder exterior, was chosen among all the cylindrical functions because
only this function satisfies the imposed condition
lim +/rx (r) = 0. (5.21)
r—00
Equation (5.4) for the eigenvalues, eigenfunctions of which satisfy the above
demand, has only few roots h;,.
A demand which weakens (5.21) in such a way that the enlarged class of

the fields of the eigenmodes becomes complete, only requires that the product
\/rx(r) does not turn to be infinite at r — oo, that is,

Vrx(r) <C at r— oo (5.22)

In this way, the notion of the generalized eigenmode is introduced. At r > a the
function x(r) of such a mode may not be proportional to H(()z) (ar) ata? < 0,

but can be any linear combination of the functions Jo(ar) and Np(ar) ata? > 0.
Formula (5.2b) should be replaced by

x(r)= BWJ, (ar) + B@N, (ar), o«*>0. (5.23)

At any coefficients B() and B(?), this function satisfies the wave equation
(5.1b) and condition (5.22).

Atr = a, the boundary conditions for E; and H,, lead to two equations for
the three coefficients A, B(), and B(?). At any value of «, there exist the values
of ratios B(')/ A and B(?)/ A at which these conditions are fulfilled. All real
values of « (i.e., such that a> > 0) are the eigenvalues of the problem (5.1),
(5.22) and the eigenmode of a certain structure corresponds to each of them.
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These modes of the continuous spectrum are “numbered” by the number «
analogous to the integer n for the discrete spectrum. If « lies in the segment
—k < a < k, then h* > 0 and these modes propagate without damping. Tt
can be accepted that all @ < 0 correspond to the direct modes, whereas & > 0
correspond to the back modes.

The fields of different modes are functionally orthogonal. The orthogonality
conditions are similar to (3.71) with the integral taken over the infinite plane
z = const. Condition (3.71) holds for two different modes of the discrete spec-
trum. Each mode of the discrete spectrum is orthogonal to each mode of the
continuous one, that is, (3.71) with the index m replaced by «, holds. If both
modes belong to the continuous spectrum, then the Dirac function §(a; — &)
occurs on the right-hand side of (3.71), multiplied by the norm which can be
chosen arbitrary.

The application of the cross-section method to the problem about the non-
regular dielectric waveguide is based on the fields representation

(x,y;z Z Ap(z E” (x,y;z) + / A(oc,z)ﬁ(ac;x,y;z)da,
> (5.24)
xy, Z Ap(z H” (x,y;z) + / A(a,z)ﬁ(a;x,y;z)da,

analogous to (3.92). There are two distinctions in the formulas. Firstly, in (5.24)
the sums related to the discrete spectrum contain the finite number of terms;
N is the number of such modes of one direction. Secondly, the integrals of
the discrete spectrum modes are presented in this formula; taken over all real
values of .

/IK ______
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Fig. 5.4 Geometry of the nonregular and reference waveguides

The vectors E”(x, v;z), FI”(x, y;z) are the coefficients at the multipliers
exp(—ihy¢) in the fields of eigenmodes of the reference waveguide (Fig.
5.4(b)), where ¢ is the longitudinal coordinate, and z is a parameter. The fields
of these modes have the form E"(x,y;z) exp(—ih,¢). In the regular waveg-
uide A, (z) = exp(—ihyz). The functions E([X; X,;2), FI(tx; x,y;z),and A(w,z)
have similar meaning.
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Substituting (5.24) into the Maxwell equations and using the orthogonal-
ity of the fields of eigenmodes, we obtain the system of integro-differential
equations for A,(z) and A(a,z), similar to the system of differential equa-
tions (3.93). The left-hand side of the equations consists of the expressions
dAn(z)/dz +ih, Ay (z) or dA(a,z)/dz +ih(a,z)A(w,z). The right-hand side
involves the finite sum of the modes of discrete spectrum and the integral
of those of the continuous spectrum. The coupling coefficients participate in
these sums and integrals. The corresponding formulas for them are very cum-
bersome and we do not present them.

The same methods of the approximate solving are applicable to this system
as those considered, in detail, in Section 3.4 when applying them to the system
(3.93). If the waveguide parameters are slowly varying, then it is possible to
obtain the explicit (approximate) expressions for A, (z) and A(h,z). When a
discrete spectrum wave (that is, a slow one) falls onto the nonhomogeneous
waveguide segment, then not only other slow waves, but also a spherical one
represented as the integral over the continuous spectrum, appears.

The existence of the complete orthonormal system of fields of the gener-
alized eigenmodes allows us to solve the problem about the open waveguide
excitation without using the methods of integration in the complex plane. The
Green function method may be used as well. Its detailed description is given
in Section 3.3 when solving the problem about the closed waveguide excita-
tion. The method allows to find the amplitudes of all generalized eigenmodes
arisen when the field is excited by any given source. This technique is appli-
cable not only to the dielectric waveguides but also to other open lines.

5.1.5
The optical fiber

A long glass or quartz fiber in which the signals are transmitted in the visi-
ble optical or infrared band, is called an optical fiber. The recently developed
technologies allow to manufacture the fibers having very small optical losses.
The losses caused by the arisen divergent spherical waves are also small since
the wavelength is small in comparison with the nonregularity sizes, for in-
stance, the bending radii. The losses in the optical fiber are so small that the
information can be transmitted in tens of kilometers without its intermediate
recovery.

In the optical fibers, the information is transmitted in the form of a sequence
of the optical impulses. In this case the question about the impulse deforma-
tion when passing the long distances is essential. If the impulse widening
becomes of the same order as the distance between two neighbor impulses,
then the transmitted information is distorted.
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The impulse widening in the regular multimode optical fiber is caused by
the simultaneous excitation of several eigenmodes. They propagate with dif-
ferent phase velocities and, therefore, with different group velocities. The im-
pulses transmitted by different modes come to the receiving device at different
time, thus, the total received impulse is wider than the sent one.

Before describing the method which allows us to avoid or to lessen the im-
pulse widening caused by the multimodeness of the line, we mention another
cause of widening. The frequency spectrum of an impulse of the finite length
contains not only the carrier frequency but also a band of those close to it. The
width of this band has the order of the inverse impulse duration. The wave
velocity as well as the dielectric permittivity of the material depend on the
frequency. Therefore, nonmonochromaticness of the signal also leads to the
distortion of the impulse shape, that is, to its widening. Since the optical car-
rier frequency is very high, the width of the frequency band is relatively small.
The impulse widening caused by the nonmonochromaticness should be taken
into account only if the multimodeness, as a principal cause of the widening,
is eliminated or compensated. Further this effect is not mentioned.

There are two ways of avoiding the impulse widening caused by the mul-
timodeness of the optical fiber. The first one suggests to use optical fibers of
so small sizes that only the dipole mode propagates in it. For this end the
parameter kay/e — 1 must be about several units. The second way consists in
making the optical fiber to be nonhomogeneous over the cross-section. The
dielectric permittivity must be large near the fiber axis decreasing toward the
periphery. By choosing its decreasing rate, it is possible to achieve the equality
of the velocities of all or at least of the majority of the eigenmodes.

Below the basis of the theory of dielectric multimode circular waveguide
is given for the case when its dielectric permittivity is a function of radius
¢ = &(r). The construction of this theory is easier without using the notions of
the wave theory, but with considering the ray propagation in the nonhomoge-
neous medium in geometrical terms.

In Subsection 5.1.2, the possibility to connect any symmetric eigenmode
with a certain ray cone, was shown. The rays undergo multiple sequential
complete inner reflections on the waveguide boundary. Such a ray cone can
be associated with the nonsymmetrical waves. In Subsection 6.2.6, the corre-
spondence between rays and waves will be considered in more general case.
The rays coincide with the normals to the equiphase surface of the field. In
the homogeneous medium, the rays are the straight lines; in the nonhomoge-
neous one where ¢ is not constant, the rays are the curvilinear. On the surfaces
where ¢ is discontinuous, the rays are reflected and refracted.

First, we qualitatively describe the rays in the dielectric waveguide in which
e is a function of r monotonously decreasing toward the periphery. In the ray
interpretation, the waveguide excitation is described as appearance of the ray
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cone outgoing from a certain point of the waveguide. We assume that this
point is located on the waveguide axis, so that the system of rays does not
depend on the angle ¢.

The larger the mode number is, the faster this field varies with r varying
and, therefore, the larger the angle which the rays associated with this mode
make with the z-axis. The modes with the large numbers transmit only a little
part of the total energy. In geometrical terms, this means that the impulse
widening mainly depends on the behavior of rays making a small angle with
the axis.

The rays are bending when propagating in the nonhomogeneous medium.
This process is called the refraction. In some distance from the axis, the rays are
directed parallel to it. They continue bending and then intersect the axis again
(see Fig. 5.5). The ray trajectory depends on the angle o made up by the ray
with the axis at its exit point. The larger the angle, the larger the distance by
which the ray moves away from the axis. However, if ¢ varies with r as

e(r) = g9 —Cr?, (5.25)

then (as it will be shown below) the rays for which ¢y < 1 intersect the axis
nearly at the same point. Then this process is repeated.

r

Yo

\\ z
Fig. 5.5 Rays in nonhomogeneous medium

This property of the nonhomogeneous medium with ¢ varying as (5.25) is
similar to that of the thin lens. In the so-called paraxial approximation coincident
with the condition ¢ < 1, after passing the lens, all the rays outgoing from
the same point meet together again at another point. In the lens theory, it is
explained by the fact that the rays outgoing at the larger angle fall onto the lens
surface further from its center where the surface slope is larger and, therefore,
the rays are refracted by the larger angle. In the optical fiber, the change of the
ray trajectory is not stepwise but continuous. The refraction becomes stronger
with increasing gradient of e. According to (5.25), the refraction grows with r
increasing. The more steeper the rays are, the larger refraction they have.

In the medium with & dependent only on one coordinate, the ray trajectory
can be found without applying the general optics theory in the nonhomoge-
neous media, but by considering the medium with ¢ = ¢(r) as the limiting
case of the layered nonhomogeneous one. The thickness of each layer tends
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to zero at the limit. The ray is refracted at each interface between media (Fig.
5.6). According to (2.82), the glancing angle v, = /2 — B, where B, is the
angle of incidence connected with the dielectric permittivities e, and ¢,,.1 of
the nth and (n + 1)th layers, as

COS Ypt1 " \/Ent1 = COSYn - \/En- (5.26)

At the limit the broken ray turns to be a bent one for which the product cos v -
\/€ is constant along the ray. At the initial point 7 = 0, v = 70, € = €; equality
(5.26) implies

cosy (r)-y/e(r) = cosvyp - /€0 (5.27)

The equation of the ray trajectory, that is, the function r(z) is easily found from
this relation. Since tany = dr/dz, then expressing tany by cos y in (5.27), we
obtain

dr e(r)

— =4/ —— -1 5.28

dz €0 cos? 7y (5:28)
This equation describes the ray from the initial point (r = 0, z = 0) up to
the returning one where r(z) reaches its maximum value and dr/dz = 0. We
denote the value of r at this point as rmax; €(*max) = €0 cos? yg. The larger the
angle 7o, the larger the value rmax. If €(r) varies as (5.25), then

Tmax = 4/ %0 sin . (5.29)

n+1

A n
Yo

Fig. 5.6 Ray in plano-layered medium

Integrating equation (5.28), we obtain the equation for the ray r = r(z),

7 (2z) = max - sin < (5.30)

z
Cos yq - \/80/C> '
The second half of the ray trajectory, from r = rmax to r = 0, is the mirror
reflection of the first one described by (5.30). The value zmax at which the ray
intersects the axis again, equals the doubled value of z at which the curvature
of the ray trajectory changes the sign, so that

Zmax = 7T /%O - COS Y- (5.31)
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With accuracy to 72, that is, in the paraxial approximation, all the rays outgo-
ing from the same point on the axis at different angles, mutually intersect at
another point of this axis.

The length of rays measured from the one gathering point to the next one,
depends on yg. The more steeper rays have the larger length. The shortest is
the ray with g = 0, that is, propagating along the axis. However, the optical
length, that is, the integral of the phase incursion over the ray

/ Jeds, (5.32)

taken along the ray, is the same for each ray trajectory; it does not depend on
70- The steep rays pass the waveguide part with the smaller ¢, the flat rays
pass a domain with the larger €.

The equality of the optical lengths of all the rays outgoing from the same
point and meeting at another follows from the Fermat principle. According to
this principle, the value of the integral (5.32) taken over the ray connecting any
two points is minimal (more precisely, extremal) among values of the integral
taken over neighbor lines connecting these points. If there are many rays con-
necting two points, then there are other rays among the lines close to any of
them. Their optical length is also minimal. It is possible only if the optical
lengths of the rays coincide.

Equality of the values of integral (5.32) implies that the field phase changes
by the same quantity for any ray. Time needed for the impulse passing be-
tween these two points is the same for any ray. Consequently, according to
the geometro-optical theory , in the nonhomogeneous optical fibers with the
quadratic dependence of ¢ on 7, the impulse (5.25) transmitted by the optical
carrier frequency is not widening in the paraxial approximation. The same
conclusion can be drawn by investigating the propagation of different eigen-
modes in the waveguide with such dependence of € on . Of course, it is
clear that the structure of the fields of eigenmodes is more complicated in the
waveguide with nonhomogeneous filling, than at e = const.

5.2
The lines with surface wave

5.2.1
Nonideal metallic cylinder

Similarly to the dielectric cylinder, the nonideal metallic cylinder can serve
as a guideline for the surface wave. The phase velocity of such a wave is
smaller than ¢ and its field exponentially decreases at radial infinity. The wave
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slowing is explained by the fact that the wave partially propagates in the skin
layer where Ree!/? >> 1. Since the layer is very thin, the major part of the
energy flux leaks out of the cylinder, and the slowing is small. Therefore, the
concentration of the field in the cylinder neighborhood is small as well. The
domain, in which the field has the same order as on the cylinder surface, is
large in comparison with that occupied by the cylinder. The wave propagates
with damping, because Ime # 0 in the skin layer, and a part of the energy is
absorbed by it; being transformed into heat.

We begin with the theory of surface wave propagation along the circular
cylinder of radius a much larger than the skin layer thickness 4 (see (1.77)). In
this theory, the field at < 2 may not be considered. The tangential compo-
nents of the fields in the exterior domain r > a are connected by the impedance
relations (1.67), (1.78) on the cylinder surface. Consider the symmetrical T M-
mode. Its field does not depend on the azimuthal coordinate ¢, it has only the
components E;, Hy, E;. According to formulas (3.3), (3.7), they are expressed
by the potential function x(r), as follows:

E.=a’x, Hy= —iksaa—’r‘, (5.33)

where the factor exp(—ihz) is omitted. According to (5.2b),
x(r) = H(()Z) (ar), w? =k*—h?, Ima <0. (5.34)

On the cylinder surface, the condition

E; = —wH,, (5.35a)
w= 1 ;L Likd, (5.35b)

is imposed (see (3.48), (1.78)). The sign in (5.35a) is opposite to that in (3.48),
because the normal in (3.48) is assumed to be directed into metal, oppositely
to the r-coordinate.

The equation for the propagation constant of this mode is

. H(gz)(cm)

L . (5.36)
k Hiz) (aa)

It can be simplified if using the smallness of the parameter w: |w| < 1. The
argument aa of the cylindrical functions in (5.36) is also small; it has the or-
der |aa| ~ |w|'/?|ka|l/2. Substituting the values of these functions by their
asymptotics at small arguments, we have

(%) in(eay = 4. 120 (5:37)
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In a very rough approximation, putting In(xa) = —1, we obtain (in the value
order)

h? d .

ﬁ—1~5(1—1). (5.38)

Both the slowing of the wave and its damping, characterized by the re-
lations (Reh — k)/k and Imh/k, respectively, have the order d/a. The ra-
dius of the field concentration domain, that is, the value 1/|«| has the order
k~'(a/d)'/2. It is much larger than the cylinder radius a and the wave length
27t/k. Only the currents occupying the domain with cross-section area not
smaller than 1/|a|? can effectively excite the surface wave. Otherwise, the
major part of the energy will be radiated in the form of the spherical wave.

The larger the conductivity o of metal is (i. e., the thinner the skin layer is),
the smaller the slowing and the field concentration are. This also relates to
the modes of the other types, which are even less concentrated than the T M-
mode. The surface modes cannot propagate along the ideal metallic cylinder.

If the skin layer depth calculated by (1.77), is not small in comparison with
the cylinder radius, then the structure of the field in the cylinder differs from
that in the skin layer near the plane surface. The field does not decrease expo-
nentially when moving away from the surface, that is, it cannot be described
by formula (1.76) (where the z-coordinate is directed into the metal). In this
case the surface wave theory must be constructed in the same general way,
as the theory of the modes in the dielectric waveguide. The propagation con-
stant 1 is determined from equation (5.4). Since the cylinder consists of mate-
rial with |¢| > 1, the parameter T = (k%¢ — h?)!/? can be taken approximately
equal to ke'/? and its dependence on % can be neglected. Then inside the cylin-
der, the field E, is proportional to ]o(ksl/ 21’), and the equation for / takes the
form

IX{ZH(()Z)(D({Z) _ kaJo(kav/e)
Hiz) (aa) Veli(kay/e)’

where &2 = k2 — h2, Ima < 0.
Expressing e!/2 by w and d according to (1.78) and (5.35), and putting u = 1,
we reduce equation (5.39) to the form

(5.39)

wH (wa) _ Jo((1— i)a/d)
K0P (aa)  h(A—Da/d)’ (5.40)

In contrast to (5.36), this equation is valid for any value of a/d. If this value
is large, then the ratio of the Bessel functions in (5.40) equals —i, and this
equation transforms into (5.36).
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If the cylinder radius a has the order not larger than d or smaller, then the
field is almost homogeneous inside the cylinder. At a < d, the right-hand
side of (5.40) has the order kd?/a. Then |«|/k has the order of unity, that is, the
domain occupied by the field, has the order of the wavelength. Recall that at
d < a the size of this domain is much larger. The thinner the nonideal metallic
cylinder and the smaller its conductivity are, the more concentrated the field
of the surface wave around the cylinder, and, consequently, the easier it can
be excited.

5.2.2
The ideal metallic cylinder covered by a thin dielectric layer

The ideal metallic cylinder, covered by a thin dielectric layer, can also support
the surface wave. In the problem considered in the preceding subsection, the
role of such a layer was played by the skin layer on the surface of nonideal
metal. The difference between these two cases lies in the fact that the permit-
tivity of the layer material can be real and not necessarily large, and the layer
thickness is not connected with the value of |e|.

The rigorous theory of the surface waves in such a line is constructed in the
same way, as the theory of waves in the dielectric waveguide. However, in
the layer (at b < r < a, where b and a are the radii of the metallic cylinder
and of the line, respectively) the potential function x(r) for the symmetrical
mode does not have the form (5.2a), but also involves the Neumann function,
as follows:

x(r) = A(l)]o(TT) + A(Z)No(TT), % = kK% — 1% (5.41)

The introduction of the function Ny(7r) is permitted (and necessary), since the
point r = 0, at which it has a singularity, lies outside the domain where x(r) is
expressed. The presence of the two unknown coefficients in (5.41) is sufficient
for the boundary conditions to be fulfilled both on the metallic surface (at
r = a) where E; = 0, and on the exterior boundary of the dielectric layer (at
r = b) where the components E;, Hy, are continuous. The conditions lead to a
homogeneous system of three linear algebraic equations for AWM A2 and B,

(

where B is the coefficient at the function HOZ) (ar) in the potential function x(r)
outside the line (as in (5.2b)). The existence condition for nontrivial solutions
to this system gives a transcendental equation for /1, involving the Bessel and
Neumann functions of the arguments 7a and 7b, respectively, and the Hankel
function of aa. The equation is similar to (5.4), but has a more cumbersome
form. It transforms into (5.4) at b = 0. The equation also has a finite number
of the roots; all they are real with h? > k2, thatis, a% < 0.

If the thickness § = a — b of the dielectric layer is small in compari-
son with both the line radius (0 < a) and the wavelength in the material
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(6 < 27t/ (ke/?)), then simple approximate equations for & can be obtained.
At small J, the slowing is small, / is close to k, and \tx\z/ k* < 1. The expres-
sion T = [k?(e — 1) + &?] 1/2 can be replaced by the first terms of its expansion
in the series by the small parameter |a|/ (ke'/?). After performing not compli-
cated but cumbersome derivations, the equation becomes

(2)
EHOZ (o) — ks <1 _ 1) ) (5.42)
k Hl( )(zxu) €

The terms of the order ké(|a|a)? are omitted in the right-hand side of this ex-
pression. They should be considered only at very small values of e — 1. Further
we will not mention this clarification; the obtained formulas are valid at e # 1.

Equation (5.42) is analogous to (5.36), where the impedance w of a nonideal
metallic surface, which is proportional (according to (1.78)) to the skin layer
thickness d, is substituted by the value iké(1 — e~1). It follows from (5.42)
that |a|a < 1. Substituting the cylindrical functions by their values at small
arguments, we obtain the simpler equation

? o 1
In a very rough approximation, similar to that used when passing from
(5.37) to (5.38), we obtain the following explicit formula for /
h? _oe—1

mole o, e#L (5.44)

The slowing, that is, the ratio (h — k) /k has the order §/a. The wave is not
damping at real €. The size of the domain occupied by the field has the order
(a/8)Y/2/k. Tt is smaller than that in the case of the similar wave propagating
along the nonideal metallic cylinder (since, usually, 6 > d) and hence the
wave along the cylinder with a dielectric layer can be excited much easier.

The surface of the thin dielectric layer lying on the metal cannot be char-
acterized by an impedance. The field structure in the dielectric and the ratio
of the tangential components of E and H on the surface depend on the field
structure outside the dielectric. Only at e > 1, the field in the layer remains to
be a standing wave regardless of the exterior field structure, in which Ean = 0
on the metal. In this case, the ratio of the tangential components does not
depend on the exterior field; it equals iké.

For a finite € and arbitrary field structure, the field components are con-
nected as

0 oE,

E: = ikoHy + - =~ (5.45)



5.2 The lines with surface wave

on the surface. This relation is not an impedance one, because it involves a
derivative. To obtain (5.45), we should use the equation (rot E )¢ = —ikH, fol-
lowing from (1.31). Integrate this equation over the rectangle of length [ in the
layer (I > ¢, kI < 1) (Fig. 5.7) and use the Stokes theorem, according to which
the surface integral of the flux of the vector rotor equals the contour integral
of the tangential component of the vector. On the metal E, = 0. The compo-
nents E;, H, are continuous on the exterior boundary of the layer; in the layer
they are approximately the same as on the surface. Inside the dielectric, the
component E; is & times smaller than outside. Canceling / out of both the sides
of the obtained integral expression for Hy,, we get (5.45).

r
a
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Fig. 5.7 Integration domain for obtaining (5.45)

The application of formula (5.45) simplifies solving the boundary value
problems about the field in a domain bounded by an ideal metallic surface
covered with a thin dielectric layer, since it allow us not to consider the field
inside the layer.

5.2.3
The short-periodical surface

In certain cases, the surface wave can propagate along the ideal metallic rod if
its radius is a periodical function of the longitudinal coordinate z. For simplic-
ity, we assume that inside each periodical cell the rod surface is symmetrical
with respect to the plane z = const passing through the center of the cell
(Fig. 5.8). Then the rod radius can be expressed as the series

ad 2mnz
r(z) =rg+ n;l A cos T (5.46)

where L is the period (cell length). The rod is fully contained inside the vir-
tual cylindrical surface r = a = ry+ ) |As|. On this surface, all the field
components are periodical (with the same period L) functions of z multiplied
by exp(—ihz) with certain value of h. Since the space outside the surface is
homogeneous with respect to z, then all the components of the surface wave
depend on z by the same rule there.

We confine ourselves to the case of symmetrical modes which propagate
along the rod being a body of revolution. The division onto the TE- and T M-
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Fig. 5.8 Periodical surface

modes remains possible for this case, even if the rod radius depends on z.
Further we consider the T M-modes.
Outside the cylinder ¥ = a, the component E, can be expressed as

Ex(r,z) = exp(—ihz) | BoHy” (aor) + Y BuH{” (aur) exp (_Zanz)l :
n#0

(5.47)

The multiplier exp(—ihz) describes the alteration of both the phase and ampli-
tude (if Im/ # 0) when passing from one cell to the next one. The quantity &
depends on the cell shape. For a simple shape it will be found below. The sec-
ond multiplier in (5.47) describes the field alteration inside the cell. It follows
from the wave equation for E,, that

2
W2 =2 (h 4 2%) . (5.48)

If a%, is positive (i.e., a, is real) for at least one 1, —co < n < oo, then the
field is slowly (only as r—1/2) decreasing at r — co (unless B, = 0 for this n).
The field contains the term, which describes the wave outgoing into the radial
infinity and transmitting the energy out of the rod. In this case the surface
wave cannot exist. The existence condition for this wave is

2
(h + 2%) > k? (5.49)
which should be fulfilled for all 7.

We give a geometrical interpretation of this condition. The external field
can be treated as a sum of the fields created by currents flowing on the sur-
face of the line. Similarly as the field (5.47), the current consists of the terms
depending on z as exp(—ih,z), where h,, = (h + 2mtn/L). The current of each
cell generates a spherical wave, diverging with the velocity c. If such waves,
arisen in different cells, are not in-phase, then they mutually cancel almost
completely. The energy does not outgo from the line and the surface wave
exists. If there exists a direction in which the waves created by the adjacent
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cells are parallel and in-phase, then the waves of all the cells are in-phase in
this direction. The energy outgoes away off the line and the surface wave is
destroyed. This fact is inherent also to the homogeneous lines. An example
is the leaky wave of the dielectric waveguide: it is fast, destroyed and not the
eigenwave.

Consider the surface waves together with the spherical waves, radiated by
the cell centered at point A (Fig. 5.9). Each surface wave propagates with the
velocity ck/h, and reaches the next cell (centered at B) after time (L/c)(hy, /k).
During this time the spherical wave covers the distance Lh;, /k. If the surface
wave is fast (h, < k), then this distance is smaller than L (Fig. 5.9(a)). On the
front of the spherical wave, the phase is the same as at point B. The spherical
wave radiated by the point B is in-phase with the wave passing through the
point C, and these waves are in-phase with all the waves radiated by other
cells. In the direction making the angle 7 (cosy = h;,/k) with the z-axis, the
cone wave is formed. This is the scheme of the fast surface wave destroying. If
condition (5.49) holds, that is, i, > k, then the spherical waves outgoing from
the cell B is delayed in the phase from the wave generated in the cell A (Fig.
5.9(b)) and the cone wave does not appear. The slow waves are not destroyed.

(b)

Fig. 5.9 lllustration of the fast wave destroying

The field of the surface wave over the short-periodical surface possesses
certain properties, which will be considered in the example of the TM-mode
propagating over the rod of variable radius. In expression (14.15) for E,(r,z),
all the terms under the sum are fast-decreasing when moving away from the
surface ¥ = a. According to (5.48), (5.49), this decrease is approximately de-
scribed by the factor exp[—27t|n|(r — a) /L]. The sum in (5.47) describes small-
scale “ripple” on the field near the rod surface. The ripple disappears at dis-
tances of the order L, and the field is smoothed at r — a > L. It is described
only by the first term in (5.47) there.
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The same term also describes the period-average field E.(r,z) calculated as

L
/|:BOH IX(]T
0
o
+ Y BuH (ar) exp (- anZﬂdz. (5.50)

(2)(

When averaging, the periodical terms cancel, only the term with H;™ (aor)
remains. This field coincides with the asymptotic of the field at z —a > L:

E.(r,z) = exp(—ihz)

LNIH

exp(—ihz)

1=

L
/ E:(r,c)dc = lim E:(r,z). (5.51)
5 r/a—oo

In accordance with the above, the surface nonsmoothness can be neglected
when calculating the field outside the surface: it is possible to impose the
condition on a smooth surface, close to the short-periodical one, that the field
is equal to its average (per the period) value. This average value equals the
value of the field at the distance from the surface, large in comparison with the
period L, but small in comparison with the distance scale, where the exterior
field is noticeably varied.

5.2.4
The corrugated surface

According to the above assertion, in the problem about the rod with the short-
periodical surface, we can put

E.(a,z) = BOH(gZ) (wa) exp(—ihz) (5.52)

on the smooth virtual surface r = a, where the index 0 at « is omitted. Accord-
ing to (3.3), at r > g, the potential function x(r) equals

1
x(r) = EBOH(gZ)(M). (5.53)
Then (3.4) yields
ik (2) .
Hy(a) = —BOH (aa) exp(—ihz). (5.54)

In order to obtain the dispersion equation for /1, we should determine the field
structure in the domain between the surface r = a and the metallic rod surface,
and then write the continuity condition for the field.
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This technique can be easily realized for the periodical structure in the form
of a corrugated surface. Each cell of the surface is a rectangular canal (Fig.
5.10). Denote its depth by 5. The metallic bottom of the canal is located at
r = a — 6. The neighboring cells are separated by partitions. The partition
thickness is denoted by t, so that the canal width is L — t. The component E,
equals zero on the cylindrical surface r = aat L —t < z < L (here zis the
local longitudinal coordinate, equal zero on the left edge of the cell).

r,X
a <—t—>
f
)
4
— [ —>

Fig. 5.10 Corrugated surface

The field in the canal consists of the wave, field of which does not depend
on z, and of infinite number of higher waves, fields of which depend on z.
These fields exist at r < a, they make up the small-scale ripple at r > a.
They cancel when averaging over the period, only the main wave remains,
for which E.(r,z) does not depend on z. In this wave, only the components
E., H, differ from zero. According to (1.29), Hy = —(i/k)dE./dr in the field
independent of z.

We confine ourselves to the case, when the canal depth is small in compari-
son with the cylinder radius, § < a. Then the curvature of the surfaces r = a
and r = a — 0 may be ignored and the field in the canals can be expressed
as a combination of not cylindrical, but trigonometric functions. The argu-
ment of these functions contains the value x = v — a which can be treated as a
Cartesian coordinate. Since E; = 0 on the canal bottom (at x = —J), then

E, = Csinlk(x + 6)], H, = —iCcos[k(x 4 9)]. (5.55a)

On the cylindrical surface r = a we have x = 0, so that in the canal orifice the
field components are

E, = Csin(kd), Hy = —iCcos(kd). (5.55b)

On the surface r = a outside the canal (i. e., on metal), E, = 0. On the par-
tition top (at r = a), the component H, has approximately the same value
as on its side walls, because the current continuously passes from the parti-
tion wall onto its top. The average value of E;(a,z) is E; = Cgsin(ké), where
g = (L —t)/L, that is, it equals the ratio of the canal width to the cell length.
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Atr = a — 0, the ratio of the average fields is

E. .

— =igtan(kJ). (5.56)
Hy

Strictly speaking, the corrugated surface cannot be characterized by the
impedance, that is, by a value which does not depend on the exterior field
structure. The relation (5.56) between the period-average values of the field
components is valid only if the exterior field, and hence the field in the canals,
does not depend on ¢.

The impedance of the corrugated surface is anisotropic. Formula (5.56) re-
lates only to the component of the electric field, perpendicular to canals. The
waves with the only tangential component, parallel to canals, cannot prop-
agate in them. This component must be zero on both the canal walls, that
is, it should be fast varying in the z-direction at the distance of the order L.
Consequently, it must decrease in the x-direction, because it follows from the
wave equation that if 9% /9z > k?, then 9% /9x? > k? as well. For the compo-
nent E,, the corrugated surface is equivalent to the metallic one located a little
lower the surface x = 0, at the distance of the order L from it. If the exterior
field does not involve the component E;, then the corrugated surface cannot
support the surface wave.

Equating the ratio E;/ H,, for the symmetrical TE-mode propagating along
the rod with the corrugated surface (see (5.52)), to the impedance (5.56), we
obtain the following equation:

« H(()z) (o)

——————= = gtan(kd) (5.57a)
k Hl(z) (aa)

for the wave number /1 of this mode. It is analogous to equation (5.42) for
the wave propagating along the cylinder covered by a thin dielectric layer. At
Ima < O, that is, at aa = —i|aa|, the Hankel functions H,(n2 )(aa) can be ex-
pressed by the modified Hankel functions Ky, (|aa|), which are real and posi-
tive at all the real values of their argument. Then equation (5.57a) becomes

|aa| Ko(|aal)

T Ki(aa]) g tan(kJ). (5.57b)

Equation (5.57) can also be replaced by an approximate one of the type
(5.43). In a much more rough approximation, we can obtain the explicit ex-
pression for h?, similar to (5.44), as follows:

h—2 —1= 1 tan(kd) (5.58)
k2 ~ kal ' '
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A simpler expression is obtained if the canal depth is small in comparison
with the wavelength in vacuum, that is, at k0 < 1. In this case
hZ

)

According to (5.57), (5.58), in order to provide i > k, necessary for the slow
wave existence, the inequality tan(kd) > 0 should be fulfilled. The surface
wave can propagate along the corrugated rod with the canal depth ¢ such that
tan(kd) > 0. Hence, § should be smaller than the quarter of the wavelength
in vacuum (ké < 7t/2) or lie in the intervals (n7t < ké < (2n+1)7t/2). At
tan(kd) < 0, the corrugated surface does not support the surface wave.

Formulas (5.57)-(5.59) are not valid at k6 ~ 71/2 (or k6 ~ (2n+1)7t/2). It
follows from (5.57) that |aa| > 1 (i.e., h/k < 1) at tan(kd) > 1. The length
27t/ h of the surface wave becomes too small. Then the condition hL < 1 (i.e.,
the exterior field is weakly varied over the period), used when deriving equa-
tions (5.57), is violated. Formula (5.50) for the average field turns to be wrong.
The higher waves in canals participate in the formation of the exterior field.
The corrugated surface with the canal depth close to A/4,3A/4, ..., cannot be
characterized by the surface impedance.

5.25
Slow waves in closed waveguides

The structures considered above (dielectric layer on metal, corrugated sur-
face), along which slow waves can propagate, can also be used for construc-
tion of the closed metallic waveguides in which slow waves can exist. Such
waves are used in devices, in which the electromagnetic field interacts with
the axial electron flux, for instance, in the accelerators and travelling wave
tubes. The interaction is effective if the phase velocity v of the wave is close
to the electron velocity (which, of course, is smaller than c). In the nonfilled
metallic waveguides v > ¢ (h < k). For decreasing the phase velocity (i.e., to
slow down the wave), we should either fill a part of the waveguide with the
dielectric, or construct the waveguide walls on which the field satisfies certain
impedance condition.

Only the longitudinal component E; of the electric field effectively interacts
with the electron flux. On the axis of circular waveguide this component dif-
fers from zero only for the symmetrical TM-mode. In this and the next subsec-
tions we consider three devices, providing the existence of the slow symmetric
TM-mode in the circular waveguide.

Let the waveguide filled with the dielectric have a canal along the axis
(Fig. 5.11). The radii of the waveguide and canal are a and b, respectively
0<b<aye=1latr <bande > lath < r < a. In dielectric, the potential
function x(r) has the form (5.41). This field satisfies the following boundary
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conditions: E; = 0 atr = a; E; and H, are continuous at r = b. The conditions
lead to a system of three homogeneous linear equations for the coefficients
A, A?), C. The existence condition for solutions to this system gives the
sought equation for «.

OO SO
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Fig. 5.11 Closed waveguide with internal dielectric coating

It is easier not to apply this general technique, but to write the function x(r)
in the dielectric in the form

x(r) = AlJo(tr)No(ta) — No(tr)jo(Ta)], (5.60)

providing the immediate fulfillment of the condition at » = a for E,. Accord-
ing to (3.3), E; = sz, Hq, = —ikedy /dr in the dielectric. In the axial canal,
x(r) = CJo(ar), and E; = a®x, H, = —ikdx/dr. Equating the ratio E./H, at
r = b+ 0 (in the dielectric) and r = b — 0 (in the canal) leads to the following
equation for a:

aJo(ab) _ ETJO(Tb)NO(T”) — No(tb)Jo(Ta) (5.61)

J1(ab) J1(tb)No(Ta) — Ni(tb)Jo(Ta)

At b = a, that is, in the absence of the dielectric layer, the equation be-
comes Jo(aa) = 0, that is, the same as in the nonfilled waveguide (see Sub-
section 3.1.6). Its first root is « = vy1/a, where vyp; = 2.40. In the nonfilled
waveguide, a? > 0, h < k, and all the modes are fast. At b = 0, that is, when
the whole waveguide is filled with the dielectric, equation (5.61) transforms
into Jo(ta) = 0, and its first root is T = v /a. Then a? = (vo1/a)?> — k*(e — 1).
Introduce the parameter

2
F=1+ (%) , (5.62)
so that a? = k?>(—¢). Thena = Oate = § and a® > O ate < & Even the
complete filling of the waveguide with the material having a not large & does
not cause the first mode to be slow. If ¢ > &, then the first mode slows down
so much that its phase velocity is smaller than c.

The case b > 0 (i. e., the canal radius if finite) is qualitatively the same as at
b = 0, but the value g at which the phase velocity equals c, is larger than that
obtained by (5.62). In this case € should be calculated from equation (5.61) at
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v =0,T=k(E-1)1/2, e =8 Ata — b < a, that is, when the dielectric forms a
thin film on the metallic surface, the equation gives

1 2a

€= e (5.63)
that is, € > 1. Only the layer with a very large ¢, ¢ > €, coated on the waveg-
uide walls, can cause the slowing of the waveguide mode such that its phase
velocity is smaller than c.

The second example of the slowing system is a corrugated surface coated
on the inner wall of the circular waveguide. Denote the waveguide radius
and radius of the axial canal free of the partitions between the cells, by a
and b, respectively (Fig. 5.12). In the axial canals, the potential function
is x(r) = AJo(ar). In the radial canals, we take into consideration only the
term in the component E., independent of z and equal to Csin(kx), where
x = r—a. In this form, E;(r) = 0 at r = a (not at r = b, as in (5.55a)).
For the field with 9/0z = 0, we have H, = —(i/k)JE./dor = —iC cos(kx).
On the corrugated surface r = b, the field components are E; = —Csin(kd),
Hy = —iCcos(kd), where 6 = a — b is the canal depth. The impedance of the
corrugated surface is

L —ig tan (ko) (5.64)
H, . .
It differs from that given by (5.56) only in sign, which is explained by the fact
that (5.56) relates to the case when not the interior, but the exterior surface of
the cylinder is corrugated.

iy

LT

Fig. 5.12 Closed waveguide with corrugated surface

On the periphery of the axial canal (atr = b —0), E;/Hy =
—i(a/k)Jo(ab)/J1(ab). The equation for h has the form

a Jo(ab)
k J1(ab)
Of course at § = 0 it follows from (5.65) that &« = vy /b, that is, a is real. With
0 growing, « decreases and vanishes at
2
P

= gtan(kJ). (5.65)

tan(kd) = (5.66)
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For the larger 4, it follows from (5.65) that a2 <0,a = —i|a|, and the wave
becomes slow. Equation (5.65) takes the form, similar to (5.57b)

|| Io(|ee|b)

— = gtan(kd). 5.67

Here Iy, I; are the modified Bessel functions; at real values of the argument
they are real and positive.

In order to decrease the phase velocity of a waveguide mode to the value
smaller than ¢, the canal depth should be larger than that obtained by (5.66).
The note given at the end of Subsection 5.2.4 concerning nonapplicability of
the obtained results for 6 ~ A/4,..., is valid for the waveguide considered
here, either.

5.2.6
The helix line; the array

The metallic wire making up a helix line (Fig. 5.13(a)), is also a slowing sys-
tem. In a very rough approximation we may assume that a current wave prop-
agates along the wire, the wave velocity is c and it depends neither on the wire
shape nor on the current in other segments. Then the field created by the cur-
rent is a wave; its velocity v along the axis equals c cos 7y, where 7 is the angle
made by a wire turn with the axis, so that v < c.

(b)

Fig. 5.13 Helix line and wire array

In this subsection we outline the foundation of the helix line theory, con-
structed not on the above concept of the current wave propagating along the
wire, but on the electromagnetic consideration accounting the mutual influ-
ence of different segments of the line. The theory is based on the local rela-
tions between different components of the fields near short-periodical array
made up by the metallic wires (Fig. 5.13(b)). The helix line is considered as
an array convolved into the cylinder. The theory deals with the fields of the
wave propagating along the cylinder.

The main property of the array is its anisotropy, which makes it similar to
the corrugated surface. In contrast to the case of such a surface, the field exists
on both sides of the array. The boundary conditions determine the relations
between the field components on both of its sides.
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We consider a plane array of straightline wires and assume that the condi-
tions imposed on it are local, that is, they are the same as on the curvilinear
one making up the cylindrical surface. Denote the direction along the wires
by s, and the perpendicular direction lying in the array plane by t. In the ar-
ray neighborhood, the field can be divided into two parts linearly polarized
along the directions s and ¢, respectively. The first part has the components E;,
H;, the second one has E;, Hs. The boundary conditions for the fields of the
polarizations are different and independent of each other.

The conditions for the fields of the first polarization are

M=o, E¥ =0y, (5.68a)

where indices (1), (2) refer to the opposite sides of the array. For the field
of this polarization, the array is equivalent to the ideal-metallic surface. The
wave falling onto the array completely reflects. The current flows along the s-
direction, the component H; is discontinuous. The current can be determined
after solving the problem and finding the fields E;, H; in the whole space.
For the fields of the second polarization the local boundary conditions are

Et(l) _ Et(z), HY = H?), (5.68b)

The fields of this polarization are not disturbed by the array, they remain con-
tinuous. The wave falling onto the array completely passes through it. The
currents do not flow in the ¢-direction, that is, perpendicularly to the wires,
the component Hs is continuous.

Conditions (5.68) describe the array as a smooth surface having an infinite
anisotropic conductivity. The conditions are valid if the array period L is
small. In a layer near the array, the thickness of which has the order L, the
fields are fast varying. Outside this layer, at the distance from the array, much
larger than L, these fast variations (“ripple”) disappear. The fields participat-
ing in (5.68) are the limiting values of the fields at the large distance from the
array. The boundary conditions (5.68) have a sense if the exterior fields vary
a little over the distance of the order L. Under this condition, formulas (5.68)
are boundary conditions for these far fields. The two-sided conditions (5.68)
have the same sense as the one-sided impedance one (5.56) on the corrugated
surface.

Conditions (5.68) are approximate. They involve neither the array density,
nor the wire shape. Obviously, the waves of the first polarization (E; = 0)
partially penetrate through the wide-spaced array, as well as those of the sec-
ond polarization (Es = 0) partially reflect from the dense one. Both these
effects contradict conditions (5.68). The effects are essential in the problems
connected with radiation from resonators, walls of which contain the arrays.
The more exact theory of arrays will be explained in Subsection 6.3.4 where
such a problem is considered.
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In the theory of the slow wave lines, considered here, all main results can
be obtained under assumption that the averaged boundary conditions (5.68)
are valid on the cylindrical surface made up by the helix line. It may also be
assumed that the wires are located not inside a certain waveguide with the ra-
dius larger than the wavelength, but in free space. Accounting the conditions
on the waveguide walls does not change anything in principle.

Although the fields of the symmetrical waves do not depend on ¢, such
waves are hybrid, because the conditions imposed on the cylindrical surface,
depend on ¢. Both the axial components E,, H, differ from zero in these
waves, and the fields are expressed by both the potential functions x and .
They are proportional to the Bessel function of ar inside the cylinder and to
the Hankel function of the same argument outside it, as follows:

x(r) = Ajo(ar), ¢(r) = Blo(ar), r<a, (5.69a)
x(r) = CH(()z) (ar), (r) = DH(()z)(lXI’), r>a. (5.69b)

The four tangential components E;, E,, Hz, Hy should be calculated by for-
mulas (3.3), (3.4), and then the components participating in (5.68) should be
expressed as

As = Azcosy + Agsiny, Ap = —Azsiny + Apcosy. (5.70)

valid for any vector A. Substituting these expressions into (5.68), we obtain a
system of four linear homogeneous equations for the coefficients in (5.69). The
existence condition for its nontrivial solutions gives the sought equation for «.
Since the waves in the line are slow, the values « obtained from this equation
are imaginary: &« = —i|a|. Introducing the modified Bessel functions I,, K,

instead of J,, H,SZ) by the well-known formulas, we write the equation in the
form

2 _ sz1(|“|a)11(\“\”)

2
= T Ko@) o (jafa) T (5.71)

In this formula, the fraction is always positive so that the assumption a?> < 0
is fulfilled.

If [a|la > 11is assumed, then the above fraction is approximately equal to
unity, and &« = —iktany. The assumption is valid if katany > 1. Then
h = k/ cos 1y, that is, the phase velocity along the z-axis is ¢ cos . This result
was obtained above under the assumption that a current wave propagates
along the wires with velocity c. The theory based on the boundary conditions
(5.68), confirms this assumption for the case katany > 1.

The condition that the phase velocity does not depend on the frequency,
under which v = ccos+, is fulfilled in a wide frequency range. The range
is limited not only from below (ka should be sufficiently large) but also from
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above (ka should be sufficiently small). The demand hL < 1, necessary for
condition (5.68) (and, therefore, for equation (5.71)) to be valid, is violated at
very high frequencies. For the one-thread helix (one wire is coiled in such a
way that it makes up the cylindrical surface), the period L equals 2a cos vy, so
thatif 1 = k/ cos <y, then hL. = 2ka. Consequently, this equation is valid only
at ka < 1. Therefore, the simple result v = ¢ cos 1y is valid in the range

coty < ka < 1. (5.72)

At 71/2 — v < 1 this range is very wide. At the lower frequencies, |«| tends to
zero and the phase velocity increases tending to c.

5.2.7
The microstrip line

The microstrip line consists of a wide metallic strip, a dielectric plate lying on
it, and a narrow metallic strip lying on the dielectric (Fig. 5.14). The system is
a double-conducting line, with the conductors being the metallic strips. The
field of the wave propagating along this line, is more complicated than the
field of the TEM-mode, due to the presence of the dielectric layer. The field
has six components, E, # 0, H, # 0 in it. The theory of such a line is more
complicated than the theory of the co-axial one. Since the metallic surfaces
do not coincide with the coordinate ones, the fields cannot be presented as a
product of two functions, each of which is a function of one transverse coor-
dinate. The variable separation method, used above when investigating the
cylindrical lines, cannot be applied in this case. The detail theory of such lines
is very cumbersome. We confine ourselves to its qualitative description.

.

X
Fig. 5.14 Geometry of microstrip line

First, consider a conventional line which differs from the microstrip line in
the absence of the dielectric. As in any two-conductor line, in such a line with
arbitrary shaped conductors, there exists a wave with the propagation con-
stant h = k . The phase velocity equals c; it does not depend on the frequency.
The field of the wave is expressible by the potential function x(x,y), satisfying
the Laplace equation V2 = 0. The function x has different constant values on
the conductors. With accuracy to a nonessential factor, the field components
are expressed by (3.39). The same opposite-directed currents flow along the
conductors.
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If the width of the lower strip is much larger than that of the upper one and
than the distance between the strips, then the field exists only over the plane
of the lower strip. The field is the same as that between two narrow strips
located at the distance twice as large as that between the wide and narrow
strips. In this case, not the wide strip, but the reflection of the narrow strip in
the wide one, being like a mirror, may be treated as the second conductor.

This simple consideration allows us to estimate the rate of the field decreas-
ing in the radial direction for the line without the dielectric. It is convenient to
treat the field as one radiated by the currents on the conductors. The current
flowing along each conductor creates the field decreasing inversely propor-
tional to the distance from the conductor. This assertion is exact for the con-
ductor in the form of a circular cylinder. In the case of the arbitrary-shaped
conductors, it is approximately valid for the fields at the large distance from
them. Two conductors — the narrow strip and its reflection — with the same
currents, different only in sign, create the field decreasing inversely propor-
tional to the squared distance from the line.

If the distance between the strips is small in comparison with the width of
the narrow one, then the field is mainly concentrated between the strips, un-
der the narrow one. The components E, and Hy (E, ~ —Hy) are larger than
others and weekly dependent on the coordinates. In this domain x almost lin-
early depends on the coordinate i, normal to the strips. As it has been shown
in Subsection 3.1.7, the electric field of the TEM-mode of the two-conductor
line coincides with the electrostatic field of the long condenser. The field out-
side the domain between the narrow strip and its reflection, coincides with
the “scattering field” of the long condenser consisting of two parallel narrow
metallic strips.

In the domain between the strips, the potential function x(x,y) depends
on both the coordinates x, ¥ and decreases when moving away from the line.
This function can be found by using the conformal mapping technique. The
obtained formulas are very cumbersome. Recall that all these considerations
relate to a simplified, conventional model, namely, the line without the dielec-
tric.

Introduction of the dielectric plate into the space between the strips results
in a field disturbance, in particular, in appearance of the components E,, H,.
Then the potential functions x and ¥ satisfy not the Laplace equation but the
wave equations different in the dielectric and outside it. The most noticeable
effect is the wave slowing. It is caused by the fact that the energy flux par-
tially flaws in the dielectric where the field is mainly concentrated. In the very
rough approximation, the propagation constant equals ke'/2, as in unbounded
dielectric.

At the radial infinity, the field of the slow wave decreases exponentially, ap-
proximately as exp(—|a|r), where a> = k» — h2. If we assume that i = ke!/?,
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then |«| = k(e — 1)1/2. Consequently, the field of the wave in the mi-
crostrip line decreases when moving away from the line, approximately as
exp(—kr(e —1)1/2) /12, and propagates with the phase velocity v = c/e!/2.
Both these estimations are very rough. They give only the order of the linear
size of the domain occupied by the field, and the order of the phase velocity.

5.3
The wave beam

5.3.1
The wave beam

The energy can be transmitted not only by an electromagnetic wave propa-
gating along a certain material guide, but also by a wave making up a long
narrow beam in the free space. The beam can be formed by a set of radiators
located in the plane domain z = 0, all linear sizes of which are much larger
than the wavelength. An appropriate choice of the amplitudes and phases of
the radiators permits to form the beam due to the interference of the fields
created by them. The total field is mostly located inside the beam, and it fast
decreases when moving away from the beam. The distance at which the beam
widens insignificantly, has the order of ratio of the area of the domain, where
radiators are located, to the wavelength, that is, it is much larger than the size
of radiator set. The beam falls onto a set of receivers, lying in the plane z = d
parallel to the radiator plane. Such a line can transmit the energy for a very
large distance with losses of a few per cent. The sets of radiators (transmitting
antenna) and receivers (receiving antenna) are called the antenna and rectenna,
respectively.

The theory of such a line involves the methods of solving the direct and in-
verse problems. The direct problem consists in finding the field in the whole
space (in particular, on the rectenna and in its plane) by the given field on the
antenna. The inverse problem consists in finding the field on the antenna such
that certain functional of the field in the space (in particular, in the rectenna
plane) is extreme (minimal or maximal, depending on the functional type).
Further, we consider three functionals, describing the energy and ecology de-
mands. Three corresponding formulations of the inverse problem are consid-
ered and the field structures on the rectenna, providing the minimum of the
functionals, are found. Another optimization problem is considered, consist-
ing in finding the optimal shapes of the antenna and rectenna with the given
fixed areas.

The theory of long beam can be constructed in the scalar approximation.
A linear polarization created on the antenna remains in the entire beam with
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almost no distortion. Neglecting the depolarization, we describe the field by
only one scalar function U(X,Y,Z), where X,Y, Z are the Cartesian coordi-
nates. The function U is any of the Cartesian components of the fields E or H,
parallel to the antenna. The function satisfies the wave equation

’Uu  9*u U .,

m+m+ﬁ+ku—0. (5.73)
Let the coordinate origin be located on the antenna and the Z-axis be direct
toward the rectenna; then the axes X, Y lie in the antenna plane (see Fig. 5.15).
Denote the domain, occupied by the antenna, by D. The field in the antenna
plane, that is, the function U(X,Y,0), differs from zero only at points X,Y
lying inside D or on its boundary.

Fig. 5.15 The antenna-rectenna transmitting line

The direct problem consists in expressing U(X,Y,Z)atZ > 0by U(X, Y, 0).
Besides equation (5.73), the field U (X, Y, Z) should satisfy the radiation con-
dition at Z — oo (see (1.33)). Since the value of the sought function is given
on the very simple surface (the plane), the problem can be solved without us-
ing the general technique of the Green function, but directly continuing the
function given at Z = 0 into the domain Z > 0.

Expand the function U(X, Y, 0) into the double Fourier integral

U(X,Y,0) = / / F(B,7) exp(—ipX — inY) dpdry. (5.74)
The function f (B, v) equals
F(By) = / / U(X,Y,0) exp(iBX + ivY) dXdY, (5.75)
D

with accuracy to a nonessential numeral factor, omitted in the next formulas as
well. At Z > 0, the function U(X, Y, Z) is obtained from (5.74) by replacing the
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factor exp(—ifX — ivY) with exp[—iBX — ivY —i(k* — B? — 4?)1/2Z], where
(kK2 — B2 — )12 = —i(B? + 92 — k*)V/2 at B2 + 4> > k2. The function

U(X,Y,Z) = /7f([3,'y) exp (—z’/sx —iyY — iR - 722) dBdy
(5.76)

satisfies equation (5.73) at Z > 0 and the radiation condition at Z — oo; it
becomes U(X,Y,0) at Z = 0. Substituting (5.75) into (5.76) and changing the
integration order, we obtain a formal solution to the above boundary value
problem, as follows:

[ee)

U(X,Y,Z) = // u(x,v,0) // exp(—ip(X — X) — i (Y — ¥)—
D

i\/k2 — B2 —92Z) dpdydX dY. (5.77)

We assume that the field U (X, Y,0) is smooth, that is, it is slightly varying
over the distance of the order of the wavelength. Then the function f(8, )
is “concentrated” at the values |B|, ||, small in comparison with k. At larger
values of these variables the function is small. Therefore, we can put

2k

K2 — (B +92) = k— (5.78)
in (5.76). Substituting this approximate expression into (5.77), we can keep the
integration with respect to B, v over the infinite limits. Although the expres-
sion (5.78) is not valid at large ,82, 72, the error in the value of the field is small,
because the integrand is small at such %, 42. After substituting (5.78) into
(5.77), the factor exp(—ikZ) is taken out of the integral, and the inner integrals
(with respect to § and ) are calculated in the explicit form. The expression
(5.77) becomes

U(X,Y,7) :exp(—ikZ)g// u(x,v,0)
D

X exp {—% [(X — X4 (Y - Y)Z} } dxXdyY. (5.79)
Here a constant factor is omitted again.
Introduce the function

Y, (X,Y) = %(X2 +Y?). (5.80)
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Then the formula (5.79) can be written as

U(X,Y,Z) = exp(—ikZ) exp [~i¥2(X, Y)] ;//U(}A(,?,O)
D

x exp [~i¥2(X,¥)| exp [%(Xf{ + Y?)} dXdY. (5.81)

This formula determines the field at any Z and, in particular, in the rectenna
plane, that is, at Z = d, where d is the distance between the antenna and
rectenna.

Further we seek for the field U(X,Y,0) on the antenna from the demand
for the certain functionals of U(X,Y,d) to be extreme. It turns out that in
many cases the field U(X,Y,0) should be such that U(X,Y,0) exp[i'¥;(X,Y)]
is real. The modulus of this product is different for different functionals,
but, as a rule, its phase is zero. Hence, the function U(X,Y,0) should have
the phase ¥;(X,Y). In the antenna neighborhood, the total field phase is
¥;(X,Y) — kZ. This result has a simple geometrical interpretation. The equa-
tion of the equiphase surface

X% +Y?
2d
describes a paraboloid, which approximates a part of the sphere centered at
X =0,Y =0, Z = d, that is, at the rectenna center. The normals to this
surface, that is, the sphere radii, intersect in its center. Consequently, the field
focused on the rectenna in the geometro-optical sense should be created on
the antenna.

At certain symmetry conditions, which are usually fulfilled by the field on
the antenna, the reality of U(X,Y,0) exp[i¥4(X,Y)] causes the reality of the
integral in (5.81) at Z = d. In this case the field on the rectenna has the phase
—¥,(X,Y) — kZ. The equiphase surface described by the equation

— Z = const (5.82a)

X2+ Y2
2d
is a part of the sphere with the curvature, which differs from that of the surface
(5.82a) only in sign. Equations (5.82a), (5.82b) describe the equiphase surfaces
of the convergent and divergent waves, respectively. The curvature of the
equiphase surface of the field propagating along the beam (in the Z-direction)
firstly decreases to zero, then changes its sign and linearly increases in mod-
ulus. The wave transforms from convergent to divergent one (see the dotted
lines in Fig. 5.15).
The effective width of the beam is changing as well. It decreases when the
wave goes out from the antenna (while the equiphase surface curvature is pos-
itive), then reaches its minimal value (the curvature is zero) and then grows

+ Z = const, (5.82b)
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(the curvature is negative). The process of the effective width changing de-
pends on the distribution of the field modulus on the antenna, its physical
parameters (i. e., the size and shape of the antenna), and the beam length.

5.3.2
Parabolic equation

The field in the beam is a wave propagating along the Z-axis; the structure of
the field is slow varying, that is, it varies a little at the distance of the wave-
length. The approximate formula (5.79) consists of two multipliers, one of
them is the fast-varying exponent exp(—ikZ), and another is the slow-varying
integral divided by Z. The slow-varying multiplier depends on all three coor-
dinates; we denote it by W(X, Y, Z).

The field has a similar structure in many other cases when the plane wave
propagates with a slow deformation. The deformation can be caused either
by the presence of certain external objects, or (as for the beam in free space)
by diffusion laws which will be specified below. These laws lead to the field
smoothening, that is, to elimination of its sharp jumps. In solutions to the
wave equation, this process is “concealed” by the more intensive one describ-
ing the wave propagation, that is, by the fast varying of the field phase. The
processes can be investigated by the artificial technique given below.

Express the sought solution to the wave equation as a product

U(X,Y.Z) =exp(—ikZ)W(X,Y,Z). (5.83)
Substituting (5.83) into (5.73) yields the equation

W W PW oW

for W(X,Y,Z). Introduction of the new unknown function W instead of U
does not change the type of the equation — it remains to be elliptic (as (5.73)).

Denote the spatial scale of the function W varying with respect to the trans-
verse coordinates X, Y by L, and to the longitudinal one Z by L. In the
dimensionless coordinates x = X/L,,y =Y/L,,z =2/ L) equation (5.84),
is rewritten as

2
W W L\ W L3 oW
0z2 Ly oz

27 T a2 L =0. (5.85)

All the derivatives with respect to the dimensionless coordinates have the
same order. Assume, that

2
LH >L > 77[, (5.86)
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that is, the function W is very slow varying (in the scale of the wavelength)
in the transverse direction and much slower varying in the longitudinal one.
Assume that the three scales participating in (5.86) are related as

kL3 = L. (5.87)

Then the third term in (5.85) contains the small factor (L, /L )2 = (kL )L
Dropping this term reduces (5.85) to the form
2 2
E;TI/;/ + 887]/;/ - 21'88—2/ =0. (5.88)
Of course, after solving (5.88) we should verify that the assumptions (5.87),
(5.86) are fulfilled.

In contrast to the exact equation (5.85), the approximate one (5.88) belongs
to the parabolic type. Equation (5.85) is an elliptic one having a small coeffi-
cient at one of the higher derivatives. Dropping this derivative changes the
equation type. This dropping is permissible in the domain, in which the ob-
tained equation has the property (5.86), assumed during its derivation. The
appropriate multiplier in the solution (5.79), that is, the factor at exp(—ikZ)
satisfies this demand. Function (5.79) is a solution to the parabolic equation
(5.88). The approximation (5.78) used when deriving the solution (5.79) is
equivalent to the dropping of the small term in the differential equation (5.85).

We obtain the solution to the parabolic equation (5.88) immediately using
the technique of the Green function. The Green function of this equation has
the form

G(X, Y, Z; Xo, Yo, Zo)
1 —ik
=7-2,%P {2( _120) [(X — Xo)?+ (Y - Yo)z} } . (5.89)

It satisfies the nonhomogeneous equation corresponding to (5.88), with the
product of the three J-functions, of X — Xy, Y — Yy, and Z — Zy, respectively,
on the right-hand side. Function (5.89) describes the field created by the point
source located at the point (X, Yo, Zo). The integral

// Glzy—0 - U(Xo, Yo, Zo) dXo dYp (5.90)
D

is the field created in the domain Z > 0 by sources located on the plane Z = 0
with the density U(X, Yo, 0), that is, the solution to the boundary value prob-
lem for equation (5.88) with the condition W(X,Y,0) = U(X,Y,0), where
U(X,Y,0)is a given function. Multiplying function (5.90) by exp(—ikZ), we
obtain the sought approximate solution to equation (5.73) as the product (5.81)
of the fast-varying exponent and the slow-varying function W.
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Note that the Green function (5.89) of the parabolic equation (5.88) can be
obtained from the Green function
exp(—ikR)
— R
of the elliptic one, after using the approximation

(X —Xo)* + (Y = Yp)?
2(Z - Zy) '

valid at |Z — Zy| > |X — Xo|, |Z — Zy| > |Y — Yp|. This approximation is valid
at the distance from the antenna much larger than its size, that is, almost in the
whole domain Z > 0. According to (5.78), the narrow beam is a composition
of the plane waves propagating in the directions making the small angles with
the Z-axis. According to (5.92), the narrow beam is a field concentrated in the
neighborhood of the Z-axis. In fact, these two definitions are equivalent.

The parabolic equation describes the processes of the diffusion type, such
as the heat conduction or the diffusion of dissolved substances in fluid. These
processes are time dependent. They are intensive in the domains where the
gradients of the field (e.g., of the heat) are large. In our problems, the Z-
coordinate plays a role of time, whereas the heat is represented by the am-
plitude of the field W. The amplitude diffusion proceeds across the beam.
In the antenna neighborhood, the influence of the geometrical optics laws is
stronger, a “focusing” takes place and the beam first is compressed. Then the
diffusion processes, namely, repulsing (as the rays are thick elastic fibers) and
sprawling manifest themselves. The beam stops compressing before it comes
to the focus (i. e., to the rectenna), it starts extending. This conflict of the two
tendencies (the ray and wave optics) manifests itself not only in the case of the
wave beam propagation in free space, but also in many other cases when the
field can be described by the product of the fast- and slow-varying factors.

R= /(X —Xo)2 4+ (Y~ Y0)2 + (Z — Z0)?, (5.91)

R~Z—Zy+ (5.92)

5.3.3
The energy transmission coefficient

In this and the next subsections, the fields U(X,Y,0) will be found, which
should be created on the antenna for the field in the rectenna plane to be opti-
mal (in a certain sense). The consideration is based on formula (5.81).

We introduce the notations simplifying the derivations. Denote a charac-
teristic linear scale of the antenna by 4, and introduce the dimensionless co-
ordinates x = X/a, y = Y/b in its plane. Similarly, denote the rectenna scale
by &, and introduce the coordinates { = X/, 7 = Y/« in its plane. Denote
the product of the field on the antenna and its phase, taken with the opposite

sign, by u(x,y):
u(x,y) =U(X,Y,0)exp[—i¥s(X,Y)]. (5.93)
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Similarly, for the rectenna,
v(¢,n) =U(X,Y,d)exp[i¥;(X,Y)]. (5.94)

The signs in the phase factors correspond to the curvature signs of the
equiphase surfaces near the antenna and rectenna (see Fig. 5.15). For fulfilling
the demands which will be imposed on v(¢, ) further in this subsection, the
function u(x,y) should be real. Then the function v(¢,#) will be real, either.
In fact, the functions u(x,y) and v(¢, 7) are the amplitudes of the fields in the
antenna (Z = 0) and rectenna (Z = d) planes, respectively.

The main formula expressing v(&, #7) by u(x,y) has the form

0(&n) = 3= [ ulx,y) explic(xe + yn)ldxdy, (595)
D
where
kaw

is the main characteristics of the beam, D is the antenna domain. The
nonessential factor i exp(—ikd) is omitted in (5.95). According to (5.95), the
field in the rectenna plane is the double Fourier transformation of the field on
the antenna. Strictly speaking, the functions u and v are not fields: they differ
from those by phase factors.

In the neighborhood of the antenna and rectenna, the field structure is close
to the plane wave, and therefore, the flux of energy radiated by the antenna
and falling onto the rectenna is equal to the integrals of |u|? and |v|?, respec-
tively. The energy transmission coefficient is the ratio of the energy falling onto
the rectenna to the energy radiated by the antenna:

S N A
a2 [ [ |u(x,y)[2 dxdy’

where A is the rectenna domain. The factor / is smaller than unity. The value
1 —lis the relative part of the energy missing the rectenna, so-called the diffrac-
tion losses.

To simplify the formula, we introduce the vectors ¥ = (x,y), & = (&,7).
Then dX = dx -dy, d€ = d&-dy, X = x& + yy. The main formula (5.95)

(5.97)

becomes
o) =2 [u@KE (5.98)
D
where

K(%, &) = iﬂ exp (icxC). (5.99)
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Substituting (5.99) into (5.98) and interchanging the integration order, we ob-
tain the expression
d

[ u(@)u (% )K1(5c' ) dx di’
[ u@)u (@) dx

Hu(x)] = (5.100)
for the factor [ treated as the functional of u(X); the iterated kernel K; in (5.100)
is

=,

Ky(F, %) = / K(Z,&)K* (¥, &) dé. (5.101)

The kernel is Hermitian, that is, K; (¥, X') = K (¥, X).

Denote the function providing the maximum of the functional /[u] by u;.
Substituting the function u(X) = u;(¥) + ve(X) with arbitrary ¢(¥) and small
real v, into (5.100) and dropping the terms of the order v%, we reduce the func-
tional /[u] to the form I[u] = (M + Nv)/(m + nv). The function u; provides
the maximum to /[u] if the linear terms are not present in the expansion of /[u]
by the powers of v, that is,

1wy (X) + vo(®)] = lu(%)] + O(v?). (5.102)

This property of u;(X) takes place if M/m = N/n. Denote this ratio by A.
Then A = I[u;] (with the same accuracy to v?). It can be shown that the above
condition holds if u;(X) satisfies the homogeneous equation

/ Ky (%, @)y (%) d = Ay (7). (5.103)

The field on the antenna providing the maximum to the energy transmis-
sion coefficient (5.97) is an eigenfunction of equation (5.103). The value of
this maximum equals the first (maximal) eigenvalue of the equation. We keep
the notation A for this value. Since the kernel K; is Hermitian, A is real, as
it must be according to (5.97). If the kernel K; (%, X’) is real (as it is in many
symmetrical cases), then the field u;(X) is real, either.

The eigenvalues A depend on both the antenna and rectenna shapes, and
on the parameter c. We give the appropriate formulas for the case when the
antenna and rectenna have the circular shape. Denote their radii by 2 and «, re-
spectively. The dimensionless radial coordinates on the antenna and rectenna
are denoted by 7, 0 < r < 1,and p, 0 < p < 1, respectively. Assume that
the field on the antenna does not depend on the angular coordinate. Then the
field on the rectenna is also symmetric, and formula (5.98) becomes

1
v(p) =c /u(r)]o(crp)rdr. (5.104)
0

a
44
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The homogeneous integral equation for the eigenfunction u;(r) providing the
maximum of the energy transmission coefficient (5.97) is

1 / / /
C/l/ll(l’/) }’]0(C7’ )]1 (;;)__(:/{g(cr)ll(cr )T, dr' = Aul(r). (5105)
0

In Figure 5.16 the first eigenfunction u;(r) of equation (5.105) is shown
for several values of the parameter c. It is normalized by the condition!
fol u?(r)rdr = 1. The larger c, the faster this optimal field decreases when
moving toward the antenna edge, and the closer the function to the Gauss one
exp(—pr?) with some coefficient f. Simultaneously, the maximal transmis-
sion coefficient grows. The radiation losses 1 — A are presented in Fig. 5.17 as
a function of c. Recall that, according to (5.96), the parameter ¢ increases when
the frequency is increasing or the distance between the antenna and rectenna
is decreasing. For instance, the value ¢ = 7 is reached at the wavelength
A = 0.1 m, the distance between the antenna and rectenna d = 1000 km, the
radius of the antenna 2 = 100 m and the rectenna @ = 500 m. In this case the
diffraction losses equals about 9 per cent.

U
a4t
3.5¢
3k

0 01 02 03 04 05 06 0.7 08 09 7

Fig. 5.16 Optimal field distribution for maximization of the transmis-
sion coefficient

5.3.4
Optimal antenna and rectenna shapes

The kernel of the transformation (5.95) involves the coordinates x, y and ¢, 77 in
the combination x¢ + y#, invariant with respect to two simultaneous replace-

n analogous Fig. 6.6 in book [18*] a different normalization was used.
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Fig. 5.17 Energy losses in the line with optimal transmission coeffi-
cient

ments of variables: x, y with X, i and ¢, # with E, 77, as follows:

1
X = tx, y= ?y, (5.106a)

E=-¢ fi=ty, t#O (5.106b)
The invariance of the transformation (5.95) with respect to the replacements
(5.106) implies that if the antenna is proportionally expanded in the x-
direction and contracted it in the y-direction, then the field in the rectenna
plane is contracted in the ¢-direction and expanded in the #-direction. An
example of such a mapping is the known optical effect: if we contract the slot,
through which a screen located in its Fresnel zone is illuminated, then the
image of the slot on the screen is extended.

If the antenna and rectenna are replaced by those with the contours mapped
by (5.106), then the new line is equivalent to the initial one. In particular,
the areas of the antenna and rectenna do not change, because the Jacobian
of both the transformations equals unity. If the field (X, ) created on the
antenna of the second line, is connected with the field on the first antenna by
the formula #1(X, ) = u(X/t,ty), then the fields on the rectennas are connected
as 0(¢,7) = v(t&,7/t). For instance, if the antenna and rectenna in the first
line are circular (Fig. 5.18(a)), then they are ellipses (Fig. 5.18(b)) with the
axes ratio * in the second one. The large axes of the antenna and rectenna in
second line are perpendicular. If the field on the first antenna is described by
the function u(x,y) = cos(x? + y?), then the field on the antenna in second
line is #1(X, §) = cos(X2/t> + t23?).

If the rectenna area is given, then the maximally possible energy transmis-
sion coefficient A depends on the rectenna shape. Its value is maximal if the
field v(&,n) is constant at all points of the rectenna contour. This fact can
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Fig. 5.18 Shapes of the radiating and receiving antennas in the equiv-
alent transmitting lines

be proven by calculating the variation of the eigenvalue of equation (5.103);
when slightly deforming the domain A with keeping its area. However, this
result can be obtained by the following illustrative consideration. Let the field
amplitude in a part of the rectenna contour be smaller than in a neighbor-
ing segment of the contour. This means that the density of energy flux, falling
onto the rectenna domain neighboring to this contour segment, is smaller than
that in the neighbor domain. Then the rectenna contour can be deformed with
preserving its area, but contracting the domain with the small flux and enlarg-
ing that with the large one. The total flux falling onto the rectenna increases.
Such a deformation is impossible only in the case when the energy flux is the
same in the whole domain neighboring to the contour, and hence the field at
all points of the rectenna contour is the same.

The same result also relates to the antenna. This fact can be proven in the
above way applied to the “reciprocal” line, in which the antenna and rectenna
are interchanged. In this line, the field must be constant on the antenna con-
tour. The field on the antenna in the real line, must be equal to the field on the
antenna in the reciprocal one. Obviously, the maximal energy transmission
coefficient in both the lines is the same.

The condition for the fields on the antenna as well as for the field on the
rectenna, hold in the line with circular antenna and rectenna and axially sym-
metrical fields on them.

Let the areas of antenna and rectenna be fixed; denote them by the same
letters D and A as the corresponding domains were denoted above. Assume
that the line described in the previous paragraph has the maximal value of A



5.3 The wave beam |201

among all lines having the same k, 4, D, A. Of course, any line, antenna and
rectenna of which are obtained from the circles by mapping (5.106) has the
same value A.

The radii of the circles with areas D and A are equal to a = (D /)2,
w = (A/)'/?, respectively. The parameter c is

c— X pa (5.107)
7td

If the above assumption holds, then the maximal value of the energy trans-
mission coefficient / for a line with any shapes of the antenna and rectenna is
equal to the value A for the circular antenna and rectenna with the parameter c
given by (5.107).

5.3.5
Fields in the rectenna plane

The maximality of the energy transmission coefficient is not the only demand
to the wave beam as an energy transmission line. In particular, the field distri-
bution on the rectenna should be as uniform as possible, that is, the utilization
factor of the rectenna should be maximally close to unity. Depending on the
specific geographical conditions in the rectenna neighborhood and according
to the ecological criteria, the field should either quickly decrease when mov-
ing away from the rectenna in its plane, or not to be concentrated near it.

We will seek for the field on the antenna, requiring that the field in the
rectenna plane should be maximally close to a given field vy(&). In fact,
only the modulus |vy(&)| of this function is of practical interest, its phase is
nonessential. Free choice of the phase allows us to decrease the difference be-
tween the function |vy(&)| and modulus of the field which can be created on
the rectenna. This possibility will be considered in the next subsection.

The demand for (&) to be equal to the given function vy (&) in the rectenna
plane leads to the integral equation of the first kind
2wk &)z = o(@),

o
D

—c0 < |&] < oo, (5.108)

for the field u(X) on the antenna. This equation has a solution only for a very
narrow class of functions vg(&): not any given field distribution in the rectenna
plane can be created by the field u(¥) different from zero only on a finite part
of the plane Z = 0. In any case, the solution does not exist if the function vy (&)
is zero outside the rectenna. By this reason, we seek for the field u(¥) on the
antenna, minimizing the functional

ﬁlM@—m@Fﬁ‘

= s @R

(5.109)
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If equation (15.33) with given v (&) has a solution, then it minimizes the func-
tional o and makes it zero. In other case, the minimal value of ¢ is positive.
Denote the function, minimizing o, by u(¥) , and the corresponding field
in the rectenna plane, obtained from u, (%) by formula (5.98), by v, (). The
function v, (&) is the pseudo-solution to equation (5.108).

To obtain the Lagrange-Euler equation for the functional o, we substitute
the field u(X) = u,(X) + ve(X) into (5.109); here ¢(X) is an arbitrary square-
integrable complex function, v is a small real number. Equating the linear with
respect to v term in the numerator of (5.109) to zero, we obtain

VRe q) / o(&) —00(@)] K*(%, ) d i = . (5.110)

Choosing the arbitrary complex function ¢(X) as real and imaginary ones in-
dependently, we obtain that (5.110) holds only if the inner integral in it is zero.
Substituting v, by (5.98), leads to the equation

/OOK*(J?, E)/ug(f’)K( /Oo )K" (%, &) dé. (5.111)
J J oo

=,

In contrast to (5.108), equation (5.111) has a solution for any function vy(¢).
This solution can be easily found. It is easy to show that the integral

/ K* (%, &)K(T, &) dé (5.112)

is proportional to (X — ¥"). Hence, the explicit solution to equation (5.111) is

ue(%) = [ 00K (%8 dE; (5113)
A
here a constant factor is omitted .

We call the field vy () in the rectenna plane, constant on the rectenna and
equal zero outside it, as the “ideal” one. Such field would provide the full
utilization of the rectenna surface and the absence of the diffraction losses. Of
course, it is impossible to create such a field by the antenna of the finite size.
According to (5.113), the field on the antenna, creating the field closest (in the
mean-square sense) to the ideal one in the rectenna plane, is

ua(®) = / K*(%, &) dE. (5.114)
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For instance, for the line with circular antenna and rectenna, this field (with
accuracy to a constant factor) is

uy(r) = chr) (5.115)
If the parameter c is smaller than the first zero of J;, that is, ¢ < 3.83, then the
optimal field does not change its sign on the antenna. If ¢ > 3.83, this field
changes the sign. It turns out that in this case the field (5.115), creating the
symmetrical (independent of the angular coordinate) field on the rectenna, is
not optimal if the ideal field is given only by its modulus (see the next sub-
section). The larger the parameter c, the closest is the field in the rectenna
plane to the ideal one. At c # 3.83, this field decreases when moving away
from the rectenna edge (i.e., at p > 1) as Ji(cp)/p. At c = 3.83 when the
field on the antenna is zero at the edge (at r = 1), the field in the rectenna
plane decreases faster when moving away from the edge. In Chapter 6 it will
be shown that this effect takes place for all large antennas - the smoother the
field on the antenna decreases when approaching the edge, the stronger the
far field concentrates around the main radiation direction.

Obviously, the field u; on the antenna, providing the maximum to the en-
ergy transmission coefficient, gives the value o larger than o|u,]. Similarly, the
function u, gives the value of functional / smaller than I[u;]. The field, which
should be created on the antenna, is determined by a compromise between
the energy and ecology criteria.

5.3.6
Free phase of desired field on rectenna

The solution obtained in the preceding subsection can be improved in certain
range of the parameter ¢, if only the modulus of the desired field vy on the
rectenna is given, that is, if the functional to be minimized has the form

o] = A O] = oo @ 5116

S o) 2 a8

Applying the technique used when finding the function u,(¥) which mini-
mizes the functional ¢, we obtain the following nonlinear integral equation:

ey (%) = 7 [00(§)IK* (%,8) exp {iarg [vg, (£)| } a (5:117)

for the function 1, (¥) minimizing the functional o7; here the function v, (&)
is connected with 1., (¥) by (5.98). It is more convenient to use the nonlinear

203



204| 5 Open Lines

equation
0, (& / 00(&)|K2(&,&") exp {iarg [ve, (2)] } 4, (5118)

obtained by substituting (5.117) into the right-hand side of (5.98). Here

K& 8) = [ KEDK (%8 s (5.119)

is the iterated kernel, different from Kj (¥, X) (5.101) in the integration domain.
If equation (5.118) is solved, then the field on the antenna is calculated by
(5.117). Note that these two equations are obtained from the necessary con-
dition of the functional extremum, and they describe all its stationary points,
not only minima.

We give the following simplest properties of equation (5.118):

() if v, (&) solves (5.118), then exp (ia) vy, (&), also solves (5.118) with any
real constant «;

(b) if Ky(& &) is real and vy, (&) solves (5.118), then v} ((f) also solves
(5.118);

(c) if the function

29() / l00(8) Ko (Z, &) dE (5.120)

is real and positive anywhere in A, then it solves (5.118). Obviously, v((f(l]) (&) is
the field in the rectenna plane, created by the field (5.114), if 00(5) is real and
positive anywhere in A.

In the particular case, when the antenna and rectenna are circular, equation

(5.118) becomes
T MACLEY S
Vo (0, 9 —C//| (o9’ \Wexp{iarg (00, (0", 9")] } 0" dp" dy’,
00

(5.121)

where |R — R'| = [0 + (0')? — 200’ cos(p — ¢')]!/? is the distance between
two points on the rectenna. The field on the antenna, creating v, (p, ¢) is (in
accuracy to a nonessential factor)

2 1
e, (r,9) = [ [ oo(e, 9) explicro cos(p = y)] exp {iarg o, (o, )]} pdpd.

(5.122)
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It turns out that at relatively small ¢, equation (5.121) have only solution
(5.120) and it minimizes the functional (5.116). If |vy| does not depend on ¢,
then the value c( such that (5.120) provides the minimum to (5.116) only at
¢ < ¢y, is the first root of the transcendental equation

1
/ [vo(p0)[Jo(cop)pdp = 0. (5.123)
0

In particular, if |vg(p)| = const, then (5.123) has the form J;(c) = 0 and its first
positive zero is ¢g = 3.83. This value of ¢ has been discussed in the preceding
subsection as the value at which the optimal field is zero at the antenna edge.
At ¢ > ¢, function (5.115), optimal for (5.109), is not optimal for (5.116). In
general, equation (5.121) should be solved by numerical methods there.

In certain range of the values ¢ > ¢( the phase of the function v, (p, ) is

asymmetrical even if |vy| is independent of ¢: arg vy, (0, —¢) = —argve, (0, ).

The corresponding field u., (p, ) on the antenna is real, but nonsymmetrical.
In the first approximation (valid for small ¢ — cp), u¢, (p, P) is the field (5.113),
shifted in the antenna plane.

If we are interesting only in the fields u,, independent of ¢ at symmetric
|vo(p)|, then equation (5.121) becomes

1

vgl(p):c/ |Uo(pl)|p]0(cpl)]1(cp) _PIIO(CP)]l(CP/)

exp {iarg [0, (0")] } p'dp".

) 0> — (o)
(5.124)
This equation has analytical solutions having the property
: Pn(p?)
= ——=, 5.125
exp {larg [Uﬂl(P)]} |PN(P2)| ( )

where Py(p?) = TTN_; (1 — 57,n50") are the polynomials of the variable p? of
the degree N, having only the complex nonconjugated zeros 7, 1\1, The value
of N, at which this solution is optimal in the chosen class, increases stepwise
as c increases.

In Fig. 5.19, the optimal values 0 and ¢ are shown by the solid and dashed
lines, respectively, for the circular antenna and rectenna at |vg(p)| = const. In
the investigated interval ¢ < 11, the solutions with azimuthal symmetric u,
are optimal for o7 only at c; < ¢ < ¢y and ¢ > c3. In the intervals ¢y < ¢ < ¢4
and cp < ¢ < ¢3, the nonsymmetrical solutions (with field u., dependent on ¢)
are optimal. The values c;, are obtained from certain transcendental equations.

Comparing the curves o(c) and o1(c) shows that the usage of the opti-
mization criterion in the form (5.116) allows us to diminish the radius of
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Fig. 5.19 Optimal values of functionals for two optimization criteria for
the field in rectenna plane

the antenna and/or rectenna. More precisely, a value copt can be associated
with any ¢, such that 0q(copt) = o(c). We introduce the function Q(c) =
(c — copt) /¢, as an efficiency of the free phase choice. It is seen from Fig. 5.20
that at certain values of ¢, the radius of the antenna or rectenna can be de-
creased up to 18 per cent, which corresponds to its area decreasing up to
40 per cent.

Q
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Fig. 5.20 Efficiency of the free phase choice

5.3.7
The lens line

In the first part of the wave beam, considered above, the rays, that is, the nor-
mals to the equiphase surface, make up a set of the convergent lines. In the
second part of the beam, the curvature of this surface has the opposite sign,
and the normals to it are the divergent lines. If a device is located at the beam
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end, which transforms the divergent ray set into the convergent one, then the
beam can propagate forward, always constricting at first. In this way the en-
ergy can be transmitted by several subsequent beams repeating each other.

Such a phase corrector can be usual collecting (double convex) lens. The
lens line consists of the radiating system, a set of the lenses located in a line
(Fig. 5.21), and the receiving system. Such a line occupying relatively small
volume can transmit the energy for a long distance with small losses.

) 2d |

Fig. 5.21 Geometry of the lens line

In this system, the lens should be described not in terms of the geomet-
rical optics, but in terms of the wave theory, similarly as the field in the
beam. Namely, the action of the lens should be described by a phase factor
exp[—i@(X,Y)], connecting the field U(X,Y, —d) behind the lens with that
U(X,Y,d) in front of it, as follows:

UX,Y,d)=U(X,Y,—d)exp[—ip(X,Y)]; (5.126)

here 24 is the thickness of the lens. The amplitude of the field is the same on
both the sides of the lens. The function ¢(X,Y) equals the phase incursion
between the planes Z = —d and Z = +d along the line parallel to the Z-axis:

d
o(X,Y) :k/ Je(X,Y,2) dz. (5.127)
“d

If the lens is double convex with the spherical surfaces of the radius b, then
e>lat|z| >d— (x> +y?)/(2b) (see Fig. 5.22) and formula (5.127) gives
k(X2 4+ Y?
(T‘L)(ﬁ —1), (5.128)
where we drop a nonessential addend independent of the coordinates.
Formulas (5.126), (5.128) are equivalent to those of the lens theory, written
in the geometrical optics terms (object and its image). They are usually ob-
tained from the law of the ray refraction on the lens surface. We deduce the
geometro-optical formulas from the above ones. Let a glowing point be lo-
cated at the point Z = —d; of the Z-axis. The spherical wave centered at this

P(X,Y) =~
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Fig. 5.22 The lens as a phase corrector

point falls onto the lens. In front of the lens (in the plane Z = —d) the phase
of this wave equals —k(X? + Y?)/2d;. Behind the lens, the phase is

CkRXP+YR) k(XP+Y?)

7 T (Ve—1). (5.129)

The equiphase surface behind the lens is a part of the sphere centered at point
Z = d, of the Z-axis, where
1 1 2(Ve—1)

— =

7 I (5.130a)

The normals to the equiphase surface intersect at the center of this sphere.
Formula (5.130a) coincides with the formula

1 1 1
=z 1
5 + L (5.130b)
describing the lens with the focus distance
b
F=—°7— (5.131)

2(Ve-1)

This formula is obtained by consideration of the optical ray refraction with the
parameters b and e.

Therefore, the lens line can be described in terms of the wave theory. Prop-
agating the wave beam between the lenses is described by formula (5.81), and
its passing through the lens by (5.126).

If the line involves a lot of the lenses, it is expedient to introduce the notion
of the eigenwaves of the lens line, analogous to those of a homogeneous line,
for instance, of the dielectric waveguide. The eigenwave of the lens line is
the field, the structure of which is repeated (with accuracy to a constant fac-
tor) after each lens. The dependence of the eigenwave of the lens line on the
coordinates is a more complicated than in the homogeneous line. However,
after passing the cell “beam-+lens,” the field is multiplied by a certain factor,
similarly as in the homogeneous line. Denote this factor as exp(—ihL), where
L is the period of the line. The “wave number” / introduced here, has roughly
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the same sense, as in the homogeneous line. In particular, if /" # 0, then the
energy losses per period are exp(—2h"L).

The condition of repeatability of the field of the eigenwave leads to the equa-
tion

U(X,Y,L) = U(X,Y,0) exp[—ip(X,Y)] exp(—ihL), (5.132)

where U(X,Y, L) is obtained from U(X, Y, 0) by formula (5.81). The equation
is ahomogeneous integral one, U(X, Y, 0) and exp(—ihL) are its eigenfunction
and eigenvalue, respectively. They depend on the function ¢ (X, Y), that is, on
the phase correction made by the lenses, as well as on the distance L between
them. In the transverse direction, the beam is limited by the lens size. The field
is not completely intercepted by the lenses, and the eigenwaves propagate
with losses. The eigenvalues are smaller than unity, the diffraction losses per
cell are 1 — | exp(—ihL)|?.

If the phase correction is large (more precisely, it lies in some range, which
will be specified below) and the lens size is not small, then the fields of the
several eigenwaves, in fact, do not outgo from the lens borders. The waves
propagate without damping. Let the phase correction be a quadratic function
of the coordinates:

¢(R) = —SF R =X>+Y2% (5.133)

Then the field of the main symmetric wave decreases in the transverse direc-
tion as exp[—R?/(2R?)], where the effective beam radius R is

L/L 12\ '

It can be found from the integral equation mentioned above after formula
(5.132). The ratio L/F should be large enough in order to have Ry < a, but
smaller than 4 (i.e., F > L/4); for the wave beam can be restrained by the lens
focussing. This means that the focussing should not be too strong and not too
small.

The field is maximally pressed down to the line axis when F = L/2; then
Rs = (L/k)Y2. Such a lens line is called confocal. The focuses of the lenses are
located at the half-distance between the lenses. Such line has minimal losses
per period among the lines with the same value of ka®/L, where a is the lens
radius.

The phase correction can be proceeded not only by the lenses but also by a
plano-parallel dielectric plate made of a nonhomogeneous dielectric with the
permittivity depending on R and decreasing toward the periphery. Its phase
correction can be calculated by formula (5.127). Similar action is proper for a
periscope system consisting of two bent mirrors.
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Backgrounds of Antenna Theory

6.1
Radiation of current set

6.1.1
The elementary electric dipole and multipole

A straight line segment with the length much smaller than the wavelength,
having a current distributed along it, is the simplest radiator. It is called an
electric dipole. The product of the segment length [ by the linear current den-
sity | is proportional to the quantity P called the dipole momentum; I; | = iwP.
The elementary electric dipole is a limiting case of the electric dipole at [; — 0,
J — oo, in which P remains to be constant. Field created by the elementary
dipole, satisfies the Maxwell equation system (1.29) with the current having
only one nonzero Cartesian coordinate

& = iwPs (|F —7yl) . (6.1)

The z-axis is directed along the line on which the current flows, 7y describes
the dipole location on this axis. The Dirac function ¢ is normalized by the
condition f 0dV =1, where dV is a volume element.

The field created by such current has already been introduced as the Green
function of the Maxwell equations. In this subsection we consider it in detail.
It is assumed that the dipole is located in free space and its field satisfies the
radiation condition. Many properties of this field are inherent to fields radi-
ated by an antenna with smooth current distribution, size of which is small in
comparison with the wavelength.

In order to determine the field created by a certain current, first the electric
Hertz vector I1(°)(7) should be found from equation (1.42) with the radiation
condition, and then the field components should be calculated by (1.43). Since
the current (6.1) has the only Cartesian component j,, the vector T1() has also
()
Z

the only component I1;. It satisfies the equation
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We introduce the spherical coordinate system {R, ¢, ¢} having the axis co-
inciding with the z-axis of the Cartesian system, and originating at the point
where the dipole is located. Since j, does not depend on the angles ¢, ¢, the

(e)

function I1; "’ does not depend on them as well. Equation (6.2) becomes

1 d A1
5 <R2 = ) + I = —47P5 (R). (6.3)

Its solution, satisfying the radiation condition, is

Hg) (R) = 7Jexp(—ikR)'

= (6.4)

Indeed, substituting this function into the left-hand side of (6.3) gives zero at

R # 0. To calculate the coefficient in (6.4), equation (6.4) should be integrated

over the volume of sphere with center at the origin. Using the definition of the

J-function, we found that the integral on the right-hand side equals 477P. The
(e)

first term on the left-hand side is div grad I'l; /, and the volume integral taken
of it over the sphere equals the integral of dﬂge) /dR over the sphere surface.
Atka — 0, where a is the sphere radius, this integral is —47r’P. The integral of
the second term tends to zero at ka — 0, and, thus, equation (6.3) is satisfied.
The vector T1(®) has the two components H;f) = HS) cos ¢ and Hl(f) =
—ng) sin® in spherical coordinates. Three components E,, Hg, and Hy of
the field of the elementary electric dipole are zero, whereas the other three are

3 . _.
Ey= P (1 + L —k211{2> sinﬂiexp( ZkR),

c kR kR
kPP i exp (—ikR)
Er = c (1 — ﬁ) ~2c0519T, (6.5)
I i\ . ,exp(—ikR)

In the near field zone, that is, at kR < 1, the fields in the higher order of
1/kR are

Es = PSIRL;?, Er = 73—23;’3519, H, = P—kslfz‘ﬂ. 6.6)
In this zone, the magnetic component of the field is kR times smaller than the
electric ones.

The electric field (6.6) coincides with the electrostatic one created by two
electric charges equal in magnitude and opposite in sign, which are located
on the z-axis close to each other. Denote the charge magnitude by Q and the

distance between them by /1. At the limit Q — oo, I; — 0, such that the
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product Qly is constant, the elementary electrostatic dipole appears. Each
charge creates the Coulomb field E°°“! having only the radial component
EU = Q/R2. The elementary electrostatic dipole creates the field

h, 6.7)

where z( is the z-coordinate of point at which the charge is located. The co-
ordinates R, ¢ of any point are changed by values dR/9z( - I and 99/0z¢ - 11,
respectively, if the coordinate origin is shifted by /1. They are expressed by zg
as R? = (z—zg)? +x% +y?and tan ® = \/x2 + y2/(z — zg), respectively. Con-
sequently,

oR 09  sin?

a—zoz—cosﬂ, a—zoz R (6.8)

Applying (6.7) to the Cartesian coordinates yields

1

dip  oELU dgip  OEXY
E," = Iy, Eyy,= L. 6.9
z aZQ 1 X,y aZQ 1 ( )

Expressing E<°"! by E5°Y, we obtain

di ! di L.

ER1p = % -2cos ¥, Eﬂ1p = % sin 0. (6.10)
This field coincides with (6.6), since the current | in the elementary electric
dipole and the charge Q in the elementary electrostatic one are connected by
the relation | = iwQ following from (1.18).

In the far field zone, at kR > 1, the fields are

£y = —opSREHR) o H, = —k3p%_’km sin 8, (6.11a)
Eg = ik%DM -2cos b, (6.11b)
(kR)

According to the radiation condition, the components Ey and Hy are the same
and depend on R as exp(—ikR)/(kR). The component Er decreases faster,
namely, as 1/(kR)?, with R increasing (see (1.35)). The dipole does not radiate
in the direction of its axis (¢ = 0, ¢ = 1), its maximal radiation is concentrated
in the equatorial plane (¢ = 7t/2).

The energy carried out by the radiation is equal to the integral of the Poynt-
ing vector flux (1.37), taken over the surface surrounding the dipole. This
integral does not depend on the surface shape. It is simply calculated as an
integral of the flux over the sphere with radius so large that the field has the

213



214

6 Backgrounds of Antenna Theory

form (6.11) on its surface. The energy flux is

2

sred = 22 / / sin’ 8 dddg. (6.12)
0 0

Substituting P = —il;]/w, we obtain

1K212
grad =~ 172, 6.13
-1 (6.13)
For describing the radiation capacity of any configuration of the currents

(“antenna”), the radiation resistance R is introduced, defined by the formula
grad — %Rlz. (6.14)

The larger the value R, the more efficient the radiation.

For the elementary electric dipole, RP = 2(kl;)?/(3c). To express the re-
sistance in ohms, one should replace the multiplier 1/c with the number 30
(see text below formula (3.40)). Hence,

RYP = 20 (k1 )? ohms. (6.15)

System of two close dipoles located on one line, being equal in magnitude
but oppositely directed, makes up the so-called electric quadrupole. If the mo-
menta of both the dipoles increase and the distance I, between them decreases
such that the product Pl remains finite and constant, then at the limit this
radiator becomes the elementary electric quadrupole. Its field is expressible in
terms of the dipole field by the following formula:

aE’dip

Fquad _ ,
aZO 2

(6.16)

similar to (6.7).

At kR — 0, that is, in the near field, the quadrupole field has a singularity
of the higher order than the dipole one has.

We find the quadrupole field in the far field zone keeping only the term
which decreases as 1/kR. Only the first formula in (6.8) should be used. When
differentiating the dipole field components given by (6.11) with respect to R
in the far field zone, we should differentiate the exponent only. The dropped
terms decrease as 1/ R? or faster. With accuracy to the terms of the order 1/R,
the quadrupole field in the far field zone is

exp (—ikR)

in®cos ¢
sin ¢ cos R

2
quad _ ;,quad k ”112
Eg = Hy = —12 . (6.17)
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The quadrupole radiation is zero both in the £z-directions (¢ = 0, ) and in
the equatorial plane (¢ = 71/2). It has the opposite signs on both the sides of
this plane and reaches its maximum at ¢ = /4 and ¢ = 37 /4.

The radiation resistance of the elementary electric quadrupole, defined by
(6.14),is

2
Ravad — 4 (k21112) ohms. (6.18)

The quadrupole radiates less intensive than the dipole does: its radiation re-
sistance is proportional to the fourth, not to the second power of the frequency.

Following the above scheme, other elementary sources with the same po-
larization, called the electric multipoles of the higher order, can be constructed.
In the far field zone, their fields are proportional to the higher orders of the
frequency.

6.1.2
Field of arbitrary currents

The field of arbitrary currents located in a finite domain is a sum or an in-
tegral of the fields created by the elementary electric dipoles. This fact fol-
lows from the linearity of equation (1.42) connecting [1(¢)(7) with j(7) and
from the fact that any vector j(7) is expressible in the form of the integral
J j(#)6(|F — 7'|) Vi taken over the domain in which j(7) # 0, that is, the in-
tegral of the elementary dipoles. According to (6.4), the electric Hertz vector
of the fields created by the currents j(7) equals

e 7) = = / 7y XP _fk“_r D 4v.,, (6.19)

vy

where the integral is taken over the whole domain in which j(7) # 0.

Consider the field in the far field zone. For the currents located in a finite
domain, the definition kR >> 1 is not sufficient; it will be specified further.
Only the terms which decrease as 1/R with R increasing are kept in the fields
whereas those decreasing faster are dropped. The kept terms make up the
directivity pattern (1.32). It can be shown that the two functions introduced in
(1.32) completely determine the field in the whole space, or, more precisely, in
the domain which may be reached from the infinite point without intersecting
the surface, on which the field is discontinuous. The one-to-one connection of
the terms decreasing as 1/R with the field in the whole space, implies that if
the field does not contain such terms, that is, it decreases faster, then it equals
zero everywhere.

We explain the distance, involved into (6.19), between the point 7 at which
the integral is calculated (observation point) and the integration point 7. In-
troduce the spherical coordinate system originating in the domain occupied
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by the currents. Denote the coordinates of the observation and integration
points as (R, 9, ¢) and (R’, ¢, ¢'), respectively. In this notation

1/2
2R’ (R')?
7—7|=R|[1—-"-cosy+-—%& ) (6.20)
- ( R (R
Here 7 is the angle between 7 and 7/,
cosy = cos¥cos? +sindsind’ cos (¢ — ¢') . (6.21)

Denote the antenna size by D so that R” < D. If R >> D, that is, the distance
from the observation point to the antenna is large in comparison with the an-
tenna size, then |7 — 7| can be replaced by R in the denominator of (6.19). In
the exponent,

N2
k|7 —7| =kR —kR cosy+ O k<§) ] (6.22)
The last term can be dropped at
R > kD?. (6.23)

This condition together with R > D and kR >> 1 defines the far field zone. If
the antenna size is much larger than the wavelength (kR >> 1), then according
to (6.23), the far field zone begins in the distances much larger than D. In the
far field zone, we approximately write

k ‘?— 7" = kR — kR’ cos 7. (6.24)
Equation (6.19) becomes

i exp (—ikR)N

II=— 5 r N (6.25)
where the vector N is defined as
N (9, ¢) = / 7 (7') exp (ikR' cosy) dVi. (6.26)

Here the integration domain is the same as in (6.19). Formula (6.24) has a
simple geometric interpretation. The lines OA and A’A (Fig. 6.1) connecting
different points on the antenna with a point in the far field zone may be treated
as parallel ones. According to (6.26), calculation of the field of a source system
is reduced to the summation of the fields of elementary sources with account-
ing the current directions in them and the phase difference on the piece OC
of the spherical waves coming from different sources. The phase incursions
along the lines CA and A’A are the same.
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A(7)

O R A

Fig. 6.1 The phase difference of the fields of two sources

Similarly as for the elementary dipole, only the terms of the order 1/R
should be kept when calculating fields in the far field zone by formulas (1.43).
In this case, only the exponent should be differentiated and the #- and ¢-
derivatives may be dropped. The components Er and Hy are small (propor-
tional to 1/ R?), the others are expressed by the components of the vector N as

_ 0y (6.27a)
ik  exp (—ikR
Ey = Hg = —?NQ%. (6.27b)

In the far field zone the field of the currents arbitrarily distributed in a cer-
tain domain is represented by a spherical wave. The directivity pattern is
determined by the vector N. Location of the coordinate origin influences the
pattern by a simple phase multiplier: if in the two-dimensional problem the
origin is displaced at the distance b in the direction making the angle  with
the x-axis (Fig. 6.2), then the pattern is multiplied by exp[ikb cos(¢ — B)].

O o1
X1
b
B e
0 X

Fig. 6.2 Shift of the coordinate system

In the case of the elementary dipole we have N = N, = 1, so that Ny =
—sin¢ and (6.27a) gives the expression coincident with (6.11a). For the arbi-
trary antenna, Ny, N, are the certain complex functions of the angles ¢, ¢. The
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total radiated power equals

2 L2
grad — % / ‘N’ dQ, dQ = sinddode. (6.28)

The integral is taken over the whole solid angle.

6.1.3
The elementary magnetic dipole and multipole

Another example of the simplest radiators is a plane ring with a radius much
smaller than the wavelength, and azimuthal current flowing on it, which does
not depend on the angle. If the ring radius a tends to zero whereas the linear
current density | infinitely grows so that the quantity 7ta?J, that is, the prod-
uct of the ring area by the current, remains finite and constant, then such a
radiator creates the field similar to that created by the magnetic dipole with
the magnetic current

j) = ikma?]. (6.29)

The magnetic dipole has been already defined by equations (3.116) and
(3.117) as a virtual quantity introduced into the Maxwell equations for solving
certain boundary problem. The formulas describing the field created by the
magnetic dipole can be obtained from those for the field created by the electric
one with the same momentum, by substituting E-H , H — —E. This follows
from the fact that the system of Maxwell equations (1.29) transforms into the
artificial system (3.117) after such a substitution. In the far field zone, the field
of the magnetic dipole differs from that for the electric one, given by (6.11), in
substituting Eg — Hy, Hy — —Eg.

We show that this field is the field of a current on a small ring, that is, the
magnetic dipole is realized as a small ring. Let a ring of the radius a4 lie in
the plane (x,y). The current components are [y = —Jcos ¢', [, = Jsin ¢/, the
angle 1y is defined by the relation cos y = sin ¢’ cos(¢ — ¢’). Substituting these
values into (6.26) and assuming ka < 1 we obtain

Ny = —j™ sindcos g, Ny = j" sin 9sin ¢. (6.30)

Consequently, the vector N has only the spherical component Ny =j (m) sin @
It follows from (6.25) that in the far field zone, the field of the small ring con-
tains two components Hy and E, having the form described above.

The field of the ring is an example of partial compensation of the fields cre-
ated by different current segments. The fields of the current segments oppo-
sitely located at the ends of any diameter are inversely directed at any point.
They cancel each other not completely, due to the different distances from
this point to the current segments. For the points lying on the z-axis these
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distances are the same and the field equals zero at ¢ = 0, 7r. The distance dif-
ference is the largest for the points lying in the ring plane; the field is maximal
atd = /2.

The field of the elementary magnetic dipole is proportional to the squared
frequency. It can be easily shown that the radiation resistance is

R = 107c* (ka)* ohm. (6.31)

It is proportional to the fourth power of frequency. The magnetic dipole is
similar to the electric quadrupole (not to the dipole). The field of quadrupole
(6.17) is also proportional to the square of frequency and, analogously, its ra-
diation resistance is proportional to the fourth power of the frequency. The
fields of circular current segments cancel each other not completely, nearly in
the same way as the fields of two inversely directed electric dipoles, that is, of
the electric quadrupole does.

Fields of elementary radiators of the magnetic type, the so-called magnetic
multipoles, can be created by the same scheme based on formula (6.16) as the
fields of the electric multipoles.

It can be shown that in the far field zone, the field of any current system is
expressible as a sum of fields of multipoles located at the coordinate origin.
However, in this case the multipoles creating the fields, dependent not only
on ¢ but also on the azimuthal angle ¢, should be introduced.

6.1.4
The half-wave vibrator

The field created by a given current is found from (6.19), (1.43). This scheme
of finding the field by current remains also valid in the case when the current
is not given but when it is induced on the metallic surface of a certain body
by a given (“extrinsic”) field. In this case the most complicated part of the
problem is finding the induced current. In the above problems on the exci-
tation of waveguides and resonators (see Sections 3.4, 4.1), first the field was
found. The current induced on the walls can be calculated as a limiting value
of the tangential component of the magnetic field. In this subsection, another
technique is applied. First, the induced current is found and then the field cre-
ated by it (considered as the diffracted field) is calculated by the same formulas
(6.19), (1.43).

The current induced on the metallic surface of a body is found from the
condition that the field created by it (in absence of the body) and denoted
as Ediff, being summed with the incident field Einc (which would be on the
surface in absence of the body), makes up the field, tangential components of
which are zero on this surface

EPc+EMf =0, i=1,2 (6.32)
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Here t; and t, are the two tangential directions (see (1.79)). This condition
leads to an integral equation for the current flowing on the body surface. The
right-hand side of this equation is a given field Ein°.

When the currentis found, the diffracted field can be calculated in the whole
space, in particular, the radiation pattern can be found. This is a general
scheme of solving the diffraction problem on the metallic body. It will be used
in the next chapter.

We apply the above scheme to the problem about radiator in the form of a
thin metallic cylinder. We explain the quantities involved in equation (6.19)
for this case. The integration is made over the cylinder surface. Denote the
cylindrical coordinates of points on this surface by ¢, ¢. Then the surface
element is adld @, where a is the cylinder radius. Atka < 1 the surface current
density may be treated as a function independent of ¢. The function j(7) in
(6.19) and the linear current J(§) are connected by the formula j,(¥)dV =
J(&)dgde/(2m). The Hertz potential should be calculated at the points on the
cylinder surface, at which condition (6.32) is imposed. Ata < L, where2Lis a
vibrator length, the z-component of T1(¢) is much larger than others. It equals

11 (2) — / 1@ / exp ( ”‘P)d od?, (6.33)

27'cw

where p = |[¥ — 7| is the distance between the integration point and the point

at which Hég) (z) is calculated. The coordinates of these points are (z, 4, 0) and
(¢, a, @), respectively, so that

p= \/(Z—C)Z—I—az (1 —cosg). (6.34)

At a = 0, the inner integral in (6.33) is divergent because in this case the
multiplier 1/p has a nonintegrable singularity at { = z. Ata # 0, this mul-
tiplier is large in the neighborhood of { = z. Ata/L < 1 the entire integral
being a function of z, is approximately proportional to the value of J(¢) at
¢ =z, thatis, pis (z) is approximately proportional to J(z) and it mainly de-
pends not on the value of the current on the whole vibrator, but only on J(z).
Estimation of integral (6.33) ata — 0 shows that the proportionality coefficient
is (—2i/w)In(L/a). Extracting the main term, we obtain

M () =~ 2in 2 () + U] (2)]. (6:35)

Here U denotes the operator determining the nonlocal field created by the
current flowing in the area not adjacent to point ¢ = z. This operator can
be written in the explicit form by comparing formulas (6.33) and (6.35). It
contains the integral of the function [exp(—ikp) — 1]/p having no singularity
at p = 0 and, therefore, we can put a = 0, thatis, p = |z — | in the operator.



6.1 Radiation of current set

The above operator depends not only on the vibrator length but also on its
shape. It is different for a prolate ellipsoid of revolution and for a circular
cylinder of the same length and strongly depends on the vibrator length. The
function J(z) participates in this operator linearly.

In the higher order of the small parameter a/L, the field E created by the
current J(z) on the cylinder surface contains only the z-component

£- (L e\ ne 6.36
=\ 72 + 2 (7). (6.36)
According to (6.32), the sought current J(z) induced on a thin metallic vibra-
tor located in the field E™¢, satisfies the one-dimensional integro-differential
equation

ﬁ+k2]— —iwy { EPC 4 d—2+k2 Uujj(z)] (6.37)
dz2 B dz2 ’ '
where
1
= 2In(L/a)" (6.38)

The current must vanish at the vibrator ends, that is, the function J(z) should
fulfill the ending condition

J(+L) =0. (6.39)

The approximate explicit solution to the problem (6.37), (6.39) can be ob-
tained only for very thin vibrators, such that x < 1. In this case the sought
function can be expressed by powers of the parameter . We represent this
function in the form of the series

J(z) =Jo(2) + x)1(2) + X*J2 (z) + - (6.40)

and equate the terms with the same powers of x on both the sides of equation
(6.37). The demand (6.39) relates to each term in (6.40).

We outline this solution keeping in mind that it is qualitatively also valid
for the vibrators which fulfill not the condition y < 1, but a much weaker one
ka < 1.

Substituting series (6.40) into (6.37) and (6.39), we obtain an infinite system
of ordinary differential equations. Together with the ending conditions these
equations make up an iterative set of the boundary value problems. The first
two of them are

_d2]0 +KJo=0, Jo(+L)=0 (6.41a)
dz? 0= A0 ’ ’

_d2]1 +K*J; = —iw |EM° + B +L)=0 6.41b
de 1 1 |: z (Z):| s ]1 ( ) 7 ( . )
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where B(z) = (d?/dz? + k?) U [Jy (z)]. The right-hand sides of all the equa-
tions are known functions found at the preceding step of the iterative process.
For the half-wave dipole (2L = A/2), that is, at

kL = 7/2, (6.42)

problem (6.41a) has the solution

Jo(z) = Acos (%) : (6.43)

The current distribution along the vibrator is a cosine one; it does not depend
on the excitation field E". The amplitude A is found from the demand of
problem (6.41b) solvability. Since the homogeneous system (6.41a) with the
same left-hand side has a nonzero solution, then the corresponding nonho-
mogeneous system is solvable only if the right-hand side of the first equation
in (6.41b) is orthogonal to solution (6.43) of the homogeneous problem. This
demand leads to the equation

L L
E — _ inc E
/Lcos ZLB (z)dz = /LEZ (z) cos 7T dz. (6.44)

Since the operator B(z) contains the current Jy(z) in a linear form, the left-
hand side of (6.44) is proportional to the factor A in (6.43), so that

L
— l " rinc E
A= 7 / EX€(z) cos 5L dz. (6.45)
-L

Here Z (similarly as the operator U[](z)]) characterizes the vibrator and de-
pends only on its shape and the precise length. The factor Z has the same
dimension as the resistance. It is called the entrance resistance of the vibrator.
It depends on the operator U and can be calculated from (6.44).

For the vibrator of not a half-wave length, the homogeneous problem (6.41a)
has only the zero solution Jy(z) = 0. In this case the first equation in (6.41b)

becomes
2 .
% + kK*J; = —iwEre, (6.46)

This equation supplied by the ending condition J;(+L) = 0 is always solv-
able. Its solution can be easily found in the explicit form. In such a vibrator
the current has the order of x and its distribution depends on the function
Eire(z).

System (6.41) also allows us to investigate the intermediate case when the
vibrator length is such that the difference |kL — 71/2| is small in comparison
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with x. Then the current is almost the same as in the case of the vibrator
for which condition (6.42) holds, that is, the current distribution is similar to
(6.43). If the difference is much larger than x, then the current is small and has
the order yx.

In the case of the half-wave vibrator when the current is distributed by
(6.43), the far field can be easily obtained as

B _2i ,cos((m/2)cos®) exp (—ikR)
Eo=—Hy = ?A sin @ R

. (6.47)

The radiation pattern of the half-wave vibrator is a little narrower than that of
the elementary dipole (6.11).

The notion of the radiation resistance defined by formula (6.14) can also be
introduced for the half-wave vibrator. In this formula, | is equal to the value
of the current at the vibrator center, that is, to the factor A. After substituting
1/c = 30 ohms, the calculation gives R = 73 ohms (see, e. g., (6.15) and the
text before it).

Note that R calculated by (6.15) with Iy = 71/k, is 2.7 times larger than the
above one. This is explained not only by the fact that (6.15) is valid only at
kl; < 1 but also that the factor A in (6.43) is a maximal (not an average) value
of the current. If we use the ratio of the radiated energy and the average square
of the current, then at kl; = 7, formula (6.15) gives the value of R erroneous
only by one third. This formula can also be used for the rough estimation of
the radiation resistance in the case of the vibrators with a finite length.

The radiation resistance R of the vibrator and its entrance resistance Z are
related as R = Re Z, so that Z can be presented in the form

Z=R+iY. (6.48)

This formula follows from (1.56). Integrating both sides of (1.56) over a sphere
of a large radius, encircling the vibrator, we found that the energy flux radi-
ated by the vibrator is

L
%R|A|Z - %Re / J(2) E dz. (6.49)
L

For the current in the form of (6.43), the integral in (6.49) is the same as that
participating in (6.44), which gives (6.48).

The real quantity Y depends both on the vibrator shape and its length. It
can be calculated by (6.44). For instance, Y = 0 for a prolate ellipsoid of
revolution with the larger axis equal to A/2. For a cylinder, Y is zero if the
cylinder length is a little smaller than A /2. According to (6.16), in the vibra-
tor for which Y = 0, the current is maximal (funed-up) at any given E"°. In
the similar problem of the elasticity theory, the tuned-up string must have the
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length A/2: the tuning does not require any shortening. The distinction of the
three-dimensional problem on the vibrator from the one-dimensional one on
string, manifests itself in the above fact.

6.1.5
The multivibrator antenna

The main result of the tuned-up vibrator theory is given by formulas (6.43) and
(6.44). It is sufficient for constructing the theory of a system consisting of sev-
eral tuned-up vibrators. Such a theory should account the mutual influence
of the vibrators. An example of such antenna is the phased-array antenna in
which the excitation is provided to all vibrators by feeders, and the current in
each of them depends on the field on it. However, in this antenna, the mutual
influence of elements should be accounted as well.

Let a system consist of M tuned-up vibrators. Denote the current ampli-
tude in the mth vibrator by A;,(m = 1,2,..., M). The field acting on the mth
vibrator and being the incident one for it is made up by the sum of fields of all
other vibrators and the field E¢ which would act on this vibrator in absence
of all others. For the receiving multivibrator antenna, E"° is a field which
would exist at the place of the mth vibrator if the antenna were absent. For the
transmitting one, it is a field created by the feeder.

The field acting on the mth vibrator from the nth one is proportional to the
current amplitude A, of the nth vibrator. It can be written as A, E,m, where
elements of the matrix Enm (n,m =1,2,...,M) depend only on the mutual
location of the nth and mth vibrators. Below, E;;, - (z) denotes the component
of the field generated by the nth vibrator in the case when the cosine current
of the unit amplitude flows in it, namely, the component directed along the
mth vibrator. Then, according to (6.45), for each of the M vibrators, we have

1
Am = R+iYm/

Denoting

Y AuEmnz(z) + EpS (z)] cos(kz) dz. (6.50)
n#m

/Emn,z (z) cos(kz) dz = Tym(n # m),

R~+1iYm = Tum, / E}Z‘; (z) cos(kz) dz = ey, (6.51)
we obtain
M
AnTom = em, m=1,2,..., M. (6.52)
n=1

The coefficients Ty, (n # m) depend only on the mutual orientation of the
vibrators and distances between them. The vibrator field must be defined
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in the near field zone for calculating these coefficients. The coefficients T
depend on the shape and length of the vibrators. The quantities e, are de-
termined by the magnitude and type (incident or fed) of the excitation fields.
They have a meaning of electromotive forces acting on the vibrators.

Calculating of the current amplitudes in the vibrators of the multivibrator
antenna is reduced to solving the system of linear algebraic equations (6.52).
When the currents are found, then the radiation pattern and radiated power
can be calculated.

6.2
Aperture antennas

6.2.1
Radiation from aperture

The field created by the radiating system can be determined not only by cur-
rents flowing on metallic conductors but also by the electric field on a certain
closed auxiliary surface inside which all conductors are located. The latter
way is more preferable in the cases when this surface field (its tangential com-
ponent) can be found more easily than the currents, or when for finding the
exterior field with a given accuracy;, it is sufficient to calculate the surface field
less accurately than the currents. This way of the radiation source represen-
tation has been applied in Section 5.3, as well as in Sections 3.3, 3.4 where the
fields inside the volume were determined by the field on the hole in the wall
of this volume.

Below, the field created by the antenna is determined by the field on its
aperture, that is, on a part of plane adjacent to the antenna. We accept that the
electric field is zero on this plane outside the aperture. For the antenna with
flange, this assumption is not an approximation.

The problem is similar to that solved in Section 5.3, in which, however,
the field of the plane antenna was determined only in the domain where the
spherical wave had not been formed yet. In this subsection the formal solu-
tion is constructed in a similar way as in Section 5.3. The field given at Z = 0,
is continued into the domain Z > 0 using formula (5.76). Here, however, re-
striction (5.78) imposed in Section 5.3 is not used when investigating the far
field. The field is calculated in another way.

Introduce the spherical coordinate system (R, ¢, ¢) with the origin lying on
the aperture and the z-axis directed perpendicularly to the aperture plane. In
the domain where @ is not small, integral (5.76) should be estimated using the
stationary phase method.
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We pass from the Cartesian coordinates to the spherical ones
X =Rsintcos¢p, Y =Rsindsing, Z = Rcos? (6.53)
in (5.76). Then (5.76) becomes

U(R,9,9) = [[ f(7,B)exp (~ikRy) dydp, (6.54)
where the phase ¢ is
5 »1/2
tp('y,ﬁ):%sint?cosgo+§sinl951ngo+ 1—(%) - (g) 1 cos 0.
(6.55)
In (6.54) the exponent contains the multiplier kR. In the domain
kR > 1, (6.56)

we apply the stationary phase method. This method has already been used in
Subsection 5.1.3 when calculating the field of the spherical wave, excited by a
dipole located inside the dielectric waveguide. This field did not depend on
the azimuthal angle and the integration was done over the wave number h
only. In (6.54), the integration is performed in the plane of two wave numbers
v, B. The idea of the method is that the higher term of the asymptotic expan-
sion of integral (6.54) by powers of the small parameter 1/kR, can be obtained
by taking out the factor f(v,B) at v = 75, B = Bs, where 5 and Bs are the
roots of the equation system

oY 99

pi 0, 3B 0. (6.57)
In this case, the phase §(+y, B) should be replaced with the first two terms of its
expansion into the Taylor series near these roots. The phase (6.55) is stationary
at the points (v, B) = (s, Bs); it is slow varying in its neighborhood. The
mutual compensation of different elements of the integral is weakened near
this point.

In order to make these derivations for the phase (6.55), it is convenient to

introduce the new integration variables v and y in (6.54) instead of v and §,
by the formulas

v =ksindcosy, P =ksindsinyu (6.58)
suggested by (6.53). In these variables, the phase equals
Y (v, u) = sinvsindcos (4 — ¢) + cos v cos 0. (6.59)
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The Jacobian of transformation (6.58) is k? sin v cos v, so that
dydB = k* sinv cos vdvdp. (6.60)
The stationary phase points, that is, the roots of the equations

9P o _
similar to (6.57), are
vs =10, Us=q. (6.62)

Values of the function ¢(v, i) and its second derivatives near this point are

92 92
P (vs,ps) =1, 6715 - oY

=1 g = —sin?¥. (6.63)

S

s
Near the stationary phase point, the function (v, ) can be represented as

P(v,u)=1- % (v—18)*— %sin2 8 (u—g)*. (6.64)

Taking the function f(7s, Bs) and the factor exp(—ikR) out of the integral in
(6.54), we obtain

U (R, 8, ) = exp (—ikR) k? sin & cos 9 / exp

, 2
ikR (1/2 9) ]dvx

1) . . 2 B 2
/exp kR sin l;(y ?) ]d;t~f(ksin19cos<p,ksin195in<p). (6.65)

The first integral equals \/—2i7t/(kR), the second one is /—2irt/(kR) -

1/ sin @, so that

exp (—ikR)

U(R,9Y,¢)= cos® - k*f (ksin ® cos @, k sin 9 sin ¢) . (6.66)

Substituting the expression of the function f(,,0) by the field Uu(X,y,o)
(denoted further as U(X, Y)), we obtain the sought expression for the pattern
of wave created by the field U(X, Y) distributed on the aperture D:

F(8,¢) =K Cosﬂ// U(A, 17) exp {iksinl?cos <p}A(—|—
D

ik sin ¥ sin (pﬂ dX dy. (6.67)
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Recall that U(X,Y) is a Cartesian component of the field on the aperture,
U(R, 8, ¢) is the same component in the spherical wave.

The above expression can be obtained from formula (5.81) for the field in
the beam, using substitution (6.53), replacing Z with R (not quite correctly)
in the phase and factor 1/Z, and dropping the phase ¢,(X,Y). The above
derivations show that this procedure would give the expression for the first
term of the asymptotic expansion of the pattern at large kR.

6.2.2
The Green function method

Formula (6.67) is the main one in the theory of aperture antennas. In this
subsection, we outline another way of its derivation which allows us to un-
derstand its structure from a little different point of view. This subsection has
only a methodical purpose; there are no new results here. It will be used in
the next section.

The method is based on the connection between two solutions to the
Maxwell equations with different extrinsic currents. The first solution is
the sought field {E, H}, created by a field given on the aperture. The second
one is the so-called Green function, namely, the field {Eg, Hs } created by a
certain electric dipole. These fields are connected by (3.76). The field { E8, HS)
is subjected to the boundary conditions dependent on the type of the surface
on which the aperture is located.

The Green function method has already been used for finding the field in
the waveguide and resonator excited by a field given on the wall hole. The
fields of the eigenmodes in the waveguide and fields of the eigenoscillations
in the resonator, both having no holes, were chosen as the Green functions.
These fields satisfied the boundary conditions on the walls without holes. In
the problem of this subsection, the field {E$, H8} is also chosen such that they
fulfill the conditions on the “metallized” aperture.

The surface S surrounding the domain in (3.76) is chosen in the form of
a circle lying on the aperture plane and containing the aperture, and a half-
sphere supported by this circle. The radius a of the circle and half-sphere is
so large that the field {E, H} satisfies the radiation condition (1.33) on the half-
sphere. On the aperture, Eian = ¢, where e is a field given on D; it was denoted
as U()A(, 17, 0) in Subsection 6.2.1. In the rest of the circle, that is, outside the
aperture, Etan = 0.

The field {E$, H8} is created by the elementary dipole, located inside the
half-sphere at the point 7§ with the coordinates (RS, 98, ¢$). This field satisfies
the condition Etan = 0 on the whole plane Z = 0 and the radiation condition
on the half-sphere.

It can be easily seen that if both the fields in (3.76) have the form (1.33) on
the half-sphere, then the difference under the integral on the right-hand side
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of (3.76), decreases faster than 1/a® with a increasing. The surface element is
proportional to a2, and the integral over the half-sphere must decrease with
a increasing. The right-hand side of the formula, however, does not depend
on a. Quantity which decreases with a increasing and does not depend on 4,
is zero. Hence, the integral in (3.76) over the half-sphere equals zero.

The integral over the part of the plane Z = 0 lying outside D is also zero,
because both Epan and E,, are zero there. Since ES, . = 0 on the aperture, only
the integral of the first term taken over the aperture remains on the left-hand
side. Under the volume integral in (3.76) /< = 0, and only the integral of the
J-function remains. In a similar way, formula (1.52) was obtained as well.

At such a choice of the Green function, it follows from (3.76) that

E (%) = —ﬁ / / (¢ Hg)N as, (6.68)
D

where N is the outward normal to the plane Z = 0, N, = —1. Formula (6.68)
expresses the component of the field E, parallel to the direction of the dipole
located at the point 78, creating the field HS.

On the metallic surface, the tangential component H . involved in (6.68)
is equal to the doubled value of this component created by the same source
in vacuum. With accuracy to a nonessential factor, this field equals cos« -
exp(—ikb) /b, where b is the distance from the point 78 to an integration point
in (6.68). The angle « depends on how the momentum of the elementary
dipole creating the field {ES, H8} is directed with respect to the Z-axis.

Let a and R? tend to infinity so that the condition RS < a holds. In other
words, we perform two consecutive passages to the limit: first ka — oo and
then kRS — co. In this case H{,, is the same on the aperture as in the field of
the plane wave coming onto the aperture from the direction of the dipole, that
is, from ¢ = 93, ¢ = @3.

Substitute the value of the field H,, on the aperture into (6.68). The factor
1/b can be taken out of the integral by replacing it with 1/R. In the exponent
we put b = RE — pcosy, where p is a distance between the origin and the
integration point, <y is an angle made up by the Z-axis and the direction (S,
¢%) of the plane wave incoming. From (6.21), cosy = sin 98 cos(¢ — ¢¢) for

the points lying on the aperture (¢ = 7/2). Hence,

—ikRS?)
E (RS, 08, ¢f) = &P kR; sin / / (0,9

exp (ikp sin ¥¢ (cos 19g cos ¢ +sind¥¢sin¢)) pdpde. (6.69)

Since pcos ¢ = X, psing = Y in notations (6.67), then (6.69) coincides with
(6.67). The dependence of the field polarization in the spherical wave on that
on the aperture is not interpreted in (6.67).
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Formulas (6.67), (6.69) have the same meaning as (6.18). The field radiated
by the aperture is made up by the waves radiated by the aperture segments;
it is proportional to the value of the electric field on these segments. The sum-
mation is performed in the same way as for the fields created by the current
segments, that is, with accounting the difference of distances covered by the
waves radiated from different segments.

The analogy between the boundary problems with a given value of Ean
on a part of the boundary and those about the field of currents flowing on
the metallic surfaces, prompts the usage of the notion magnetic currents. The
vector like €'in (6.69) or in similar boundary problems, is called the magnetic
current. Formulas of the type (6.67), (6.69) can be treated as the generalization
of the formulas (6.19) for the field created not by the electric (i. e., really exist-
ing) currents, but by the conventional magnetic ones. In the next subsection,
some principal distinction of these formulas will be discussed.

6.2.3
The radiation pattern

With accuracy to a nonessential factor, the angular dependence of the field in
the far field zone is described by the function

F(8,9) = cosd // U (5, @) exp [ikdsin 9 cos (¢ — §)] pdpdg (6.70)
D

(which is the function (6.67) rewritten in cylindrical coordinates). Here p, ¢
are the cylindrical coordinates in the aperture plane, and angles do not have
the index g in contrast to (6.69). The function U(p, ) is one of the components
of the field € given on the aperture.

The point in the direction ¢ = 0 in the far field zone (see (6.23)) can be
considered as equally distanced from all the aperture elements (segments), so
that

FO.9)= [[U9)pd0dp. (671)
D

Of course, the pattern does not depend on ¢ in this direction. At the given
field modulus |U(p, )|, the function (6.71) is maximal if the field is in-phase
and does not change the sign. Then the antenna focuses on the infinite point
located on the line perpendicular to the aperture plane. The main lobe of the
pattern is directed along this line. The direction of the main lobe can be turned
by introducing the linear phase factor exp(—iaX) into (6.71), without moving
the antenna. Further in this subsection we put the function U(p, ) to be a real
one.

The pattern depends on the shape and size of the aperture and on the field
distributed on it, that is, on the function U(p, ¢). To illustrate this dependence,
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we consider a case when the antenna possesses the cylindrical symmetry, that
is, the domain D is a circle and U does not depend on the angle . We do
not account the symmetry violation caused by the fact that the vector ¢'is a
two-dimensional vector on the aperture, because this violation is not essential
for our problem. The pattern also does not depend on the angle ¢ and

a
F (89) = cos 19/ U (p) exp (—ikpsin®) pdp, (6.72)
0

where 4 is a circle radius.

The larger the value ka, the faster the exponent varies with ¢ increasing and
the faster the pattern decreases in comparison with its maximal value F(0).
This means that the larger ka, the narrower the main lobe of the pattern. The
value of ¢ at which the pattern becomes zero for the first time, depends also
on the function U(p). However, this value is such that the product kasin @ is
about 27r. The width of the main lobe is about A/a radian.

The next (side) lobes are smaller than the main one. The rule by which
they decrease, depends on the function U(p) behavior near the aperture edge,
namely, on U(a), dU/dp] p—q and so on. This follows from the first terms of
the asymptotic series by the inverse powers of ka sin ¢ which can be obtained
after calculating integral (6.72) by parts. The first term of this series is

exp (—ikasin ¢)
kasin¢

f(a). (6.73)

Just as any asymptotic series, the above one is divergent, but its several first
terms give a good approximation of the pattern at nonsmall values of ka sin ¢.

The series of terms like (6.73) describes the envelope of the side-lobe max-
ima. The pattern is fast decreasing when moving away from the main lobe if
U(a) = 0, that is, if the field vanishes on the aperture edge. This effect is simi-
lar to that described in Subsection 5.3.5: in the wave beam, the field decreases
faster with moving away from the rectenna edge in the case when the field
vanishes on the antenna edge. It can be approximately accepted that in the
beam theory, the rectenna plays a role of the main lobe in terms of the antenna
theory.

The side lobes decrease even more faster with ¢ increasing if not only the
field vanishes on the aperture boundary but also its normal derivative does,
that is, if U(a) = 0 and dU/dp| p—q = 0. Since the theory is constructed for
the model in which the field is zero outside the aperture, the above implies
that with ¢ increasing the side lobes decrease faster, the “more analytical” the
field near the aperture boundary is. It should be kept in mind, however, that
in this case the utilization factor of the aperture surface decreases: at a part of
the aperture the field is significantly smaller than its maximal value.
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At small ka, that is, for small antennas, the pattern is mainly determined
not by integral (6.72), but by the factor cos 9. If the field U(p, $) has the same
direction on the whole aperture, then the aperture radiates as an electric dipole
in this case.

6.2.4
Inverse problem

The inverse problem consists in finding a field on the antenna aperture, which
creates a given radiation pattern. The problem is similar to that considered
in Subsection 5.3.4 about the field on the antenna creating a given field in the
rectenna plane. This similarity can be shown when comparing formulas (5.95)
and (6.67) for the field in the rectenna plane and radiation pattern, respec-
tively. In both problems, the field on the radiating antenna differs from zero
only on a finite part of the plane, and therefore the antenna can create certain
bounded class of fields in the rectenna plane (or, respectively, of patterns). If
the given field (or pattern) does not belong to this class, then the problem has
no solution. Similarly as in the long-beam theory, the problem on finding a
field on the antenna, which creates a pattern maximally close to the given one,
has the practical sense in the antenna theory.

There is a difference between the above problems, consisting in the fact that
in the antenna problem, the functional to be minimized could be naturally for-
mulated as mean-square difference between the given and obtained patterns
in the real (“visible”) angle range. This would correspond to the limitation of
the integration domain in integral (5.109), by the rectenna area. In the beam
theory such an approach leads to absence of restriction on the radiated en-
ergy passing the rectenna. Similar situation also occurs in the antenna theory:
minimization of the functional with integration over the real angles does not
restrict the energy of nonpropagating waves localized in the near field. In
mathematical terms, such a statement can lead to the situation when the func-
tional has no minimum, or the function minimizing it is fast oscillating and
thereby nonrealizable. Such solutions are called super-directive.

There are two ways to avoid this effect. The first one consists in supply-
ing the integration domain with the “complex” angles and setting the desired
pattern to be zero there. This approach leads (in appropriate notations) to
the same formulation of the problem as in the beam theory (5.109), and, cor-
respondingly, to the same solution (5.114). We explain it for the case of the
so-called linear antenna: the thin wire of the length 2a. The current with linear
density J(x), flowing on such an antenna, creates the radiation pattern

F(9) = /](x) exp(—ikxsind) dx (6.74)
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(a constant factor is omitted). This formula can be easily obtained from (6.27),
(6.26). Similar formula for the pattern created by the “magnetic current,” that
is, by the electric field on the aperture, can be obtained from (6.70). Accord-
ing to (6.74), the pattern treated as a function of the variable (“generalized
coordinate”)

¢ =sind (6.75)

is the Fourier transformation of the current, taken in the finite limits. In this
coordinate, the real angle range —7/2 < ¢ < 7/2 corresponds to the interval
—1 < ¢ < 1. For simplicity, we use for the pattern in this coordinate the same
notation F(¢).

Let the given pattern be Fy(¢), —1 < ¢ < 1. Formally, substituting Fy(&) into
the left-hand side of (6.74), we obtain the integral equation of the first kind

/](x) exp(—ikxg) dx = Fy(g). (6.76)

It is known that this equation has a solution only if Fy(¢) belongs to a certain
class of functions, and even in this case the solution is unstable.

Similarly as in Subsection 5.3.5.5, we find the function J,(x), minimizing
the functional

_ L IF@) — (@) Pdg
I IR() 2 de

Here we assume that Fy(¢) is expanded into the complex angles as Fy(&) =0,
|¢] > 1. The function F(¢) is expanded according to (6.74). The function J,(x)
has an explicit form as

o fu(x)]

(6.77)

1
Jolw) = 5= [ Fol@) explikxd) dc. (6.78)
-1
This expression is analogous to (5.113), J,(x) does not solve equation (6.76).
Another way of avoiding super-directive solutions is to use functionals con-
taining the energy of the sought field (current) together with the difference
between the given and obtained directivity patterns. One of such functionals,
written for the above example is

JLIF (@) ~ Fo(@) g +a [, |](x)Pdx
Jh Fo(@) 2 dg

The weight factor « can be determined from the condition [* [J(x)[*dx = N
with given N, or from a compromise between the summands in the numerator

oa[u(x)] =

(6.79)
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of (6.79). The Lagrange—Euler equation for this functional has the form

1
42 /Sm x %) ](x’)dx’:./ Fo(@) exp(ikxg)dg.  (680)
-1

x—x

This is the integral equation of the second kind. It has a unique solution at any
Fo(¢).

Similarly as in the analogous problem of the beam theory, in the case if not
the complex pattern Fy, but only its modulus |Fy| is given in both functionals
o and oy, then the difference between the given and obtained patterns can be
decreased at a fixed antenna size, or, which is equivalent, the antenna size can
be decreased at a fixed difference between the given and obtained patterns.

6.2.5
The near field zone, Fresnel zone, and far field zone

Near a large aperture, the field has a ray-like structure; in the far distance, it
turns into a spherical wave. There exists an intermediate region in which the
field changes its structure (see Subsection 6.1.2). We specify this statement.

In the near field zone, the field is described by (5.79). First, we assume
that the field is real and does not change its sign on the aperture, that is, the
antenna “focuses onto infinity.” This means that the antenna should create a
good pattern, but not a “good” field in a finite distance from the aperture. We
denote the linear size of the aperture by a. The integral in (5.79) describing the
field at the point (X, Y, Z) is proportional to the integral

/U x,Y, )exp{ 112<uZ (5 —x>2+ (% —y)zl } dxdy, (6.81)

where the dimensionless integration variables x = X /a,y = )% /a are intro-
duced. Recall that }A(, Y are the Cartesian coordinates in the plane Z = 0. The
integral depend on X, Y, Z as parameters.

The range of values of Z, at which the factor ka?/Z is large, that is,

Z < ka? (6.82)

is called the near field zone. In this zone, the integral in (6.81) can be estimated
by the stationary phase method. The x- and y-derivatives of the phase (i.e., of
the square bracket in (6.81)), equals x — X /a and y — Y /a, respectively. The
stationary phase points are

X Y

Xs = 2’ Ys = P (6.83)
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In nonnormalized coordinates, }A(s = X, 175 =Y. Consequently, the first term
of the asymptotic expansion of the field by the inverse powers of the ratio
ka?/Z in the plane Z = const, equals

U(X,Y,Z) = exp (—ikZ) U (X,Y,0). (6.84)

This formula implies that at any point of the plane Z = const, the field co-
incides (with accuracy to the phase factor exp(—ikZ)) with its value at the
point on the plane Z = 0, having the same coordinates X, Y . The field does
not depend on its values at other points of the plane Z = 0. The field has a
ray structure. At any point, it depends only on its values at the points of a
ray coming to this point. According to (6.84), the rays are perpendicular lines
to the plane Z = 0. We remind that in our case, this plane is an equiphase
surface.

We repeat this derivation assuming that the aperture focuses onto the point
located in the finite distance d from it. In this case, the field U(}A(, Y, 0) in (5.79)

has the phase factor exp [ik/ (2d) (X% + 172)} (see text below formula (5.82a)).
The phase in (5.79) equals

ika® | [ X 2 Y 2 Za® s,
37 (z‘x) +(;‘y> - (Py) (6.85)
The stationary phase points are
=X 1 y_ 1 (6.86)

wi-zja YT ad1-z/a

For the first term of the asymptotic expansion, formula (5.79) gives the expan-
sion

. X Y
U(X,Y,Z)—exp(—sz)U(1_Z/d,1_z/d,0). (6.87)
In this case, the near field has the ray structure, either. The field at
the point (X,Y,Z) depends only on the field at one point of the plane
Z = 0. The rays are parallel lines connecting the points (X,Y,Z), (X/(1 —
Z/d),Y/(1—2/d),0) and being orthogonal to the equiphase surface given
by (5.82a). In the next subsection, we will give a connection between the
equiphase surface and rays in a general form.
In the domain, where kR > 1, the field has the structure of a spherical wave.
The intermediate range in which Z has the order ka?

Z ~ ka?, (6.88)

is called the Fresnel zone. The ratio

_w

F= (6.89)

235



236

6 Backgrounds of Antenna Theory

is called the Fresnel coefficient. In a rough approximation, cr > 1 in the near
field zone, cy =~ 1 in the Fresnel zone. The zone where ¢y < 1, that is, the
inequality opposite to (6.82), is called the far field zone. Of course, the field
structure and, therefore, the location of these three zones depends not only on
the coefficient cp but also on the field created on the aperture.

6.2.6
Geometric optics

Condition (6.82) means that the wavelength A = 271/k is small in comparison
with all linear sizes involved in the problem. This demand can be written as a
symbolic equality

lim k = oo. (6.90)

In this case the solution to the Maxwell equations has a form of the product
of a slow varying (in the A-scale) function and a fast varying one. The fast-
varying function is conveniently expressed as the exponent of a function of
coordinates, multiplied by k. The form of this function depends on the shape
of the equiphase surface and on the type of the medium where the waves
propagate. For instance, solution (5.83) has this form if the equiphase surface
is the plane Z = const.

We consider the qualitative structure of the field in the case when condition
(6.90) holds. Similarly as in Section 5.3, we confine ourselves to investigation
of the scalar wave equation (5.73). Substituting the solution in the form (5.83)
into this equation yields equation (5.84) for the function W (7). In the example
of Section 5.3, approximation (5.86) stronger than (6.90), has been accepted,
leading to the parabolic approximation (5.88). The geometric approximation
is more rough in this example. It implies that only the higher term with respect
to the large parameter k is kept in equation (5.84) for W(¥) so that this function
satisfies the equation

dw
7= 0. (6.91)
In this example, the rays are lines {X = const, Y = const}. They are perpendic-
ular to the equiphase surfaces Z = const. Equation (6.91) means that at any
point of a ray, the field depends only on the fields at other points of this ray.
In the neighborhood of each ray, the so-called ray tube, that is, a cylinder
having this ray as an axis and consisting of the nearby rays can be constructed.
In the geometric approximation, the energy flux inside the ray tubes is kept.
The tubes do not exchange the energy. The diffusion process is described by a
more precise parabolic equation. In general, the tube cross-section is not con-
stant along the ray. In this meaning, the set of parallel rays is an exception.
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For instance, the ray structure of the field considered at the end of the pre-
ceding subsection, is a set of lines perpendicular to the concentric spherical
surfaces being the equiphase surfaces. When approaching the center of these
spherical surfaces (i. e., the focus of the ray set), the cross-section of the ray
tubes infinitely decreases; density of the energy transferred in each tube tends
to infinity. The geometric theory does not describe the field near the focus. In
this domain, the density of the energy in the neighboring tubes is strongly dif-
ferent; significant transverse diffusion appears. If the ray set has an envelope
(caustics), that is, a surface tangent to a ray at any its point, outside which
there are no rays, then the geometric approximation is not applicable in its
neighborhood, as well.

We consider a more general case of the usage of geometric approximation.
Let the medium be nonhomogeneous, that is, the product eu depends on coor-
dinates, n = n(¥), n = ,/eji. We confine ourselves to the scalar wave equation

U 9*U | ou?

22171
8X2+W+ﬁ+kn u=0. (6.92)

We seek the solution in the form
U = Wexp (—ikS) . (6.93)

The geometro-optical approximation implies that the functions W(7) and
S(¥) are found by equating to zero the first two terms of the expansion of the
left-hand side of (6.92) by the powers of k, that is, the terms proportional to k?
and k. This gives the equations for S and W

(grad 5)* = 12, (6.94)

% grad Wgrad S = —% div grad S. (6.95)

The function S (eikonal) is defined by equation (6.94) (eikonal equation) and
by its given value on one of the equiphase surfaces S = const. The ray is a
line at each point of which the tangential direction coincides with the vector
grad S. By definition, the rays are orthogonal to the equiphase surfaces. For
instance, if # = 1 and these surfaces are planes Z = const, then S = Z solves
(6.94). In this case W does not depend on Z.

The function W (7) is slow varying in the direction at which S(¥) varies fast.
This fact follows from (6.95), since the right-hand side of this equality is usu-
ally not large. If W = 0 at a certain point of the equiphase surface, then the
energy of a ray passing through this point is zero; it is small at all points of
this ray.

Equation (6.94) appears not only in the geometric optics. Efficient methods
are developed for its solving in the case of an arbitrary function n(7). If the
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function S(7) is known, then the ray direction, that is, the vector grad S tan-
gential to the ray, can be found at any point of it. In the medium withn =1,
the rays are straight lines.

If n # const, then it can be shown that the vector grad S changes its di-
rection, it turns toward grad n, so that the angle between these two vectors
diminishes. In particular, when refracting on the interface of two media, the
ray approaches the medium with larger 7, as it follows from the refraction
law (Section 2.2). In the optical fiber theory (Section 5.1), where the ray path
was investigated in the nonhomogeneous medium without using the general
theory (i. e., formula (6.94)), it was also shown that the ray refraction consists
in its deflection toward the larger n.

The rays possess the following property: integral of the refraction index
n(P) taken over a line connecting any two points, reaches its maximal value
if this line is a ray passing through these points (the Fermat principle). This
principle states that a ray passing through the points P; and P,, provides the
extremum to the integrals |, lﬁz * nds; taken over all lines connecting these points.
The integral over the ray, as a function of the upper limit, is the eikonal S(P,).
It is easy to show that the integral satisfies equation (6.94). It is called the
optical length of the ray from the point P; to P, and is proportional to the time
of wave propagation along the ray. This follows from the fact that the wave
velocity is ¢/n, that is, the time needed for passing the ray element ds is nds/c.

In this context, the extremum always means minimum, but there exist cases
when it is maximum. The assertion that the time needed for the wave propa-
gation between two points is minimal if the wave propagates along the ray, is
almost always true.

We show how one of the simplest laws of geometric optics, namely, the law
of refraction at the interface of two media, follows from the Fermat principle.
Let the points P; and P, with the coordinates x1,y1 (y1 < 0) and x2, y2 (y2 > 0),
respectively, lie in the corresponding media with the refraction indices n; and
ny (Fig. 6.3). The x-axis is the media interface; at n = 11, y < 0 and at n = ny,
y > 0. The optical length of the broken line connecting the two points and
intersecting the interface at the point x = a4,y = 0 (x; < a < xp), equals

S=mnilh +mb, L1 =4/ (Cl - xl)z +y%, Iy =4/ (JCZ - H)Z —|—y% (6.96)

If the coordinate a is such that dS/da = 0, then this length is minimal among
the optical lengths of all broken lines. This gives

a ; adl ny = X2 ai’lz. (697)
1

I
Itis a usual refraction law which implies that the cosines of the glancing angles
of the incident and refracted rays relate as the refraction indices of both the
media.
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Fig. 6.3 lllustration of the Fermat principle

In the next chapter it will be noted that the geometro-optical approach in
the formulation of the Fermat principle is also valid in the shadow domain.

6.3
Volume antennas

6.3.1
Radiation from holes

Antenna can radiate not only from the large hole (e.g., from the mirror an-
tenna aperture, see Section 6.2) but also from several small ones, for instance,
from slots in walls of the waveguide or resonator. Of course, the radiated field
of such antennas can also be expressed by currents on the walls. However,
these currents should be known with a very high accuracy, accounting into
their small alternation caused by the slot cutting (before cutting, the fields of
the currents were mutually canceled in the exterior space and the total field
was zero). In this case, it is more convenient first to find the tangential com-
ponents of the electric field on the holes, and then use them for calculation of
the field radiated by the antenna.

In this section, formulations of other boundary value problems are consid-
ered. Since only the tangential components of the fields participate in these
problems, below we omit the words “tangential components” and write “the
field on the surface” meaning just these components.

If the fields on the surface are known, then the exterior field created by these
fields can be calculated. For the slot antennas, it is convenient to consider the
slots (not the metallic surfaces) as radiating elements.

The electric field between the slots on the antenna surface (i. e., on metallic
surface) equals zero. Therefore, the field is known on the whole closed an-
tenna surface if it is known on the slots. The problem of finding the exterior
field by the known field on the slots consists in determining the field subject to

239



240

6 Backgrounds of Antenna Theory

the radiation condition, by its value on a certain closed surface. This bound-
ary value problem is always uniquely solvable. The uniqueness follows from
the fact that if the electric field equals zero on a closed surface (ideal metallic
surface) and there are no sources outside it (in particular, no wave incident
from infinity), then the exterior field equals zero (see Subsection 1.4.1). The
existence of the solution is physically obvious.

The solution to the above boundary value problem can be easily obtained in
the way outlined in Subsection 6.2.2, that is, by using the Green function. The
direct continuation of the field from the surface into space is possible only for
the surfaces coincident with a coordinate one of a simple coordinate system.
For instance, in Section 5.3 and Subsection 6.2.1 such a surface is a plane. In
this subsection, we derive formulas for the far field only, that is, for the radia-
tion pattern. In this case we can choose the simple Green function and avoid
two passages to the limit (as in Section 6.2). It is assumed that the field on the
surface is created by certain inner sources.

The Green function technique is based on formula (3.76). It connects the
sought field {E, H} with the Green function {ES, H8}. We apply (3.76) to the
domain bounded by the surface S and a spherical surface A encircling it. The
radius a of the sphere is so large that the field {E, H} on it has the asymptotic
form (1.33). As the Green function, we choose the field arisen when the plane
wave falls onto the “metallized” surface S. By definition, the electric field
of the Green function E$ equals zero on S. The field (E$, H8) consists of the
field of the plane (incident) wave and of that of the scattered one. The below
formula for the radiation pattern contains only the value of the field A8 on S,
that is, the current arisen on the metallic surface coinciding with S, when the
plane wave falls onto it.

The approach, used in Subsections 3.4.3, and 3.4.4 when solving the prob-
lem about a diaphragm with hole in the rectangular waveguide, is a particular
case of the above technique. The mentioned problem was simpler than that
considered here, since the Green function was the field of the standing wave
in the waveguide with the metallic diaphragm and it was easily found in the
explicit form.

There are no sources in the domain bounded by the surfaces S and A, and
formula (3.76) is an equality of two surface integrals

Z (B x ) - (Ex ) ]ds

_ _/ Kﬁg « H)N_ (Ex Hg)N} S. (6.98)
S

The normal N has different sense in these two integrals.
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First, calculate the integral over A. The surface elementis dS = a2 sin 0d0d Q
in it. Denote by 6%, ¢ the angles defining the direction from where the plane
wave forming the Green function comes. The integral over A depends on
these angles as on parameters. All the components of the plane wave have the
phase ik(x sin 68 cos ¢ + y sin 68 sin @8 + z cos 69). Expressing the Cartesian
coordinates x, i, z of a point on the sphere by spherical ones 4, 6, ¢, we obtain
the expression ikaiy(6, ¢) for the phase, where

(60, p) = ika [sin 68 sin O cos(p — @) + cos 6 cos O] . (6.99)

The field {E$, H8} consists of the fields of both the plane wave and the scat-
tered one. First we keep only the field of the plane wave in the integral over
the sphere A. Since the field {E, H} has the phase (—ika), all the terms in the
integrand have the phase ika(y — 1). Since ka > 1, the integral can be cal-
culated by the stationary phase method. Similarly to (6.62), the coordinates
0s, s of the stationary phase point, that is, the angles satisfying the equation
system

9 _ W _

- = 0, 3 = 0, (6.100)
equal

95 = Gg, q)s - q)g. (6.101)

System (6.100) has also another solution
95 =TT + Gg, q)s - 7T+ q)g, (6.102)

that is, there exists the second stationary phase point. It lies on the opposite
end of the diameter, on which the first point (6.101) lies. As it will be shown
below, the point (6.102) does not contribute to the value of the calculated inte-
gral.

At the point (6.101), the second derivatives 921 /962, 9>y / dp? have the same
values as in (6.63), and the value of the phase itself equals zero. Replace the
phase of integrand in the integral over A with the first terms of its Taylor
series, that is, with

¢ = ika |1— %(9 —9%)2 = L(p— 9%)2sin6)] . (6.103)

1
2
The factor sinf in dS cancels with the same function in the expression ob-
tained by the stationary phase method. Consequently, a linear combination
of the functions F; (68, ), F,(08, ¢8) determining the sought pattern of the
antenna, appears on the left-hand side of (6.98). The coefficients of this com-
bination depend on the polarization of the incident plane wave defining the
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Green function. Substituting successively the incoming Green waves of two
polarizations into the right-hand side of (6.103), we obtain there a system of
two linear combinations of the functions F; and F,.

As it has been pointed out, the Green function contains not only the incident
plane wave but also the one arising when this wave falls onto the “metallized”
surface S. On the sphere A, this term in the Green function has the same struc-
ture of the divergent spherical wave as the sought field {E, H}. The integrand
under the integral over A vanishes (in the higher order with respect to 1/a) if
both the fields {E, H} and {E$, HE} are the divergent spherical waves. There-
fore, only the incident plane wave should be accounted in the Green function
when calculating this integral.

By the same reason, the second stationary phase point (6.102) should not be
accounted. Near this point on the sphere R = g, the Green function (both the
plane wave and the divergent one) has the structure of the divergent spherical
wave. More precisely, the outgoing plane wave is asymptotically close to the
convergent spherical one.

If the two waves under the integral over A in (6.98) differ in the direction
of propagation, then the bracket in this integral is not zero. If their structure
is the same (both are divergent waves), then the integrand is asymptotically
zero. If the radial dependence of the fields is exp(—ikR), then the components
of E, H are related similarly as in (1.43). If this dependence is exp(ikR), then
Eg = Hy, E; = —Hp, that is, the relation has different signs. Due to this fact,
only the opposite-directed waves participate in (6.98).

Consider the integral over S in (6.98). The integration is made only over the
slots: the integral over the metallic surface equals zero since both the fields
E and E? are zero on it. We have chosen the complicated Green function in
order that the value of the magnetic field H on the metal is not involved in the
expression for the sought field. If the field of the plane wave in vacuum were
chosen as the Green function, then the integral over S would contain the value
of H on the metal, that is, the current flowing on the antenna walls between
the slots. This current cannot be given arbitrarily, it should be found after the
problem about the field outside S is solved. This field is completely defined
by the electric field on S. Earlier, when solving the problems about the fields
in the waveguide or resonator, created by the electric field on the slots in the
wall, we have also chosen the Green function as a field, for which E = 0 on
the walls.

Consequently, the integral over S in (6.98) is

| / (¢ Hg)N as, (6.104)
2

where X is the hole, and ¢'is a two-dimensional vector describing the electric
field given on X.
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The integrand of (6.104) contains the tangential component of the field H¢,
equal to the current flowing on the “metallized” surface S when the plane
wave of the unit amplitude, incoming from the direction (63, ¢%), falls on it.
The existence of the metallic surface between the slots, on which Eizn = 0, is
accounted in the field HY, .. The necessity to account this surface causes the
Green function {E€, HS} to be a solution of a certain diffraction problem. In
formula (6.19) analogous to (6.104), for the pattern created by the real (electric)
currents, the function playing a role of HS is significantly simpler. It does not
depend on the shape of the surface, on which the current flows. In fact, the
additional condition for the electric field to be zero on the metallic surface
(outside the slots) is connected with the fact that the “magnetic current,” equal
to etan, does not really exist. It cannot “flow” in vacuum, as a real current, a
metallic surface should always be near it.

Integral (6.104) should be calculated for both polarizations of the incoming
Green waves. Then equation (6.98) leads to the system of two linear equations
for the two functions F; (6%, ¢3), F,(68, ¢8). The system solves the problem of
this subsection, consisting in finding the pattern scattered from the holes cut
in a closed metallic surface, by the given electric field on them.

6.3.2
Field in narrow long slot

In this subsection, a method for finding the field ¢ on the hole is qualita-
tively described. The field is created by the source located inside the antenna
(waveguide or resonator) and directed across the slot. Its second component,
parallel to the long sides of the slot, is small, since it becomes zero on these
sides, that is, on the close parallel lines.

In many aspects, the problem about the field on the narrow long slot is sim-
ilar to that about the current on a long thin vibrator (see Subsection 6.1.4). A
scalar function e(() (the electric field on the slot) depending on the longitudi-
nal coordinate ¢ directed along the slot is to be found. The function is analo-
gous to the current | on the vibrator. At the slot ends, e(¢) vanishes, similarly
as the current J(&) does at the vibrator ends. The magnetic field on both the
sides of the slots, created by the field e(¢), is calculated by this function. The
magnetic field is mainly directed along the slot, its second component is small.
On both the sides of the slot, at z = +0 and z = —0 (Fig. 6.4), the sums of this
field and the magnetic fields created by the same sources on both the sides
before cutting the slot, should be the same. This condition leads to a first-kind
integral equation for the function e(¢). The free term of this equation is the
difference between the magnetic fields at z = +0 and z = —0, created by the
sources when metallizing the slot. If the sources exist only on the one side,
for instance at z < 0, as in the antenna, then the free term is a current flowing
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on the metal in the place where the slot is cut, that is, the current is cross cut
by the slot. This scheme has already been realized when solving the problem
about the diaphragm with a slot in the rectangular waveguide (Section 3.3).

Fig. 6.4 The slot in the screen

The electric field distributed on a certain surface Y, creates the same
field outside it, as the surface magnetic current, equal to this field and
perpendicular-directed to it. This statement is based on the following con-
sideration. Along with the Maxwell equation system (1.29), the system (3.117)
is introduced which differs from (1.29) in having certain vector j\") as a source
instead of the current with the density j. The vector ji") is tangent to the sur-
face X and differs from zero only on it. The field source is the two-dimensional
vector I") being the surface density of the magnetic current. On the surface
¥, the electric field has a jump, equal to I"™) and perpendicular to the vector
(™). This fact can be proven using the Stokes theorem, similarly as the fact
that if a current with the surface density I flows on a certain surface, then
the magnetic field has the jump (1.80) on this surface. When calculating the
field created by the field E distributed on the one side of the surface X, we can
accept that on another side of the surface the field is zero, that is, E equals the
jump of the electric field on the surface. This fact justifies the statement made
in the first sentence of this paragraph.

If the magnetic current is known, then the magnetic Hertz potential I1(")
can be found. This vector satisfies the nonhomogeneous wave equation

AT 421107 = 2T (6.105)
Itis easy to check that the field {E, H} is expressed in terms of I1(") by formulas
(3.24). This fact follows also from the analogy between the systems (1.29) and
(3.117).

The conditions for T1(¢) and T1(™) differs only in the following. The poten-
tial T1(¢) as well as the field created by the electric current, does not satisfy any
conditions except for the radiation one. The field created by a magnetic cur-
rent, should additionally satisfy the usual conditions on the metallic surfaces,
in which the slots are cut. Therefore, the kernel K of the integral expression

i (7) = / K(7, 7)1 (7') dS,. (6.106)
z



6.3 Volume antennas

is not exp(—ikp/ (kp)), as in (6.33). The kernel is

K(7,7) = —eXp(k;lkp)' +Q(7,7), (6.107)
where p = |[F — 7|, and Q(7,7) depends on the shape of metallic surface.

However, at p — 0 the term in the kernel, denoted by Q, remains finite. Only
the first term in (6.107) has the singularity at 7 = 7. This term is the same as
in integral (6.33) in the theory of thin vibrator. Therefore, the main property
of the thin vibrator that the value of I1(®) on the surface is proportional to the
value of the linear density of the current (") at the same point, remains valid
for the relation between (") and T1("). Similarly to (6.35),

—

(m) oy — 20, Lo
1"(z) = == In-1M(z) 4 (6.108)

where a is the slot width, and 2L is its length. The summands omitted in
(6.108) differ from the integral summand in (6.35), but the term highest with
respect to the small parameter x = [2In(L/a)]~! is the same.

The field H; is obtained from ﬁ§m> by applying the operator d?/dz* + k.
At the slot ends, H, should be zero.

The main results of the thin vibrator theory are transferred onto the the-
ory of the narrow slot. In the slot, the length of which is close to the half-
wavelength, the distribution of the transverse component of electric field is
cosinusoidal and does not depend on the extrinsic force. The role of such a
force is played by the current created by the same sources in the absence of
the slot and cross cut by it. The amplitude of the electric field on the slot is
proportional to the integral of this extrinsic force multiplied by the sine of the
angle between this current and the slot direction, taken along the slot. If the
slot length differs from the half-wavelength and is not multiple of it (nonres-
onant slot), then the distribution of the electric field depends on that of the
extrinsic force, and the amplitude is small, of the order x.

The theory of antennas consisting of several adjusted slots is constructed
by the same scheme as the theory of several adjusted vibrators. The mutual
influence of the slots is described by the coefficients depending both on their
mutual location and on the shape of the antenna. These coefficients are in-
volved in the linear algebraic equation system for the amplitudes of the mag-
netic fields in the slots. The system is similar to (6.52).

6.3.3
Resonant antennas

The volume resonator with slots in the walls, inside which a certain radiating
element is located, is called the resonant antenna. The field arising in it is large
in a narrow frequency range. The currents in the walls are also large, therefore,
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the electric field excited by these currents on the slots cross-cutting them, is
large as well. The field on the slots is especially large if the slots are also tuned-
up to this frequency, that is, if their length is equal or proportional to A /2. The
frequency, at which the field in the resonator is large, that is, the real part of
the complex eigenfrequency of the open resonator (see Section 4.2), is close
to the eigenfrequency of the closed (without slots) resonator. The shift of the
resonant frequency, caused by the slot cutting, is larger if the slots are located
more densely and their width is larger. We will return to this question at the
end of Subsection 6.3.5. The radiation pattern depends on both the resonator
shape and the slot locations.

The resonant antenna can radiate not only through the narrow slots but also
through the walls segments made as the dense arrays or grids. The electric
field exists on these segments of the antenna surface. It is proportional to
the difference of the magnetic fields on both the sides of the surface. The
proportionality coefficient (ratio of the electric field to above difference of the
magnetic ones) is a characteristic of the array or grid, and it does not depend
on the fields. It is a tensor of the second order, called the transparency of the
surface segment.

The expression “the field on the short-periodical array” means the period-
average value of the field or, which is the same, the field in a distance from the
array much larger than its period and much smaller than the wavelength. In
detail, this notion was defined in Subsection 5.2.3. This electric field € partici-
pates in the formulas for the external field of the antenna, in particular, for the
radiation pattern.

The pattern created by the antenna of the form of a closed surface with
holes is proportional to integral (6.104) taken over the whole surface. The
vector H8 describes the magnetic field arisen on the metallic body of the same
shape, illuminated by the plane wave of the unit amplitude, incoming from
the direction, for which the pattern is calculated. If the slots are widely spaced,
then the integral is taken only over the slots surface L, since € = 0 on metal.
On the array, the average field should be meant by ¢, as it is explained in the
preceding paragraph.

The transparency of the resonator walls must be small, otherwise the radi-
ation losses would be large, the resonance would be weakly exposed and the
field would be small even in the resonant frequency range. At the small trans-
parency, the magnetic field inside the resonator is close to that in the closed
one. The field € can be accepted to be proportional to the current flowing on
the wall in the eigenoscillation of the closed resonator.

The contribution of any surface segment into the pattern depends not only
on the field € on this segment but also on the shape of the whole surface S. For
instance, the surface can shadow to some extent a certain direction from the
radiation of this segment. This property of the antenna radiating through the
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semi-transparent surface or the slots, is accounted in formula (6.104) by the
multiplier H8. This multiplier (the Green function) depends on the shape of
the whole surface, it is not a local function of the given segment. If the plane
wave coming from a certain direction almost does not illuminate the segment,
then the field on it almost does not participates in creating the pattern in this
direction. In fact, this is one of the formulations of the reciprocity principle.

6.3.4
Transparency of short-periodical array

The simplest theory of the short-periodical array, explained in Subsec-
tion 5.2.3, was sufficient for investigation of the helix line. However, for
determination of the array transparency, this theory must be specified. We
confine ourselves to the theory of infinitely thin strips.

On both the sides of the array, the electric field is the same, and the magnetic
one has a jump. As in Subsection 5.2.6, by the field on the array we imply the
limit, to which the field tends in the distance from the array, much larger than
the array period p and much smaller than the wavelength A. It follows from
(5.68) that

E}” _ Et<2> -0, M _g® (6.109)

Here s and t are the directions along and across the strips, respectively; both
directions lie in the array plane. The indices (1) and (2) refer to different sides
of the array. The normal directed from (1) to (2) and the directions s and ¢
make up the right triple.

Formula (6.109) remains valid in the more strict theory. However, instead
of (5.68), the boundary conditions on the array contain, besides for (6.109), the
relations

E, = —iP,(HY — H?), (6.110a)
E = iP(HY — H?). (6.110b)

The coefficients Ps, P; describe transparencies of the strip array. Formulas
(6.110) refer to the case when the field does not vary along the strips, that
is, d/0s = 0. If this derivative differs from zero, additional terms are present
on the right-hand side of (6.110).

For the strip array, the transparencies are expressed explicitly by p, A and
the filling factor g equal to the ratio of the strip width to the period p, as fol-
lows:

. Tt
Py = —% Insin 7‘7 (6.111a)

A 1

b= 4pIncos(mq/2)

(6.111b)
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These formulas are obtained from the solution of two independent scalar
problems for the function ¢(t, N) satisfying the equation 0% ¢ /9t> +0>¢/IN? =
0 with the boundary conditions ¢ = 0 or d¢/dN = 0, respectively, on the strip
surface. Here t and N are the local coordinates on the strip, the t-axis lies in
the strip plane, perpendicular to the strips, N is perpendicular to the strip
plane, d/0N is the normal derivative. The function ¢ satisfying the Dirichlet
condition on the strip, is the electric field es; the function satisfying the Neu-
mann condition is the magnetic field hs. The fields es, his are the real fields,
not the average ones Es, Hs. The fields es, /15 are the periodical functions of the
variable t with the period p. At N >> p, they become the average ones E;, Hs
participating in formulas (6.109), (6.110).

The above Laplace equation can be solved, in particular, by the conformal
mapping method. For the array constructed from the infinitely thin strips, the
plane (t, N) contains the pieces of the straightforward lines (Fig. 6.5). For this
geometry the conformal mapping is expressed in an explicit form. In such a
way we obtain the explicit formulas for the transparency coefficients in (6.110).
We omit these cumbersome calculations here.

N

Fig. 6.5 The strip array

In the simpler theory, sufficient for describing the eigenmode in the helix
line (Subsection 5.2.6), we put Ps = 0, Pt = oco. These values can be ob-
tained from (6.111) at p/A — 0. The array described by formulas (5.68) ob-
tained for this case is completely nontransparent for the field in which E is
directed along the strips, and completely transparent for the field with E di-
rected across them.

Formulas (6.110), (6.111) specify this result. For instance, the transmission
coefficients of the plane wave falling perpendicularly to the array, equal

2iPs

Ds =17 S (6.112a)
2iP;
D; = 112
T 1+2ip (6.112b)

for the corresponding polarizations. According to these formulas, the array
is partially transparent (Ds # 0) for the s-polarization and not completely
transparent (| D¢| < 1) for the t-polarization.

Since p < A (the array is short-periodical), then if 4 is not too small and not
too close to unity, then |Ps| < 1, |P| > 1. The array properties are close to
those at which Ds = 0, D; = 1. However, according to (6.111a), Ps — oo at
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q — 0.1If the strip width is much smaller than the period, then Ds — 1 and the
array ceases to reflect the s-polarized wave. In the second limiting case, when
q — 1, we have Py — 0, Dy — 0. The array completely reflects the t-polarized
wave if the slots between the strips are much smaller than the period. Both
these results are physically obvious.

Since the transmission coefficients (6.112) are different for different polar-
izations, the wave polarized not along or across the strips becomes elliptically
polarized after passing through the short-periodical array. This effect mani-
fests itself the most of all when the wave falls, in which the vector E makes
a small angle with the s-direction (along the strips). Denote this angle by «;
& < 1. In the incident wave, E; = Epsina ~ Ega, Es = Egcosa = Ej, where
Ey is the incident wave amplitude. If 4 and 1 — g are not small, then |Ps| < 1,
|P| > 1. According to (6.112), in the transmitted wave, we have

Es=Ey-2iP;,  E; = Epa. (6.113)

The wave is elliptically polarized. In particular, if both the small values « and
2Ps coincide, that is, if « = —27t/A - Insin(7tq/2), then the transmitted wave
is circularly polarized.

These elementary properties following from formulas (6.110), (6.111), are
inherent to the short-periodical array not only at the normal incidence of the
plane wave onto it but also when the transmitted wave has the amplitudes
(5.87) (at Eg = 1). These formulas describe the general relations between the
electric field on the array and the current flowing on the wall when substitut-
ing the array with the solid metal. These relations are also valid when placing
the array into a much complicated field. It is only needed to add the terms in
(6.110), containing the derivative d/9ds. These formulas give the fields arisen
on the resonant antenna surface, which create the radiated field.

6.3.5
Dielectric antennas

Any body made from the material with ¢ >> 1, is an open resonator, that is,
an antenna. Its Q-factor has the order /e. The advantage of the dielectric
antennas is their small sizes (in comparison with A). The resonant antennas
considered in Subsection 6.3.3 can be small only if the interior volume has a
complicated structure, for instance, its shape is a spiral or meander.

The field excited in the dielectric body by a certain source located inside it
weakly penetrates into the exterior space. The interface of two media having
e > 1 and ¢ = 1, respectively, is a small-transparent screen. This fact fol-
lows, for instance, from formulas (2.51), (2.52) for the reflection coefficient in
the simplest problem about the normal incidence of the plane wave from the
medium with € > 1 onto the interface with the medium with ¢ = 1. If the field
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in the first medium is represented as

E = exp(—iky/ez) + Rexp(iky/ez), (6.114)
then the reflection coefficient R equals
-1
R= Ve . (6.115)
Ve+1
It is assumed that # = 1 in both the media. Ate > 1,
R—l—i—k--- (6.116)
= e . .

The wave almost completely reflects from the interface. Inside the medium
with ¢ > 1, the magnetic field amplitude is /¢ times larger than that of the
electric one, but |H| = |E| on the interface, |H| has the order |E|, since such a
relation between the amplitudes exists in the exterior medium, and the fields
on the interface are continuous. Therefore, at ¢ > 1, the reflection from the
interface with ¢ = 1 proceeds almost in the same way as from the surface with
the condition

Hian = 0. (6.117)

The reflection coefficient from such a surface would be R = 1.

The virtual medium on the surface of which condition (6.117) holds, is the
ideal magnetic. This condition holds if = oo in the medium. Note that the
reflection coefficient from ideal metal, that is, from the medium with ¢ = oo
has the opposite sign, it equals —1.

We find the eigenoscillation of the simplest model of the dielectric resonator.
Let the dielectric plate be bounded by the planes z = —a and z = a. The dielec-
tric permittivity of its material is € > 1. The eigenoscillation is considered in
which the field depends only on the z-coordinate. Only the two components,
Ey and Hy differ from zero in the field. They are connected by the Maxwell
equations

dd_Piy = —ikeEy, % = —ikH,. (6.118)
At |z| — oo, the radiation conditions must be fulfilled: the field must be an
outgoing wave. For the even oscillation, the field on the plate is

Ey = cos(kv/ez), H, = —iyesin(kv/ez), x| < a. (6.119)
At z > a, the field represents an outgoing wave, Hy/ Ex = —1 init. The
equation

tan(kyvea) = —, N=1,2,... (6.120)

NG
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for the complex eigenfrequency follows from the field continuity at z = a. At
£ > 1, the roots of this equations are approximately equal to

N i

ky = 2+ =,
N a\/E+u£

N=12,... (6.121)

They are close to the roots of the equation
tan(k%\/ea) =0 (6.122)

for the eigenfrequencies k%, of the closed resonator with condition (6.117).
These roots are

K = —— N=12,... (6.123)

According to (6.121), the plate of the material with ¢ > 1 is a high-quality
resonator. Its Q-factor, that is, the ratio Q = k) /(2k};) equals

Q= %ﬁ. (6.124)

On the boundary of this open resonator, the electric field equals cos(ky+/ea).
It differs from the electric field cos(k%;\/2a) on the walls of the closed resonator
with the same ¢ and the boundary condition (6.117), only by the value of the
order 1/¢ (under the condition that the fields are the same at large distances
from the boundaries of the compared resonators). In fact, the electric field
on the boundary of the open resonator with ¢ > 1 coincides with that of
the closed resonator with the boundary condition (6.117), filled with the same
dielectric.

This result is valid for the dielectric resonator of arbitrary shape. The rela-
tion between the amplitudes of the electric and magnetic fields on any closed
surface S is defined only by the shape of this boundary and by the bodies lo-
cated outside the resonator (if they exist). The field E on S defines the field in
the whole space outside S, in particular, the field H on S. This field has the
same order as E; it does not depend on the medium located inside the surface.
The field |H| is about /¢ times larger than |E| there. This fact follows from
formula (4.17), which is valid, as it can be easily shown, also under condition
(6.117) on the walls of the closed resonator. Hence, the demand for the ampli-
tude of H on the surface to be of the same order as the amplitude of E, is close
to condition (6.117).

The general theory of closed resonators with the boundary condition (6.117)
is constructed by the same scheme as the theory of closed resonators with
the boundary condition (4.10b). There exists a countable sequence of the real
eigenfrequencies k%, N = 1,2,... One or several eigenoscillations with the
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fields {EN, HV} correspond to each eigenfrequency. The fields corresponding
to different eigenfrequencies are orthogonal (see (4.16)).

With small corrections, the variational technique for calculating the eigen-
frequencies also remains the same. The functional (4.24) for the problem with
the boundary condition (11.8b) is stationary on the eigenoscillations, and the
above condition should not be imposed on the admissible functions. In con-
trast to (4.24), the functional (4.33) is stationary on the eigenoscillations only
if the admissible functions satisfy condition (11.8b). Under condition (6.117),
the properties of these functionals are interchanged.

The closeness of the condition on the interface between the medium with
e > 1 and vacuum, and the boundary condition (6.117) leads to the closeness
of the electric field distributions on the boundaries of the closed and open res-
onators with the same surface S. The radiation pattern of the antenna can be
calculated if the electric field distribution on its surface is known. However,
in order to find the amplitude of the field excited by a certain source and the
frequency dependence of this amplitude, we must know the complex eigen-
frequency of the open resonator.

For calculating the imaginary part k}; of the eigenfrequency, it is sufficient
to know the radiation pattern. The energy carried away by the spherical wave
radiated by the antenna is proportional to k%,

o IR (Ex ") a5
Ny (HP +eER)dv

The integrals in the numerator and denominator are taken over the antenna
surface and its volume, respectively. This formula can be obtained by inte-
gration of the expression div(E x H*) over the volume, as it was made in
Section 4.1. For this purpose, it is sufficient to replace rotors in (1.55) by those
from the homogeneous Maxwell equations and take the real part of the ob-
tained equality. This formula does not depend on the field normalization.
The integral in the numerator equals (with accuracy to the factor c/(87)) the
Poynting vector flux through the surface S. This flux is equal to the same vec-
tor flux through the infinitely removed sphere and hence it is expressible by
the radiation pattern.

The above consideration relates to both the dielectric antenna and the res-
onant antenna, considered in Subsection 6.3.3. At a small transparency of the
walls, the electric field on the resonant antenna surface equals the boundary
value of the magnetic field in the closed resonator, multiplied by the trans-
parency. Similarly as for the dielectric antenna, the radiation pattern (and
hence the imaginary part of the eigenfrequency) are calculated by the field on
the exterior boundary.

More complicated calculations are required for determining the shift of the
real part k) of complex eigenfrequency of the open resonator with respect to
eigenfrequency kY, of the closed one. Similarly as kY, this value depends on

(6.125)
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the objects located outside the surface S. However, in contrast to kY, , the value
k%, cannot be expressed by the radiation pattern. For its determination, the
field H on S must be preliminary calculated by the known field E on the same
surface. The latter problem is much complicated than the calculation of the
radiation pattern. For the case when E differs from zero only on the narrow
long strip, this problem was solved in Subsection 6.3.2 in the slot theory. We
do not give the appropriate cumbersome formulas for the general case.

6.3.6
The inverse problem for volume antennas

The inverse problem for the volume antennas consists in finding the electric
field on the given antenna surface which creates the given radiation pattern.
After finding this field, we can then solve the inverse problem for the reso-
nant antenna in the following formulation: to find the surface S transparency
distribution, at which the antenna has the given radiation pattern.

Formally, the problem about the field on the surface S can be reduced to the
integral equation, the symbolic form of which is

/ ¢(S)K(S, Q) dS = F(Q). (6.126)

S
Here S is the coordinate of the point on the antenna, dS is a surface element,
and Q) = {0, ¢} is the aggregate angular coordinate on the infinitely removed
sphere. The function e(S) is the sought electric field, F(Q)) is the given pat-
tern. According to (6.104), the kernel K(S, ) is the magnetic field at the point
S, arising on the surface of an ideal-conducting body with the same boundary,
at the incidence of the plane wave of unit amplitude coming from the direction
Q). In the detailed form, (6.126) should be replaced by the system of two equa-
tions for the two polarizations, the function e and kernel K should be replaced
by the corresponding vectors.

We explain a method for solving this problem on the two-dimensional (and
hence scalar) model. Let an electric field E, creating the pattern F(¢) exist
on the cylinder, cross-section of which is bounded by the contour C, and the
director is parallel to the z-axis. The contour C and function F(¢) are given,
the function E, on C is to be found.

Denote the function E (7, ¢) by u(r, ¢). This function satisfies the equation

u  1du 1 9?
W+?§+<k2_ﬁﬁ>”_o (6.127)
and the radiation condition
N exp(—ikr)
Urmco = F(P) = 7=
The magnetic field has only components H;, Hy, and can be calculated by
u(r, ) according to (1.83).

(6.128)
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The problem of finding the function u|- can be reduced to the first-kind
integral equation

/u(s)K(s, ¢)ds = F(¢). (6.129)
C

Here s is the coordinate on the contour C. The kernel K(s, ¢) is the magnetic
field component, tangential to the contour C, which would arise on the ideal-
conducting cylinder with the same contour of the cross-section, in which the
electric field is parallel to the z-axis, at the incidence of the plane wave of unit
amplitude coming from the direction ¢.

The problem is similar to that formulated in Section 5.3, about the field on a
part of the plane, creating the given field on another plane. In general case, the
problem has no solution. Similarly, the problem about the field on C creating
the given field at infinity has also no solution in general case, that is, for an
arbitrary contour C and function F(¢). In this subsection we investigate this
question, using formulas (6.127), (6.128), without solving the integral equation
(6.129).

There exist two main reasons by which the above problem may have no
solution. Firstly, the function F(¢) may not be sufficiently smooth to be a
pattern. Secondly, the contour C can be too small for the antenna bounded by
it to be able to create the given pattern. We specify these reasons and point
out the way for finding the solution if it exists.

We find the function u(r, ¢) solving problems (6.127), (6.128). For simplicity,
we assume that F(¢) is an even function. Express it into the Fourier series

F(p) = i Ay cos(ng). (6.130)
n=0

Partial solutions to the wave equation (6.127), proportional to cos(n¢) are

z exp <_T> H,(qz) (kr) cos(ng), n=0,1,2,... (6.131)

The asymptotics of these solutions are exp(—ikr)/v/kr - cos(ng). This follows
from the asymptotic of the Hankel function

@) () o 1/ 2 exp () XP(ikr)
H," (kr) = nexp( 5 ) N/ (6.132)

valid for kr >> 1, kr > n. Consequently, a formal solution to equation (6.127),
having the asymptotic (6.128), (6.130) is

u(r, @) = \/; i}An exp (—an> H,(qz) (kr) cos(ng). (6.133)

This function exists if the series converges.
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The series convergence is defined by the rate of its term decreasing at n —
oo, that is, by the asymptotic of the far terms of the series. Atn > kr, the
Debye asymptotic

H,S”(W)M,/%(f%) ,  e=271... (6.134)

of the Hankel function holds. The far terms of series (6.133) have the form

Ay

vn
where a common factor is omitted. The coefficient at cos(n¢) can be written
as (ap/r)", where

(%)ncos(n(p), (6.135)

ao = %}}g&(nmn\l/"). (6.136)
If this limit exists, then the general term of series (6.133) at n > kr, n > 1is
subject to the estimation (ag/7)" cos(n¢) (in fact, it is sufficient that the upper
limit exits in (6.136)). The series with such an asymptotic of the general term
converges at ¥ > ap and diverges at r < ag. At r = ap, the series converges to
the generalized function §(¢ — ¢) with certain ¢ or to a sum of such functions.

If the coefficients of series (6.130) decrease so slowly that the limit (6.136)
does not exist (“equals infinity”), then there is no function u(r, ¢) satisfying
equation (6.126) and condition (6.128). This means that the function F(¢) can-
not be a radiation pattern. For instance, if A, = O(n~F) at some p > 1,
then series (6.130) converges, but 4y does not exist, and therefore there is no
antenna, the pattern of which is F(¢). At such asymptotic of A,, one of the
derivatives 9'F/9¢' (and all the next) does not exist. The Fourier coefficients
of any pattern should decrease faster than n=".

If the limit in (6.136) exists but ag is so large that the contour C lies inside
the circle of radius ay, centered in the origin (dashed lines in Fig. 6.6), then the
inverse problem has no solution at the given C and F(¢). Really, in this case a
ring (shaded area in Fig. 6.6(a)) exists inside which the contour C lies, and the
ring itself lies inside the circle of the radius ag. The series for the field in this
ring cannot contain the terms with Hr(ll) (kr), because this fact would contradict
the demand (6.128), and the series containing only H, 7(,2) (kr) does not converge.
Consequently, there is no field on the contour C, satisfying (6.127) and (6.128).

The Gauss function

F(g) = exp (—Msin2 g) (6.137)

with a given M is an example of such a function. The coefficients A, for this
function are proportional to the modified Bessel function I,,(M/2). At the
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Fig. 6.6 lllustration of the inverse problem solvability

large n, this function asymptotically equals [eM/(2n)]", so that aqg = M/k.
The larger the number M, that is, the sharper the pattern to be created, the
larger must be the contour C. The circle of the radius M/k must not contain
this contour inside itself.

In the case when the contour C is so large that the circle of the radius ag
completely lies inside it (Fig. 6.6(b)), then the inverse problem has a solu-
tion which can be found in a very simple way. The contour C lies in the do-
main where the field u(7, @) is known. It is expressed by the convergent series
(6.133). The value u|. is the sought field on C, at which the antenna creates
the pattern F(¢). This statement follows from the fact that if there are no ob-
jects outside C, then the value u|- determines the field everywhere outside C.
If two different values of the field existed at a certain point, then the difference
field, equal to zero on C, would not be identical to zero, which would violate
the uniqueness of the solution to the Maxwell equations.

The inverse problem is also solvable in the case if the circle of radius ag inter-
sects the contour C so that a part of C lies outside the circle and the rest inside it
(Fig. 6.6(c)). Outside the circle the field u(r, ¢) is expressed by the convergent
series (6.133). The field exists also in the domain inside the circle but outside
C (shaded area in Fig. 6.6(c)), but it is not expressed by (6.133). The series for
u(r, ¢) in this domain should contain also the terms with Hy(,l)(kr) cos(ne).
In this domain the field also contains the waves propagating to the antenna
surface (“back waves”). The presence of these waves does not contradict the
radiation condition, since in this form the series should represent a continu-
ous function not for all values of ¢; inside C this series has no physical sense.
After constructing the field u(r, ¢) everywhere outside C, we obtain the value
u|- by “embedding” the contour in this field.

The radius g of the circle is given by (6.136) as a limit. The value of the limit
is defined by the behavior of the coefficients A, in (6.130) at large n. It is ob-
vious that a small alteration of F(¢) can change these far terms of the Fourier
series in such a way that the limit in (6.136) will have any value from 0 to co.
For instance, by truncating the series, we obtain a4y = 0. On the other hand, if
we add the function Y3\ 772 cos(n¢) to the series, then at N >> 1 the func-
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tion F(¢) varies a little, but ap = oco. Small alterations of the function F(¢)
may essentially change the solvability conditions for the inverse problem, and
the sought function u/| itself. This instability of the problem is also connected
with the fact that u| satisfies the first-kind integral equation (6.126) with the
smooth kernel and integration over the bounded medium. It is known that
this problem is ill-posed and its solution is unstable. By this reason, for in-
stance, the results obtained above that the pattern (6.137) cannot be created
by the antenna completely lying inside the circle of the radius ag, do not con-
tradict the fact that a pattern arbitrary close to (6.137) can be created by an
arbitrary small antenna. However, this antenna can turn out to be superdirec-
tive, that is, the function u|- can have large amplitude jumps and it cannot be
realized practically. But, formally, the solution to the stated inverse problem
exists. As a rule, all inverse problems are ill-posed.

Considerations of this subsection transfer on the three-dimensional vec-
tor problems almost automatically. The pattern given by the two functions
F1(6, ), F2(0, ¢) can be created by the electric field distributed over a surface
if (and only if) this surface is so large that it cannot be located inside a sphere
of the radius depending on these functions. The sharper the pattern, the larger
the radius and the larger antenna must be, to create this pattern. However,
there always exist patterns close to the functions Fj, F, for which this radius
is small. These patterns approximating the given one can be, in principle,
created by a small antenna.

When transferring the method described above for the two-dimensional
scalar problem into the three-dimensional vector problem, the singlefold
Fourier series by the trigonometric functions is substituted with the double
one by the much complicated functions of the angles. The radial functions
are complicated as well. The fields are expressed by the two (not one) scalar
functions. There are also other technical difficulties. This technique will be
partially described in the next chapter.

6.3.7
Analytical continuation of the field

In this subsection, another statement of the problem about the volume antenna
is considered. In this statement, only the desired pattern is given, whereas
the antenna surface is unknown. The problem is to find a surface, as small
as possible, which could be the surface of the antenna creating this pattern.
Above, we have shown that this surface cannot wholly lie inside a certain
circle (sphere in three-dimensional case). Now we establish several more exact
conditions, which must be satisfied by the surface. The constructions and
derivations are illustrated on the two-dimensional model.
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We construct the field in the whole space having the given pattern. It is as-
sumed that there are no bodies in space. Outside the circle of the radius a¢ the
field is described by series (6.133). Continue this field inside the circle analyti-
cally, that is, in such a way that the field components and their derivatives are
continuous on the circle. This continuation obligatory has singularity points,
at which the field is infinite. If such points were absent, then the field should
satisfy the Maxwell equation in the whole space and the radiation condition,
but such a field is zero if the current is absent. The key task in the problem is
to localize these points.

The antenna surface must enclose all the singularity points of the continued
field. This follows from the fact that the field outside the antenna has no such
points. The field on the constructed surface must be the same as the field in
which the antenna is “embedded.” The antenna with such a surface and such
field distribution on it creates the given radiation pattern.

After the antenna is really constructed, the field inside it is, of course, not
connected with the field found by the analytical continuation of the external
field under assumption that the antenna is absent. This domain is called non-
physical.

Further, in Subsection 7.4.8, we describe an application of the analytical con-
tinuation method to the diffraction problems. The structure of the field con-
tinued into the nonphysical domain is discussed there. Here we only mention
two methods of localization of the singularity points. The more precise this lo-
calization is, the more exact the condition on the surface of antenna, creating
the given pattern. All singularity points must lie inside the antenna or on its
surface. The first method uses the fact that at least one singularity point lies
on the circle of radius a4y (6.136), centered in the coordinate origin. Of course,
this point lies on a part of the circle, located inside the contour C (Fig. 6.6(c)),
that is, on the nonphysical domain boundary. The method consists in intro-
ducing a new coordinate systems shifted with respect to the old one. This shift
changes the pattern by the factor exp[ikb cos(¢ — @)|, where b is the length of
the segment by which the origin is shifted, the angle ¢ describes the shift di-
rection. The Fourier coefficients are changed as well, and hence the value ay is
changed, either.

If there is only one singularity point on the circle, then the origin should be
moved directly to this point. Then the radius 4y decreases, that is, the local-
ization of the domain where the singularity points lie, is improved. If there
are two singularity points on the circle, then the origin should be shifted to
center of the chord connecting these points. If the points lie on the one di-
ameter, then the singularity point localization cannot be improved by a circle,
since the minimal circle is already constructed, outside which the singularity
points are absent. In this case, the area of the domain containing all singular-
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ity points can be decreased by substituting the minimal circle by two arcs of
larger circles passing through the two given points.

The second method for localization of singularity points of the field given
by its asymptotic at r — oo is based on introducing the plane of the complex
angle ¢ = a +ip. The field in any point (7, ¢) can be expressed as the integral

4100

u(r, ¢) = / F(§) exp [—ikrcos(¢ — ¢)] d@ (6.138)

—ico

taken over the contour on the complex plane ¢, shown in Fig. 6.7 (Sommerfeld
contour). This function satisfies equation (6.127) in the whole plane and has
the asymptotic (6.128) at infinity.

p

Fig. 6.7 The Sommerfeld contour

It can be shown that this integral has no singularities in the half-plane
rsing > C. (6.139)

The number C is found by the given function F(¢) in a certain way based on
the theory of entire functions. Condition (6.139) bounds the domain where the
singularity points are located by a straight line.

Turning the coordinate system changes the function F(¢). The position
and direction of the straight line on one side of which singularity points lie
is changed as well. Varying the turning angle from 0 to 277, we can construct
the minimal domain bounded by these lines, outside which the singularity
points are absent. In this way we can localize the singularity points in the do-
main, smaller than the minimal circle (or domain bounded by two circle arcs)
constructed by the first method.
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74
Diffraction of the plane wave on circular waveguide

711
Scalar potentials

The simplest diffraction problem is the problem of the plane wave scattering
on an infinite circular cylinder (as a model). Expressions for the fields in not
very large distances, obtained in this problem, are approximately also valid
for a cylinder with length much larger than both the wavelength and its cross-
section size.

Below, we consider the case when the plane wave propagates perpendic-
ular to the cylinder axis. In this case the incident field does not depend on
the z-coordinate of the cylindrical coordinate system (z, #, ¢), axis of which
coincides with the cylinder one (Fig. 7.1). Since the cylinder surface does not
depend on z, the diffracted field does not depend on it as well.

Z
e
S —

——
/’ S

X S~———
Fig. 7.1 The circular cylinder

At 0/0z = 0, the Maxwell equations are divided into two systems, for the
components E;, Hy, Hq; and H,, E,, EfP' respectively. The components H,, Hq;
of the first system can be expressed by E;, the components E;, E,, of the second
one by H,. These two functions play a role of potentials; the field components
are expressed by their derivatives.
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It follows from the Maxwell equations that

i ol iol
H, = Krag’ Hy = T E,=U. (7.1)
The function U is a Cartesian component satisfying the wave equation (1.41)
’U  1oU , U
2 ;W‘F (k £+ I’Zagoz) =0. (7.2)

The dielectric permittivity is kept in this equation in order to use it in the prob-
lem of diffraction on the dielectric cylinder (see Subsection 7.1.4). Equations
(7.1), (7.2), as well as equations (7.3) are valid for any dependence of € on the
transverse coordinates r, ¢. In this chapter, it is assumed that y = 1.

In the second equation system connecting the components H, E,, E,, the
role of the potential function is played by H, = V(r,¢). The electric field
components are expressed by V' as

1 iV
= Tkerag’ T kear
The wave equation for V is more complicated than (7.2); it involves the deriva-
tives de/dr and de/dg. We do not write it here. In domains where ¢ = const,
the wave equation for V coincides with (7.2).

The equations for U and V are not connected. The functions U and V sat-
isfy the independent equations. If the polarizations are not connected by the
excitation conditions, then the functions are not connected at all. If V = 0,
thatis, E, = 0, E, = 0 in the incident wave, so that the wave is linearly polar-
ized along the z-axis, then the diffracted field is also linearly polarized along
this axis. This assertion is also valid for the second polarization, as well as for
cylinders with arbitrary cross-sections.

(7.3)

71.2
The variable separation method: the Rayleigh series

Consider a case when V = 0, that is, the field E has the only component
E. = U(r,¢). The total field U is a sum of the incident field U" and the
diffracted field U9, U = U% + U4, The field U satisfies (7.2), the ra-
diation condition and the boundary one

udiff — 10 =4 (7.4)

on the cylinder surface, where a is the cylinder radius.
Atanyr > a, U%f(r, ¢) is expressible into the Fourier series by the functions
cos(ng) in the form

udft (r, p) = iOAnZn (r)cos (ne). (7.5)
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Here we omit the terms with sin(n¢), assuming temporary that the waveg-
uide cross-section as well as the incident field is symmetrical with respect to
the axis ¢ = 0. Substituting (7.5) into (7.2) and accounting the orthogonality
of the functions cos(n¢), we obtain that the functions Z,, should satisfy the
equation

d’zZ, 1dz, , n?
dr? +; dr+<k€_r_2) me (7.6

This is equation for the cylindrical functions. It follows from the radiation
condition for the function U%fthat 7, (r) = Hr(,z) (kr). Therefore, (7.5) becomes

Uit — Z Ay H kr ) cos (ng) . (7.7)
The boundary condition (7.4) leads to the functional equation
Z ka ) cos (ng) = —U° (a, ), (7.8)

which should hold in the whole interval 0 < ¢ < 27w System of func-
tions cos(n¢) is complete (for even functions) and orthogonal in this interval.
Therefore, for the coefficients A, of series (7.7), we have

27

1 1 -
A, = — uv (a, do. 7.9
(EEmEnaym. 0/ (a,9) cos () dg 79)

This formula holds for any incident field U°. If the incident wave (7.10) is the
plane one propagating along the x-axis, that is, its field is

U° = exp (—ikrcos ¢), (7.10)

then

_2(=0)" T (ka)
A= T o) H? (ka) 7

Series (7.7) with coefficients (7.11) converges at any r # 0. It also converges at
r < a, that is, in the domain where the field is absent. In Subsection 6.3.7, the
physical meaning of such series at # < a was explained.

Series (7.7) is called the Rayleigh series. Each term of this series is a product of
one-variable functions. The method in which the solution is represented as the
series with such terms is called the variable separation method. 1t is applicable to
the wave equation if surface on which the boundary conditions are imposed
is a coordinate one. In the same form the solution of scattering problem on the
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elliptic metallic cylinder can be obtained. The surface of such a cylinder is a
coordinate one of the elliptical coordinate system. Each term of the series is a
product of the radial and azimuthal Mathieu functions (analogous to the Hankel
and trigonometric functions, respectively) of elliptic coordinates similar to the
cylindrical ones r and ¢, respectively. However, for instance, this method is
not applicable for the cylinder with the rectangular cross-section.

When the incident wave is polarized in the plane (r, ¢), then U = 0, and
the potential V of the total field must satisfy, according to (7.3), the condition
dV /dr = 0 on the cylinder surface. The potential V is the sum VO 4 ydiff g0
that the function V4 satisfies the boundary condition

avdiff aVo
— = =q. 7.12

or or e (7.12)
The function V4 can be obtained in the form of series similar to (7.8):

Vit Z B,H kr ) cos (ng) . (7.13)

This series satisfies the wave equation and radiation condition termwise. The
coefficients B, are obtained from the boundary condition (7.12), leading to the
functional equation

2 B,HY (ka) cos (ng) = %%, 0<¢<2m. (7.14)

When V? has the form (7.10), that is, the plane wave falls, then

(=)"2 _J (ka)

B, = .
" (T4 000) HY (ka)

(7.15)

71.3
The Watson series

The terms of series (7.7) start decreasing only at n of the order 2ka, so that
many terms should be considered when summing the series for large cylin-
ders (ka > 1). In this subsection, we obtain the solution of the problem in the
form of a series fast convergent at ka > 1; the terms of this series have more
complicated structure than those of (7.7). This series can be obtained from the
Rayleigh one by applying the so-called asymptotic summation method. We give
the qualitative description of this method, but then the Watson series will be
obtained in a more simple way, immediately from the wave equation and the
boundary condition at r = a.

The asymptotic summation method is based on the Cauchy theorem (3.89)
from the theory of integration in the complex variable plane. Let c(v) be a
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function of the complex variable v having no singularities on the half-line
Imv =0,0 < Rev < co. Consider the integral

/c (v) 1 dv. (7.16)
L

sin(7tv)

The contour £ is a loop encircling the mentioned half-line (Fig. 7.2). The
integrand has poles at the points v = n (n = 0,1, 2, . ..) where the denominator
sin(7tv) vanishes. When contracting the contour into the infinitely removed
point, we sweep all the poles. Integral (7.16) is equal to a sum of residues at
these poles (see (3.89)), that is, it equals

2i i (=1)"c(n). (7.17)

We perform another deformation of the contour £ by turning the lower side
of the loop by 27t clockwise. The integral (7.16) is equal to the integral over
the infinitely remote circle plus the sum of residues at the poles of function
c(v). The integral over the circle is zero if the function ¢(v) does not increase
at |v| — co faster than the denominator sin(7tv) does, that is, not faster than
exp(imtv). In this case (7.17) equals the sum of residues at the poles of the
function c(v). This sum is called the Watson series.

Imv

N e Rev
Fig. 7.2 Integration contour in (7.16)

This method of transforming the slowly convergent series to a fast conver-
gent one is applied not to series (7.7) for the diffracted field but to an analo-
gous series for the total field created by sources located on the plane ¢ = 0.
The total field is zero at r = a. The ¢p-dependence of each of the series terms is
described not by the symmetrical functions cos(7¢) but by more complicated
functions @, (¢) determined further. The terms of this series differ from those
(7.9) of series (7.7); they involve the function HSZ) (ka) in the denominator. The
poles of the function ¢(v) are roots of the equation

H? (ka) =0 (7.18)

for the unknown v.
It follows from the cylindrical function theory that these roots are complex
and lie in the first quadrant of the plane v, that is, Rev > 0, Imv > 0. We

265



266

7 Diffraction on Metallic and Dielectric Objects

denote the nth root of equation (7.18) by v;, (n = 0,1,2,...). The Watson series
for the total field has the form

U0+ udift — Y~ D, @, () HZ (ka). (7.19)
n=0

It follows from the wave equation for the total field that the functions @, (¢)
satisfy the equation @/ +12®, = 0.

Now we construct the Watson series (7.19) in another way by finding the
functions ®,(¢) and the coefficients D, directly. Since the terms of this se-
ries are zero at r = a, the total field U(r, ¢) (being zero at r = a), should be
expressed by it.

We subject each function Z,(z) of series (7.5) not only to the radiation con-

dition but also to the condition Z,(a) = 0. Then Z,(r) = 53) (kr). These
functions satisfy equation (7.6) after replacing n by v,. The numbers v, are
found from equation (7.18).

Series (7.19) satisfies the wave equation if ®;(¢) is a linear combination of
the functions cos(v,¢) and sin(v,¢). Since v, is not a real integer number,
then either the function @, (¢) or its derivative takes different values at ¢ and
¢ + 27. We choose the interval where @, (¢) is a single-valued function of
the point as 0 < ¢ < 27. Then, either @, (¢) or d®;,(¢)/d¢p has a jump when
passing the ray ¢ = 0, thatis, their values at ¢ = 0 and ¢ = 27 are different. It
is a price for the fact that Z,(r) satisfies the conditions at r = @ and at r — oo.

It is convenient to choose the function ®,(¢) to be continuous on the ray
¢ = 0 and its derivative has a jump. The linear combination of the functions
cos(v, @) and sin(v,¢) satisfying the conditions

dd,
de

B dd,
Q=21 dq)

@, (271) — D, (0) =0, =1 (7.20)

=0
is

_ cos [vn (T — ¢)]

@n(9) = 2uy sin (vy7T) (7.21)

Series (7.19) with @, (¢) having the form (7.21) and v, satisfying (7.18), satis-
fies the wave equation (7.2) together with the radiation condition and the con-
dition U (0, ¢) = 0 atany coefficients D, for which (7.19) converges. Any func-
tion represented by this series is continuous in the whole interval 0 < ¢ < 27
and its g-derivative has a jump when passing the ray ¢ = 0. According to
(7.20), the jump equals

du
de

au

-l = Y. D HP (kr). (7.22)

¢=0 n=0

Q=21
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The left-hand side of this equality is proportional to the surface density of
the extrinsic current I, (), distributed on the ray ¢ = 0. This follows from
the fact that U = E,, dU/d¢p = —ikrH, and the jump of H, is proportional
to the surface current density: H,(27t) — H,(0) = 47t/c - I,(r). Series (7.19)
represents the total field created in presence of the cylinder, by the current
having the surface density I, = ic/(47tk) - F(r), where

F(r)== Y. D,HP (kr), a<r<c. (7.23)
n=0
The coefficients D, should be found from this functional equation when con-
sidering the function F(r) to be known.

The functions 1//7 - Hﬁf) (kr) make up complete orthogonal system in the
interval 4 < r < co. They are eigenfunctions of the problem consisting of
equation (7.6) (with the number 1 replaced by the eigenvalue v;), the bound-
ary condition (7.18) and radiation one.

Let us derive the orthogonality conditions. Expanding [ng)’Hgl)]’ by sub-
stituting the function Hﬁ)" from (7.6), gives

), 2 HGHG)

(rHEHE) = P HE — 2P HE 113 (724

Subtracting the similar identity with the interchanged indices n and m from
(7.24), and integrating the result from r = a to r = oo, we obtain the sought
condition

/ Hﬁf)HﬁfB? —0, v #Vm. (7.25)

a

According to this equality, the coefficients D,, are found from (7.23) as

1 7o
D, = N, H/H,,” (kr) F (r)dr, (7.26)
where
_ Ty 2dr
N, = / [an (kr)} : (7.27)

a

is the norm of the function H,Sf) (kr).
We prove that the norm Nj, is proportional to 4 [Hsz) (ka)]/dv . Denote
=y
this derivative (after replacing a by r) as L. Differentiating equation (7.6) with
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respect to v and putting v = v, we obtain

1 v2 2v, 2

Evaluate the expression (rngi)L’ — rHéf)/L)’ using equations (7.6) and (7.28):

(2)]?
(rHPL — rHP'LY = 2, i .

(7.29)

Integrating this expression from r = a to r = co and accounting condition
(7.18) for H'?) (ka), we obtain
ka

_ a0y
N, = o Hy,,”" (ka)

a4

(2)
- Hy, (ka). (7.30)

Consequently, the denominator of expression (7.26) for D, is proportional to

the v-derivative of Héf) . This conforms with the fact that, according to (3.89),
such denominator has the residue of the function ¢(v) at v = vy, that is, at the
root of equation (7.18).

Formulas (7.19), (7.26), and (7.27) solve the problem about diffraction of the
field created by any current flowing in the half-plane ¢ = 0, on the metallic
cylinder » = a. If the current is not concentrated in one plane, then the field is
obtained by integration over all currents.

If the field source is the current thread located at ¢ = 0, r = rg, then F(r) =
(

Ip6(7 —7p) and, with accuracy to a nonessential factor, D, = 1/Nj; - H,,i) (krg).
Then

[e9)

1
U(r,g) =T ) - Pul(@)HL) (kro) HiY (k). 7:31)
n=0 """

Directing rg to infinity and increasing the amplitude of the current Iy, simulta-
neously, in such a way that its field be unity near the coordinate origin, from
this formula we may obtain the expression for the total field arisen at the inci-
dence of the plane wave onto the metallic cylinder.

By the same scheme, the Watson series is constructed for the function
V(r, ¢) being the component H, of the field polarized in the plane perpen-
dicular to the cylinder axis. In this case the Watson series for the total field can
also be obtained either by summation of the Rayleigh series (7.13) or imme-
diately from the Maxwell equations. The coefficients of the Watson series are
residues at the poles of the coefficients in (7.13). The poles are values of the
parameter v at which

H? (ka) = 0. (7.32)
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The eigenfunctions corresponding to these v differ from those correspond-
ing to the roots of equation (7.18). However, as it could be easily obtained
from (7.24), they satisfy the same orthogonality condition (7.25). The same
functions (7.21) are the angular functions in the Watson series. All the sum-
mands of the Watson series for the total field V(r, ¢) fulfils the condition
oV /or|,_, = 0 following from (7.12).

71.4
Dielectric cylinder

In this subsection, the Rayleigh series is constructed for the problem about the
plane wave incidence onto the circular dielectric cylinder of radius a, with the
dielectric permittivity ¢ # 1 at v < a. First, we consider the E-polarization
case. Find the field E, = U(r, ¢). In the cylinder exterior (r > a), it has the
form

=Uu’+ 2 ApHP (kr) cos (ng), (7.33)

where the incident field U°(r, @) is given by (7.10). The field should have no
singularities inside the cylinder (at r < a). It satisfies equation (7.2) and is
expressible by the functions ], (ky/er) only. Other cylindrical functions have a
singularity at r = 0. We express the inner field as

Ut =Y Buln (k/er) cos (ng) . (7.34)
n=0
Since this formula should not describe the field in large distances, it is possible
not to separate the diffracted field satisfying the radiation condition.
The two tangential components E; and H, should be continuous on the
boundary r = a. According to (7.1),

aut U~
or  or

Consequently, the two functional equations

utr=u-,

(7.35)

Ul (a, ) + i AnH,(qz) (ka) cos (ng) 2 BuJn (kv/ea) cos (ng), (7.36a)
n=0

0 [e)
o’ (r,9) +k) ApHP (ka) cos (ng)
or rma oo

=ky/e i By, (kv/ea) cos (ng) (7.36b)
n=0
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should be satisfied in the interval 0 < ¢ < 27. Series by the same complete
orthogonal system of functions cos(n¢) are involved on both the sides of the
equations. For each pair of the coefficients A,, B, (n = 0,1,2,...) we obtain
the independent system of two algebraic equations

27
1 3
AnHy(,z) (ka) — BuJn (ky/ea) = T / U (a, @) cos (ng) de, (7.37a)
0

AnHY (ka) — \/eBJ), (ky/za)
27

1 / oul (r, 9)
k7t (1 + o) / or

cos (ng)de. (7.37b)

r=a

The coefficients of series (7.33) and (7.34) are easily found from these systems.

The same variable separation method is used for finding the solution in the
case of H-polarization. The function H, = V(r, ¢) is sought in the form of
series similar to (7.33), (7.34). The components H; and E,, tangential to the
cylinder surface, should be continuous at » = 4. According to (7.3), this leads
to the following boundary conditions at r = a:

1Vt av-
e or  or

They differ from (7.35) only by the factor 1/e at 9V /dr. The functional equa-
tions for the coefficients in the series for V*, V™~ differ from (7.36) by the same
factor only. The equation system for the series coefficients are independent for
different numbers as well.

The simplicity of transferring the variable separation method from the case
of metallic cylinder onto that of dielectric one is explained by the fact that in
the cylindrical coordinate system, the angular functions sin(n¢), cos(ng) do
not depend on ¢. Therefore, the independent systems of two algebraic equa-
tions independent for the coefficients of different numbers, follow from the
functional equations (7.36). In the case of the dielectric cylinder with ellip-
tical cross-section, although its surface coincides with a coordinate one, the
variable separation method results in the infinite algebraic system which does
not divide into the separate systems of two equations. This is caused by the
fact that in elliptical coordinates, the functions sin(n¢), cos(ng) are replaced
by the angular Mathieu functions dependent on ¢. Different angular functions
are involved on the left- and right-hand sides of the functional equations of the
type (7.36) and, therefore, the infinite algebraic system appears when passing
to the algebraic equations. No such complication arises for the metallic cylin-
der of the elliptic cross-section.

vt=v-, (7.38)
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7.2
Diffraction on metallic half-plane

7.2
Usage of the variable separation method

The equation of a half-plane in the Cartesian coordinates is y = 0, x > 0,
—oo < z < oo (Fig. 7.3). Assume that the incident field does not depend on
z; then the total field is independent of z as well. Similarly as in the case of
diffraction on the cylinder, the vector problem is reduced to two independent
scalar ones. In these problems, the field has only the components E, H;, H, or
H, Ey, Ey, and the functions U(r, ¢) = E;, V(r, ¢) = H; describe the so-called
electric (E-) or magnetic (H-) polarization, respectively. These functions satisfy
the wave equation (7.2). The components H;, H, in the first problem and E,,
Eg in the second problem are calculated by formulas (7.1), (7.2).

PRGN N
’ \ N
s N \\
’ o \
’ . .
’ N QDO \
g
\ 1
\ 1
. \(P 1
—_
X
Z

Fig. 7.3 lllustration to the diffraction problem on the half-plane

In cylindrical coordinates the half-plane is described by the equation ¢ = 0,
@ = 27mt. At these values of ¢ (i.e., on the upper and lower sides of the half-
plane), the tangential components E;, E; of the electric field must be zero. This
gives the boundary conditions

u=0, (7.39a)
v
- 0 (7.39b)

at ¢ = 0 and ¢ = 2m. The tangential components H,, H, of the magnetic
field discontinue on the metal; their values at ¢ = 0 and ¢ = 27 are different.
An induced current flows in the metal. Its surface densities are I, or I, for
E- or H-polarization, respectively. With accuracy to nonessential factors these
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densities equal

o _aup (7.40a)
T’aq) =27 ra(P =0
I, = V(r,27) — V(r,0). (7.40b)

We find the solution to equation (7.2) using the variable separation method,
that is, as the product Z,, (kr){5"}(vap), n = 1,2,... of cylindrical and
trigonometric functions. The indices v, are found from the boundary con-
ditions (7.39). However, no cylindrical function exists, being finite at ¥ = 0
and satisfying the radiation condition at r — co. To apply the variable sep-
aration method, we first assume that the incident wave is not plane, but the
cylindrical one with the source located at the finite distance r from the origin
(later we will put rg — o0). In this case, the field or its normal derivative has
a jump on the circle r = r(. The field inside the circle can be described by the
Bessel functions and outside by the Hankel ones. The jump of the field or its
normal derivative on the circle is caused by existence of an extrinsic current
on it.

Let the function U(r, ¢) be continuous, and 0U/0dr have a jump at r = ry.
This condition can be satisfied if the field is expressed by the series

U(r,g) = { Y1 AnH; (kro)Jy, (kr) sin(veg), 1 <o, (7.41)
Y AHS (k1) o, (ko) sin(vag), 7> ro.

Since the coefficients A, are the same in both the series, the function (7.41)
fulfills the condition U(rg + 0, ¢) = U(rg — 0, ¢). The jump of its derivative is

ou

or

= 2L A, sin(van). (7.42)

1’:1’0—0 nro n=1

a_u
or

r=ro+0

Here a known expression for the Wronskian of the cylindrical functions is
used.

According to (7.39a), the indices v, are found from equation sin(2v,7t) = 0,
which gives

vy = n=12,... (7.43)

>

The left-hand side of (7.42) is proportional to the jump of the component
Hyp on the circle r = ry, that is, to the density of the extrinsic current creat-
ing the incident field. If this current is a thread located at the point (rg, o),
then j, = Ipd(¢ — @), and the coefficients A, are proportional to sin(v,¢p).
Therefore, the cylindrical wave radiated by the current thread creates the field
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U(r, @) =krg ) Héz/)z(kro)]n/z(kr) sin(ngy/2)sin(ng/2), r <ry, (7.44a)
n=1

U(r, ) = krg 2 ng/)z(kr)]n/z(kro) sin(ngg/2)sin(ng/2), r>ry. (7.44b)
n=1

diffracted on the half-plane. According to the Debye asymptotic (6.134) of the
cylindrical functions, series (7.44a) diverges as (r/ r0)"/2, and series (7.44b)
does as (ro/r)"/2.

7.2.2
Currents on metallic surface

In the case of the E-polarization, the induced current is parallel to the edge
and the surface density I, of the current differs from zero. The values of com-
ponent H, on the upper and lower sides, that is, at ¢ = 0 and ¢ = 27 are
different, because cos(nmw) = —1 for odd n and cos(0) = 1. Atr < rg, these
values are proportional to

7 [e9)
Hy|,_o = 1070 Y CuJusa(kr), (7.45a)
n=1.
7 o0
Hrlg—ar = 0= ) Culus2(kr)(=1)", (7.45b)
n=1

where C,, = nH 7(12/)2(kr0) cos(n¢g/2). Their difference, that is, the surface den-
sity

.
L=101~2 Y Culup(kr) (7.46)
T h=13p5,..

is proportional to the sum involving the terms of odd numbers only. At
kr < 1, that is, near the edge, with the accuracy to a nonessential factor, we
have

1
I, = — + AVkr, 7.47
= (7.47)

where the factor A depends on the point (¢, rg). In particular, if kry > 1,
@o = 7/2, that is, when the source is located over the edge at the large dis-
tance from it, then A = —9i/4. Formula (7.47) specifies the result obtained
in Subsection 1.3.5, according to which the current density grows as (kr)~1/2
when approaching the edge. The second term in the approximate formula
(7.47) has no universal form, it depends on the incident field.
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The same variable separation method may by used for finding the formal
solution (in the form of infinite series) in the case of the H-polarization. The
function V(p, ¢) can be found as a series different from (7.41) only by replac-
ing the factor sin(v,¢) by cos(v,¢). According to (20.1), the indices v, are
found from the same equation sin(2v,7r) = 0, that is, they are given by the
same formula (7.43). The component E, has a jump on the circle r = ry. This
is in accordance with the fact that the magnetic currents ]g’”) are located on
this circle. They may also have the form of a magnetic current thread.

On the different sides of the half-plane, the component H, takes different
values. A current flows on the metallic surface, directed perpendicular to the
edge. The surface density I, of this induced current is proportional to the jump
of the component H,. The formula

Ir= Y, Dulus(kr) (7.48)
n=135,..

for I, is similar to (7.46) for I, in the E-polarization case, but it does not involve
the factor 1/r. The coefficients D,, differ from C,, in the absence of factor 7.

At kr < 1, the density of induced current flowing perpendicular to the
edge, approximately equals I. = v/kr + B(kr)3/2, where the coefficient B de-
pends on the location of the magnetic field creating the incident wave. At
krg > 1, pg = 7/2, we have B = —3i/4. As it follows from Subsection 1.3.5,
the component I, of the induced field has no singularity.

7.2.3
The far field

The above formulas for U(r, ¢), V(r, ¢) do not permit the direct evaluation
of the field at kr > 1, that is, far from the edge. There exist other formulas
which allow us to make the passage kr — oo, as well as krg — oo (i.e., when
the incident field is the plane wave). These formulas represent the fields in
the form of integrals taken in the complex variable plane. They are obtained
from (7.44) by expressing the cylindrical functions as the contour integrals,
and interchanging the summation and integration order. The formulas can
be obtained immediately without separating the variables. For instance, the
problem can be reduced to an integral equation with the half-infinite limits
(similarly as in Subsection 3.4.6) and then solved by the factorization method.
There are other ways for obtaining these formulas.

The formulas are very cumbersome. We do not present them here, only
describe some results of their analysis, namely, the structure of the field arisen
far from the edge, at the plane wave diffraction on the half-plane.

When moving away from the edge, the tangential components of the mag-
netic field on the metallic surface tend to the values which they obtain in the
problem about the plane wave incident onto the infinite plane. On the illumi-
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nated surface side, the magnetic field tends to its twofold value in the incident
wave. On the shadowed side, it tends to zero. Therefore, the current densities
I,, I, tend to constant values.

Since the half-plane has the infinite “cross-section” (0 < x < ©0), the
diffracted field at kr > 1 has complicated structure; it is not the cylindrical
wave, as in the case of diffraction on arbitrary cylinder with a bounded cross-
section. Qualitatively, it is the same for both polarizations.

When the plane wave falls onto the half-plane at the glancing angle ¢, the
field at kr > 1 can be divided into three summands: “optical” field, tran-
sient one (localized near the two lines ¢ = 71 £ ¢¢) and the cylindrical wave,
outgoing from the edge.

The optical field is the part of the entire one not disturbed by the diffraction.
It has different structure in the domains partitioned by the half-plane and the
rays ¢ = 1+ ¢¢ (Fig. 7.4). At0 < ¢ < m — @o (domain I), this field consists
of the incident and reflected plane waves. At T — ¢ < ¢ < 7T+ ¢p (domain
I1), only the incident wave is present, the reflected one is absent. Domain I
is shadowed, there is no optical field at 7w + @y < ¢ < 27. The optical field
has a jump on the lines ¢ = 7+ ¢@g.

z

T-9%o /QOO

=1
v

T+ @0

Fig. 7.4 Domains of different field structure

The transient field is concentrated near the above lines, dividing different
domains of the optical one. The transient field is also discontinuous on these
lines, so that the sum of two considered fields is continuous.

Consider the transient field concentrated near the limiting ray ¢ = 77 — ¢y.
It does not depend on the coordinates r, ¢ apart, it depends on their combina-
tion

w = —V2krsin(a/2) (7.49)

only, where & = ¢ — (71 — @) is the angle between the ray with the coordinate
¢ and the limiting one. On the limiting ray, w = 0; it is positive in the domain
I and negative in [I. The transient field is proportional to the function (Fresnel
integral)
w
exp(—ikr cosw) / exp(it?) dt, (7.50)
foo
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where the sign of the lower limit coincides with the sign of w. On the limiting
ray, that is, at w = 0, the function (7.50) has a jump. The coefficient omitted in
(7.50) is such that this jump is equal in modulus and opposite in sign to that
of the optical field.

The lines |w| = const are parabolas having the limiting ray ¢ = 7 — ¢ as
their axis. With r growing, the angle occupied by each parabola decreases.
Any ray ¢ = const, except the boundary ray (i.e., « = 0), transfers into the
domain of large |w| when r grows. At |w| > 1, the function (7.50) turns to be
a field of the cylindrical wave and becomes proportional to

1 exp(—ikr)
sin(a/2)  Vkr

In the domain, bounded by the parabola |w| = 1, that is, at |w| < 1, the tran-
sient field has a complicated structure described by formula (7.50). This field
provides continuous passage between the domains I and II. In particular, on
the limiting ray, the total field is the half-sum of the optical field values in
both the domains. Outside the domain |w| = 1, at |w| > 1, the transient field
transforms into the cylindrical wave outgoing from the edge. According to
(7.51), the amplitude of this wave increases as 1/ sin(«/2) when approaching
the limiting ray. The smaller the «, the larger the r at which the field becomes
the cylindrical wave.

Similar transient field is formed around the second limiting ray ¢ = 7 + ¢y.
Near it, the field depends on r and ¢ by the same formula (7.50), with

(7.51)

w = —V2krsin(p/2), (7.52)

where B = ¢ — (7T + ¢g). At |w| = 1, the field is described by the same
formula (7.50). At |w| > 1, the field becomes the cylindrical wave having the
amplitude proportional to 1/ sin(/2).

Consequently, at kr > 1, the total field in the direction ¢ consists of the
optical field, transient field and sum of fields of two cylindrical waves, hav-
ing the amplitudes proportional to 1/ sin(a/2) and 1/ sin(p/2), respectively,
where « and B are the angles between the given direction and direction of the
limiting lines ¢ = 71 — @g or ¢ = 7T+ @p.

The half-plane can be treated as a wedge with the zero angle between its
faces. The field arisen at diffraction on the wedge with the finite angle lying
in the interval (0, 7r) has qualitatively the same structure as in the above case.
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7.3
The Debye potentials: diffraction on a metallic sphere

7.3.1
The Debye potentials

In the spherical coordinates R, 8, @, the fields E, H satisfying the system of
homogeneous Maxwell equations are expressible in terms of the two scalar
functions U(R, 9, ¢) and V(R, 9, ¢). They are called the electric and magnetic
Debye potentials, respectively. The spherical components of the fields are ex-
pressed as

_PRU) 4, _ORV)
Er = —p5~ TKRU, Hg= 5= + KRV, (7.53a)
~ 19%(RU) ik 9 (RV)
®7 R 9Ro®  Rsind odp ’ (7.58b)
P 1 9* (RU) | ikd(RV)
7 Rsind 9Rdg9 R do '
2 .
H, — 19%(RV) ik 9 (RU) 7,530

R ORI®  Rsind d¢ ’
g 1 & (RV) ika(RU)
7 Rsin® 9Rd¢p R do

Substituting (7.53) into the Maxwell equations, we obtain the equations for U
and V as

AU + KU =0, (7.54a)
AV + KV =0. (7.54b)

If the functions U and V satisfy (7.54), then the fields E, H, calculated by them
using (7.53), satisfy the Maxwell equations.

Equations (7.54a) and (7.54b) are independent, that is, there exist two solu-
tions, with V = 0 and U = 0, respectively. In the first solution, Hr = 0; in the
second solution, Eg = 0. The solutions are not connected by the equations,
but they can be connected by the boundary or excitation conditions. Equa-
tions (7.54) have solutions represented as a product of three functions of the
respective variable R, ¢, and ¢. Each function satisfies the ordinary differen-
tial equation of the second order with respect to the corresponding variable R,
9, or ¢.

The system of functions dependent on ¢ is the simplest one. It consists
of the trigonometric functions cos(m¢) and sin(m¢) (m = 0,1,2,...). The
functions dependent on R are 1/VkR - Z,,1/2(kR) (n = 0,1,2..), where Z
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is a cylindrical function. Cylindrical functions of the half-integer index are
expressed by the trigonometric or exponential ones. For instance, if n = 0 and
the field is subjected to the radiation condition, then Z is the Hankel function

Hl(i)z(kR), so that the corresponding potential is exp(—ikR)/ (kR).

The functions of angle ¢ depend on two indices n and m, coincident with the
indices of functions of R and ¢, respectively. They are denoted as P}/'(¢) and
called the associated Legendre functions. The functions with m = 0 are denoted
as P,(9) and called the Legendre polynomials. With accuracy to normalizing

factors, they are

Py(0)=1, P (8)=cosd, DP,(0) =3cos(20)+1, m=0,

. ' . ) (7.55)
P (8) =sin(9), P; (9)=sin(28), m=1.

Solution to equations (7.54) satisfying the radiation condition, is, in general,
a double sum of the functions

1 2 Ccos
Anm\/ﬁHr(lﬁl/z(kR)P;,“ (9) {sin} (me), n,m=0,1,..., m<n.
(7.56)
The functions P}/*(¢) are orthogonal in the following sense:
7T
/ P (8) P () sin 99 = 0 (7.57)
0

atn # q. The system of them is complete in the interval 0 < ¢ < 7.

7.3.2
The Debye potentials for fields of elementary sources

In Section 6.1, elementary dipoles and multipoles were considered. Fields of
such electric and magnetic sources are expressed in terms of the potentials U
and V, respectively. For the elementary sources, each of these potentials coin-
cides with the appropriate function in (7.56). In Section 6.1, only the sources
independent of the azimuthal angle ¢, were considered. Potentials describing
fields of such sources correspond to m = 0. Potentials with n = 1 correspond
to the dipoles, those with n = 2 correspond to the quadrupoles, and so on.
The field of the elementary electric dipole (6.5) can be expressed by the po-

tential U (7.56) atn = 1, m = 0, using formulas (7.53). Substituting the expres-
sions for Héa)z(kR) and P;(9) into (7.56), we find the potential

2 B L exp (—ikR)
u=—-kP (1 kR) cos197kR . (7.58)
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According to (7.53), the field corresponding to this potential coincides with
(6.5).

The field of the elementary electric quadrupole is obtained from the Debye
potential U(R, 9, ¢) (7.56) at n = 2. m = 0, that is, from the potential propor-
tional to the function

J%Hgg (kR) (3cos (2¢9) +1). (7.59)

The fields of the elementary magnetic dipole and quadrupole are obtained
by (7.53) from the Debye potential V (R, ¢, ¢), which also have the form (7.56).
For the dipole, n = 1, m = 0, and the function V has the form (7.58); for the
quadrupole, n = 2, m = 0, and the potential V is given by (7.59).

At the end of Subsection 6.1.3, we noted that at kR > 1 the field of an
arbitrary current can be presented as a sum of the elementary source fields.
This assertion is based on the fact that the field of each such source is described
by the Debye potential in the form of one of the functions (7.56), and that
an arbitrary field having no singularity at R # 0 and fulfilling the radiation
condition can be expanded by these functions.

7.3.3
Fields of elementary sources located at point with complex coordinates

The functions (7.56) are the Debye potentials of the fields created by the el-
ementary sources located at the origin. In this subsection, we introduce the
functions formally obtained as the Debye potentials of the fields of sources
located at a point with complex coordinates. These fields can be created by
certain currents lying on a plane or on any other surface. Not these currents
themselves, but the asymptotics of potentials, that is, the radiation patterns of
the corresponding fields, are of the main interest.

The Laplace operator A is invariant with respect to the parallel coordinate
shift along the z-axis by the constant value a. If a certain function f(x,y,z)
satisfies the wave equation, then the function f(x,y, z + «) satisfies it as well.

Let the values ¥ = x, # = y, Z = z + & be the Cartesian coordinates in the
“shifted” coordinate system. Introduce corresponding coordinates R, 9, ¢ in
the spherical coordinate system with shifted origin and the same axis. New
spherical coordinates are connected with the new Cartesian coordinates as

X =Rsindcosp, 7 =Rcosdsiny, Z= Rcosd. (7.60)
Similar connection exists between the corresponding old coordinates

x = Rsindcosp, y = Rcost?sing, z = Rcos?. (7.61)
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Express the coordinates R, 5, ¢ by R, 9, . Accounting thatx = x, y =y,
Z = z 4+ «, we eliminate the Cartesian coordinates from (7.60), (7.61) and obtain

ﬁcos@chosﬂ—i—a, ﬁsinﬁstinﬂ, P =@ (7.62)
Consequently,

~ .~ R .

R=+VR2+0a2+2aRcos®, sind = R sin 9. (7.63)

In particular, at R > |«], R =R+ acosd, o=70.

If a certain function f(R, ¢, ¢) satisfies the wave equation written in the co-
ordinates R, 9, ¢, then the function f (ﬁ, 8, @) satisfies the same equation writ-
ten in the coordinates R, 3, @ (for simplicity, we keep the same notation for the
function f in new coordinates). The functions

\/%Hﬁzl/z(kﬁ)m”(ﬁ){(s:?j}(mq)), nm=20,1,2,..., m<n,

(7.64)

where R, @ are given in (7.63) are the Debye potentials of the elementary
sources located at the point with coordinates x = 0,y = 0, z = —a. At
kR > 1, R > «, the asymptotic of these functions is

exp (—ika cos ®) P} (9) {:ﬁ } (mg) %. (7.65)

Let & = ia, where a is a real positive number. Then the arguments R and ¢ in
(7.64) are complex:

N - R
R=+VR2—a2+2iaRcos®, sind= = sin 9. (7.66)

AtkR > 1, R > a, the asymptotic of the Debye potentials is

exp (kacos®) P)' (9) €os (me) M.

sin kR (7.67)

These formal derivations result in the assertion that the Debye potentials (7.64)
with R and @ being the complex functions (7.66) of R, 9, satisfy the wave equa-
tions. The fields calculated by formulas (7.53) satisfy the Maxwell equations
and the radiation conditions. Asymptotic of these fields differs from that of the
fields of elementary sources by the multiplier exp(ka cos #). This multiplier is
maximal at & = 0. The larger the parameter a is, the faster this multiplier de-
creases. The presence of this multiplier in the asymptotic of functions in (7.64),
may simplify solving the antenna problems in which the connection between
the field in the near field zone and the radiation pattern should be established.
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If the pattern is calculated by the field measured in the near field zone of
antenna, then this field should be expanded into the series by the variable ¢
with substituting each term of the series by its asymptotic. This series con-
verges faster if the field (more exactly, the Debye potentials) is expanded not
by the functions (7.56), but by (7.64) with appropriately chosen parameter a.

In the inverse problem, the field in the near field zone (from which the cur-
rent is easily found) should be calculated by a given pattern. In this case, the
pattern should be expanded into the Fourier series by 9. If the pattern is nar-
row directed, then the series converges faster if expanding it by the functions
(7.67) and choosing the parameter a such that the multiplier exp(ka cos ©) is
close to the envelope of this pattern. In this case the near field is also presented
as the fast-convergent series by the functions (7.64).

7.34
Diffraction of the plane wave on metallic sphere: the Rayleigh series

The total field should satisfy the conditions
Egy=0, E,=0 (7.68)

on the sphere surface R = 4. According to (7.53), the corresponding condition
has the form
d (RU)
oR

=0, V=0 atR=a (7.69)

for the Debye potentials. We find the potentials U, V4iff for the diffracted
field. They should satisfy the conditions

0 (Rudiff) P} (Ruo)
_ diff _ /0 _
s = =gV V0 atR =g, (7.70)

where U°, V0 are the potentials of the incident field calculated by its compo-
nents.

Let a plane linearly polarized wave propagating along the z-axis fall. The
wave has nonzero components E) = exp(—ikz), HS = exp(—ikz). Since
(7.53a) does not involve the angular derivatives, the angular dependence of
the potentials U° and V? is the same as that of the radial components E% and
H%. In the spherical coordinate system with the same z-axis, we have

E% = exp (—ikR cos 8) sin & cos ¢,
5 Pl , ) v (7.71)
Hp = exp (—ikR cos ) sin 9 sin ¢.

Following the variable separation method, we express the potentials in the
form of series with terms similar to the products (7.56). The functions (7.71)
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have no singularities at R = 0 and do not satisfy the radiation conditions.
Therefore, in these products, the Bessel functions should be involved instead
of the Hankel functions. The components E and H} depend on the angle ¢
by means of the multipliers cos ¢ and sin ¢ only. In similar way, the potential
should depend on ¢. Therefore, the upper index m of the function P}'(¢)
should be unity; the potentials are expressed by a single, not double sum.
They can be written as

1 & -
U (R,8,9) = 7 3 Al (KR) P} (8) cos g,
n=1

- (7.72)
VO(R, 8, ¢) = % 3 Aaj, () PL(9)sin .
Here the function
Ju (8) = Vtluz12 () (7.73a)
is introduced. Below we use the similar function
Tn (£) = VIH?) 5 (1) (7.73b)

connected with the spherical ones j,(t) and hy(t) as j, (t) = V2/7t - ju(t),
Iy () = /2/7t - hy (t). Since both the components (7.71) equally depend
on R and 9, then this property is inherent to the potentials U’ and V? as well;
the coefficients A, of both the series (7.72) are the same. They can be found
from the demand that the equality

e 2 B
Y Ay diz +1) [j, (kR)] P} (8) = exp (—ikRcos ®)sin®,  (7.74)
n=0 d (kR)
obtained after substituting (7.72) into (7.53a), holds at any ¢ (0 < ¢ < ) and
RO <R < ).

It follows from the completeness and orthogonality of the functions P} (¢),
that

2 7T . 1 .2
) ( d +1> 7, (kR)] — Jo exp (—ikR cos ®) P, (8) sin 19d19' 7.75)

d (kR)? [T [PY(9)]*sin 9 dd

At any n, this equality holds for all R identically. The coefficients A, can be
calculated from (7.75) by setting any value to R. The simplest is to set R = 0.
However, at n > 1, equality (7.75) becomes 0 = 0 at R = 0. In order to find A,
atn > 1, one should first differentiate this equality n — 1 times with respect
to kR and then only set R = 0. In this case the second term of the operator
d?/d(kR)? + 1 can be omitted since the (n — 1)th derivative of the function
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7, (kR) is zero at R = 0; the function j,(kR) can be replaced with the first term
of its expansion by kR:

1 1 (
27172 (n + 3/2)

i (kR) ~ kR)" 1. (7.76)

For the coefficients A, (n = 1,2, ...) we obtain the expression

Ay = (i 2" H1/2T (1 4-3/2) [T (cos 8)" " P} (9) sin? 8 do
! T (n+2) [T PL(9)Psinode

(7.77)

In contrast to the coefficients Ay, the product A, P} (¢) in (7.72) does not de-
pend on the normalization of the functions P} (8). Expressing P; (¢) and Pj (9)
as in (7.55), we obtain A1 = (3/2)\/7t/2, Ay = —5/4+/7t/2i from (7.77). The
integrals in (7.77) can be calculated in the explicit form for any #, since, ac-
cording to the known formula, P}(®) is the polynomial of the (1 — 1)th degree
of cos ¢, multiplied by sin ¢:

P! (8) = sin 01”#;”“ [(cos?8) —1]". (7.78)

The normalization different from (7.55) is used here.

If the expressions for the potentials U’ and V of the incident wave are
known, then it is easy to derive those for the potentials U%ff and V4iff of the
diffracted field. These potentials are expanded into the series similar to (7.72),
but by the Hankel functions instead of the Bessel functions. Using notations
(7.73b), these series can be written as

‘ 1 &, =
U™ (R,9,9) = 55z Y. Buliu (kR) Py (9) cos g,
n=1
- (7.79)
Vit (R 9, ) = % Y Culty (kR) Py (9) sin .

3
I
—

The coefficients are different in these series, since the boundary conditions at
R = a (7.70) are different for these functions. Comparing series (7.72) and
(7.79) and accounting the completeness and orthogonality of the functions
PL(8), we obtain

!/

T kR)|

Bn - = _ 1 An/ (7.80a)
i (kR)‘R:a

c, = Intka) , (7.80b)

hy (ka)
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Formulas (7.79), (7.77), (7.73), and (7.80) solve the problem of the plane wave
diffraction on the metallic sphere. The solution is represented in the form of
Rayleigh series.

The incident field is expressed by both the potentials U and V?; the
diffracted filed by U9 and V4. Although U4 and Vi are expressed
only by U and VY, respectively, in the diffracted field these two potentials are
related differently than in the incident one. Therefore, in contrast to the inci-
dent field, the total one is not linearly polarized. The depolarization occurs at
the diffraction on the metallic sphere. This does not contradict the fact that if
Hpr = 01in the incident field, then the total field possesses the same property.
The definition “polarized wave” needs to be specified, which components are
zero in the field.

7.3.5
Small sphere: dipole momenta

Atka < 1, the functions j, (ka) and /i, (ka) in (7.80) can be replaced with the
first terms of their expansions by the small parameter ka. In this case j, and
Iy have the orders (ka)"*! and (ka) ™", respectively, so that the coefficients B,
and C,, have the order (ka)Z”H. In the higher order, only the first terms, that
is, the terms with n = 1, must be kept in series (7.80). The coefficients By and
Cy have the order (ka)%; C; = (—1/2)By. Expressing P} (#¢) by the functions
sin ¢ yields

. 1 -
diff — ﬁBlhl (kR) sin ¢ cos ¢,

e (7.81)
vdiff — 7y (kR) sin 9 sin g.

k2R

Although both the potentials are symmetrical with respect to the plane
¢ = t/2, the forward (0 < ¢ < 7/2) and backward (7t/2 < ¢ < 7) radi-
ations do not coincide. The components ESiff and Egiff consist of two terms,
one of which does not depend on @ and the other is proportional to cosd.
Their sum is not symmetrical with respect to the plane ¢ = 7r/2. Calculations
show that for the small metallic sphere, the forward radiation is much smaller
than the backward radiation.

In (7.81), the z-axis is selected, that is, it is assumed that the incident wave
propagates along this axis. The angles ¢ and ¢ are coordinates in the spherical
coordinate system having this axis. However, for the small sphere, the phase
alteration in the incident wave is not large over the body. The x- and y-axes
along which the fields E? and H° of the incident wave are directed are selected
in the physical sense. Selection of these particular axes also follows from for-
mulas (7.81) describing the angular dependence of the Debye potentials of
the diffracted field. Denote the angles made by the radius-vector of a point
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with the axes x and y, by ¢ and ¢, respectively. Then sin ¢ cos ¢ = cos Uy,
sin ¥ sin ¢ = cos ¥, and formulas (7.81) can be written as

Udiff(R, Uy) = %Blﬁl (kR) cos Oy,

_ 1 (7.82)
VAR, 9,) = g C1l (KR) cos 9.

If the x-axis is taken as an axis of the spherical coordinate systems then the

potential U% and fields expressed by it do not depend on the azimuthal co-

ordinate. Analogous assertion is valid for the y-axis and potential V4iff, The

dependence of potentials on the radial coordinate is given by the multiplier

1 _ ]2 (. i exp(—ikR)
el (kR) = n(1 kR) = (7.83)

According to (7.58), formula (7.83) describes the radial dependence of the ele-
mentary dipole.

In the case of diffraction of the plane linearly polarized wave on a small
metallic sphere, in the higher order with respect to the small parameter ka, the
field is a superposition of the two fields of elementary electric and magnetic
dipoles oriented along the fields E? and H? of the incident wave, respectively.
Comparing the formulas of this subsections with (7.58) gives the expressions
for the electric and magnetic polarization coefficients, pr and pp, respectively,

3 L3

pE=a’, pu=—5a" (7.84)

Recall that the electric and magnetic dipole momenta equal pgE%and pyHC,
respectively. As will be shown in the next section, this result is valid for the
case of diffraction of arbitrary field on any small metallic body. The momenta
of both the dipoles are found from the two independent problems, namely,
the electrostatic and magnetostatic ones. For the sphere, formulas (7.84) are
elementarily found by this method.

7.3.6
Large sphere: the Watson series

The terms of the Rayleigh series (7.72) decrease starting from the number
larger than the argument. For the large spheres, that is, at ka > 1, the nu-
merical convergence for R = a is observed only at the large term numbers.
There exist other series fast convergent for the fields arisen at diffraction on
the large sphere. Below we outline the technique of constructing such series
(the Watson series).

The derivations of this subsection briefly repeat those used for construct-
ing the Watson series in the diffraction problem on the cylinder (see Subsec-
tion 7.1.3). Two methods for obtaining this series were described there. In this
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subsection, we do not apply the first method, that is, the method of the asymp-
totic series summation based on transformation of the Rayleigh series into the
contour integral in the plane of complex indices. We describe only the method
consisting in direct constructing of series for the Debye potentials of the total
field. The spherical functions of the coordinate R are involved into these se-
ries; satisfying both the radiation conditions at R — oo and the boundary
conditions (7.69) at R = a. The order of these functions is not the real number
n+1/2(n = 1,2,...) as for the functions (7.69), but a complex one. Denote
this index as v, +1/2 (n = 1,2,...). Then, v, is one of the roots of equations
(7.86a) or (7.86b), similar to (7.18). In order that the Debye potentials satisfy
the wave equation and, therefore, the fields expressed by these potentials by
(7.53), satisfy the Maxwell equations, the complex values v, +1/2 should be
the lower index of the Legendre functions. At the plane wave incidence onto
the sphere, the upper index which determines the potential dependence on
the azimuthal angle ¢, equals unity, m = 1. The system of functions, by which
the Watson series for the Debye potentials is constructed, is similar to (7.56).
It has the form

1
VkR

The potentials U(R, 9, ¢) and V(R, 9, ¢) are proportional to cos ¢ and sin ¢,
respectively.

The complex numbers v, for the functions by which the potential U of the
total field is expanded, differ from those for the potential V. According to
(7.69), these numbers should solve the equations

2) cos ¢ B
H? | ,(kR)P! (8) { in g } n=12,.. (7.85)

d—
TR (kR) T 0, (7.86a)

hy, (kR) =0 (7.86b)

for the potentials U and V, respectively. According to (7.73b), the function h,,
is

iy, (kR) = VKRH?) | , (KR) . (7.87)

Equations (7.86) coincide with those obtained by equating to zero the de-
nominators in (7.80) for the coefficients of Rayleigh series and considering the
obtained equalities as the equations for the index of the function /1, (kR). The
above conforms with the following situation: if we obtained the Watson series
by the asymptotic summation of the Rayleigh series (7.79), then, according to
(7.80), the series for the potential U would be a series by the residues of the
function 1/ E:,(ka) treated as a function of the complex variable v. The series
for V would be a series by the residues of the function 1/5,(ka). The residues
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are taken into the roots of the denominators of these functions, that is, at the
values of v satisfying equations (7.86a) or (7.86b).

In the diffraction problem for the cylinder, the function ®,, (¢) (7.26) with
the complex index vy, involved into the Watson series for the total field is not
analytical on the ray ¢ = 0. When passing this ray, the derivative of function
d,,, discontinues and, therefore, so does the entire series (7.19) for the field.
This situation can be treated as the existence of extrinsic currents on the ray
¢ = 0. The coefficients of series (7.19) are obtained from the condition that the
jump of the series being the function of the r-coordinate equals these currents.

In the problem of diffraction on the sphere, the function P! (8) with the
complex index vy, involved into the Watson series for the total field is singular
on the ray ¢ = 7. It becomes infinite at ¢ = 7r. This situation can also be
treated as the existence of extrinsic currents on the ray ¢ = 7. The coefficients
of the series for U(R, ¥, ¢) and V(R, 9, ¢) by the functions (7.85) are found
from the demand that at @ — 7 the singularities of these series treated as the
functions of R (@ < R < o) be proportional to the given extrinsic currents.
Replacing these currents by a dipole and moving it into infinity allows us to
construct the Watson series for the problem of the plane wave diffraction on
the metallic sphere.

The current distribution on the surface of large metallic sphere illuminated
by a plane wave is described by several terms of the Watson series. Accord-
ing to (7.53c), the components H, and Hy at R = g, that is, the meridian
and azimuthal currents, are proportional to cos ¢ and sin ¢, respectively. The
U-dependence of these currents is described by the sum of several functions
P (6).

Atka > 1, the geometric optics terms are qualitatively applicable. There ex-
ist the illuminated side of sphere, the light-shadow border and the shadowed
side. According to the geometrical optics theory, on the illuminated side, the
current is proportional to the tangential component of the magnetic field of
incident wave. There is no current on the shadowed side. At large but finite
ka, all these assertions should be specified. The overall picture of the current
distribution on the surface of metallic body with small curvature will be con-
sidered in the next section.
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7.4
Small bodies; large bodies

7.41
Diffraction on the body with noncoordinate surface

In this subsection, the diffraction on small bodies with constant ¢ and y, not
equal (in general) to unity, is considered. If the largest linear size a of the body
is small in comparison with the wavelength, that is, ka < 1, then the diffrac-
tion field is a superposition of the fields of electric and magnetic dipoles with
the momenta iwprEY and iwppHY, respectively. Here EV, H are the fields into
which the body is placed, pg, pp are the electric and magnetic polarization co-
efficients, respectively. This assertion is also valid for the field in the distances
larger than g, if assuming (which is made here and further) that there are no
other bodies nearby and that the fields E°, H® are nonzero and slow varying
in distance of the order a.

We expand the total field {E, H} into the series by powers of the small pa-
rameter k: E = Eg + kEy + - -+, H = Hy + kHy + - - -, and substitute these ex-

pansions into the Maxwell equations (1.29) with /&t = 0. Equating the terms

with the same powers of k yields
rot EO =0, rot HO =0, (7.88a)
ieEy = rot Hy, —iyﬁo = rot E;. (7.88b)

The first-order equations (7.88b) subject the terms of the zero order Eo, Hy to
the existence conditions for the field {E, Hy). Taking the divergence of equa-
tions (7.88b), we obtain, together with (7.88a), the system of four equations for
Eo, Hy. Dropping the lower index 0, we write them as the two independent
systems

rotE =0, div (sE’) —0, (7.89a)

rotH =0, div (yﬁ) -0, (7.89b)

which are satisfied by the field {E, H} in the higher order with respect to k. The
systems (7.89a) and (7.89b) describe the electrostatic field E and magnetostatic
field H, respectively.

The permittivities € and y have jumps on the boundary S of the body. Equa-
tions (7.89) lead to the connection between the limiting values of the fields
{E*, H*} inside the body and {E~, H™ } outside it. Repeating considerations
given for the Maxwell equations (see Subsection 1.3.1), from (7.89a) we obtain
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(Ef —E )]s =0 (7.90a)
(eEfy — Ex)|s = 0. (7.90b)

Condition (7.90b) is not automatically fulfilled in contrast to the case when
the fields satisfy the Maxwell equations on both the sides of the boundary. Al-
though there is no magnetic field in the electrostatics, when passing to electro-
static equations (7.89a), the electric field must be subjected to the first equation
of (7.88b), which is necessary for the magnetic field existence in the next order
of k. This condition results in the boundary one (7.90b) (see remark at the end
of Subsection 1.3.1).
In the magnetostatic, the boundary conditions have a similar form

Hff —Hf | =0, (7.91a)
uHY, — Hylg = 0. (7.91b)

Equations (7.89) are valid in distances R much smaller than the wavelength,
that is, at kR < 1. They are valid, in particular, in the distances larger than a,
thatis, at R > a. Since ka < 1, both these conditions are consistent. These dis-
tances are “infinitely large” for the electrostatic problem and, simultaneously,
“infinitely small” for the electrodynamic problem. The limiting value of the
field at R — oo in the electrostatic problem is, simultaneously, the limiting
value of that at R — 0 in the electrodynamic problem. The similar situation
occurs in the theory of short-periodical arrays (see Subsection 5.2.3).

The electrostatic problem must contain a condition at the “static infinity.”
This condition implies that the diffracted field should decrease as the dipole
one, that is, according to (6.6), as 1/ R3. After extracting the trigonometric
multiplier, the coefficient in this asymptotic is equal to the dipole momen-
tum for the component Ey. For Eg, it is twice larger. Thus, the electrostatic
problem consists of equations (7.89a), the boundary conditions (7.90), and the
asymptotic condition

2cos?

R3
at R — co. Here we use the spherical coordinate system with origin inside the
body and axis directed along the arisen dipole momentum. The coefficient pr
and the momentum direction can be found from the above conditions. If pf is
a tensor, then formula (7.92) has a more complicated form. The coefficient pr
has a dimension of volume. When the body is not very prolate or oblate and ¢
is not very close to unity, then pr has order of the body volume.

For solving the electrostatic problem, the electrostatic potential is intro-
duced as a scalar function ®. The field is calculated by ® as

E=-Vao. (7.93)

Er = EY +pr E)+0 (1/R4) (7.92)
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According to (7.89a), (7.90), and (7.92), the potential ® solves the problem

AD =0, (7.94a)
Dt 9D
+ —_ - g RN — g
O -0 =0, eSS =0 (7.94b)
®=—E°(0) <Rcost9—pEC(;—Szl9> +o(1/R3). (7.94c)

Similar to (7.92), formula (7.94c) is obtained under the assumption that either
o is scalar or E¥ is directed along one of the polarization tensor axes.

The magnetostatic problem from which py and direction of the magnetic
momentum can be obtained, consists in finding the magnetostatic potential ¥
from the problem

AY =0, (7.95a)
¥+ 0¥
+ — - = _ =
YT =0, o S 0, (7.95b)
cos ¥
¥ = —H(0) (Rcosﬁ—pH =2 >+o(1/R3), (7.95¢)

The field is calculated H = —V'¥.

In the case of sphere, problem (7.94) is solved elementarily. The field inside
the dielectric sphere placed into the homogeneous external field is also homo-
geneous and has the same direction. Outside the sphere, it is equal to the first
two terms of its asymptotic expansion. The field potential equals

®t = -A-Rcos¢g-E°(0), R<a
cos ¥ (7.96)

R2

@‘——(Rcosﬂ—pg )-EO(O), R>a.

The numbers A and pf are obtained from the two conditions (7.94b) at R = a

e—1
pE =10 — (7.97a)
Et = si ZE’O. (7.97b)

In almost the same simple way, the problem for dielectric ellipsoid is solved.
In this case the polarization coefficient is the tensor with axes coincident with
those of the ellipsoid. If E* is directed along one of these axes, then, similarly
as for the sphere, the inner field is homogeneous and has the same direction.
However, the formulas similar to (7.97), are more cumbersome for the ellip-
soid. In the next subsection, we will give them only for the metallic ellipsoid
of revolution.
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It follows from the analogy between formulas (7.94) and (7.95) that

_ 3p—1
PH =4 2 (7.98a)
. L3
+ _ o
=H —— 7.98b
u+2 ( )

for the sphere made from the material with y # 1. Formula (7.98a) implies,
in particular, that if 4 = 1, then pyy = 0, that is, the small dielectric sphere
made from the nonmagnetic material, does not create the magnetic momen-
tum in the electromagnetic field. This assertion (Y© = ¥~ and Py = 0 at
u = 1) follows from (7.95) for an arbitrary body. However, it is not valid for
the metallic sphere which has the magnetic momentum (see (7.84)). Passage
from dielectric to metal will be considered in the next subsection.

742
Small metallic bodies

The field (E*, H} satisfies the static equations (7.89) inside the body only if
the body size is small in comparison with the wavelength inside the body
material, that is, if k\/w a < 1. If this condition violates, but the weaker one
ka < 1 holds, then the fields are statical only outside the body; they satisfy
the Maxwell equations inside it. The electric and magnetic fields are connected
and exist simultaneously.

The passage from the small body, material of which has finite £ and y, to
the metallic one is illustrated on the two-dimensional model. We consider a
plane wave which falls perpendicular onto a circular cylinder having the axis
coincident with the z-axis and propagates in the x-direction. The wave has
the components E) = — exp(—ikx), HS = exp(—ikx). The cylinder radius is
small, ka < 1, but no restrictions are imposed on the parameter k/[ep[a. Ac-
cording to (7.32), the total field outside the cylinder (at r > a) can be expressed
in the form as

E; = —1+ikrcos ¢ + AOH(()Z) (kr) + AlHiz) (kr)cosgp+---,  (7.99a)

H, =cos¢ — iAOH(()Z)/ (kr) — iAlHl(z)/ (kr)cosep +---. (7.99b)

Only the components involved into the boundary conditions at r = a are
given. According to (7.34), inside the cylinder (at » < a) these components
are

E} = BojJo (ky/epir) + B1J1 (k\/eir) cos @ + - - -, (7.100a)

Hj = —i? [BoJ} (k/Eir) + By} (ky/Efir) cos @+ - - -] . (7.100b)
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Here we account that, according to (1.32), Hy, = —i/(kp) - 9E;/dr; in (7.1)
u = 1 was put. It is easy to show that the term in (7.99b), proportional to
cos @, is the field of magnetic dipole directed along the y-axis, that is, in the
direction of the field H. The angle ¢ measured from the x-axis in the plane
(x,v), equals 71/2 — &, where ¢ is measured from the y-axis. The component
Hy differs from H, only in sign. Consequently, the component H, contains
the term decreasing proportional to sin ¢/?, that is, as the field of magnetic
dipole in the two-dimensional problems. Substituting H;Z) = —2i/m-1/(kr)
yields the expression 2/ (krt) - Ay sin(9/2) for the third term in (7.99b). It is
the field of the magnetic dipole with the momentum py; = 2A; / (k) directed
along the external field H® (at |[H°| = 1). Equating the boundary values of the
tangential components E., H, at r = a which are proportional to cos ¢, leads
to the system of two nonhomogeneous linear equations for py and By. The
sought expression for py; is found from this system in the convenient form

_uT-15
o= T (7.101a)
where
k
h (ke y/2R) (7.101b)

~ kay/u]i (kay/en)

Atkay/]ep| < 1, wehave T = 1 and (7.101a) gives py = a*- (u —1)/(p +1).
Atka+/Jep] > 1, T < 1and (7.101) gives py = —a?. These two limiting values
of py obtained for the circle, are similar to those for a sphere made from the
magnetic material (see (7.98a)) and the metallic one (o = —a3/2). In the static
approximation (ka/[ex| < 1), the magnetic dipole momentum does not arise
in a nonmagnetic sphere (1 = 1). According to (7.97a), in the sphere with
e = 1, the electric dipole momentum does not arise in this approximation.
However, the above results are valid only at T = 1.

Although formula (7.97a) is not valid at large |e|, at [¢] — oo it gives the
correct value a> to the electric dipole momentum for the metallic sphere. If we
put e = 0 in this formula, then it gives the correct value —a® /2 to the magnetic
dipole momentum for the metallic sphere.

We show that for an arbitrary body, this property follows from the static
conditions (7.94), (7.95) imposed on the potentials ® and ¥. If ¢ = 1, then ®*
continuously passes into ®~, which means that pg = 0. Ate — oo, it follows
from (7.94b) that 0" /ON|s = 0. For @ satisfying the Laplace equation, the
above is possible only if @ = 0, which provides that &~ |- = 0 follows from
the first formula (7.94a). According to (7.93), this implies that E, ‘S = 0 which
is the boundary condition on metallic surface.

Putting ¢ = 0 in the second condition of (7.94b) yields 0®~ /dN|g = 0. As-
suming that ® is the magnetic field potential, we obtain Hy|g = 0; this is the
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usual boundary condition imposed on the magnetic field on metallic surface
(see text before (1.81)). Note that in this case the first condition in (7.95b) is
not fulfilled: the tangential components of magnetic field are discontinuous
on the metallic body surface.

If the coefficient pg is found from system (7.94) as a some function of ¢,
pe = f(e) for a certain body, then f(1) = 0. It follows from the symmetry
of formulas (7.95) and (7.94), that py = f(u) for the body made from the
magnetic material. The polarization coefficients of metallic body are equal to
pe = f(0), pg = f(0), respectively.

At the end of this subsection, we give formulas for the polarization coeffi-
cients of ellipsoids of revolution. These formulas are obtained by solving the
Laplace equation in elliptic coordinates. They generalize formulas (7.84) for
the sphere.

If the field E° or HY is directed along the axis of revolution, then the dipole
momenta are directed in the same direction. The polarization coefficients are
expressed by the auxiliary parameter n (0 < n < 1) depending only on the
axes ratio

ab* 1
PE= 3 (7.102a)
ab? 1

Here a is the half-axis directed along the axis of revolution, b is the second
half-axis. For the prolate ellipsoid (a > b),

1—¢e® (1, 1+4e , a?—b?
n:—e3 (Elnl—e_e>' - = P (7.103)
whereas for the oblate one (a < b),
142 B2 — 2
n= :_3 (t —arctant), > = aza . (7.104)

For the sphere, both formulas give n = 1/3.

In the second case if E? or HY is directed perpendicular to the axis of revo-
lution (the dipole momenta are directed in the same direction), then n should
be replaced by (1 —n)/2in (7.102).

In this case we have

2ab% 1
PE="F T (7.105a)
2ab%2 1
PH= 3 T (7.105b)

We give one more formula obtained from (7.105a) for very oblate ellipsoid
(disk) having the thickness 22 much smaller than its diameter 2b. The electric
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field EV lies in the disk plane. According to (7.104), if a < b, thent > 1. In
such a field, according to (7.105a), the electric polarization coefficient of the
disk is
4
=P 7.106
PE= 5 (7.106)
It does not depend on the disk thickness and is only 371/4 times, (i.e., ap-

proximately twice) smaller than for the sphere of the same radius b. Formula
(7.106) is used in the next subsection.

7.4.3
The duality principle for the hole in plain screen

The duality principle establishes connection between the fields arisen in two
problems of diffraction: on the hole in the plane infinite metallic screen
(Fig. 7.5(a)) and on the finite screen having shape and location just as the hole
in the first problem (Fig. 7.5(b)). Denote the field falling onto the hole in the
first problem by {E?, H%} and the arisen one by {E, H}. In the second problem
another incident field {E9, H°} different from that in the first one, falls onto the
screen. The arisen field is {E, H} in the second problem. Let the incident fields
be related as

E° = —HO, (7.107a)

=

H = E°. (7.107b)

Then the field {]?0, 21 0} obtained by this substitution from the field (EO, HY} sat-
isfying the Maxwell equations, satisfies these equations as well, that is, these
equations are invariant to substitution (7.107).

z>0
S S S,
- - - - (a)
z<0
z>0
S, 5 S,
_________________________ (b)
z<0

Fig. 7.5 lllustration of the duality principle

Here we confine ourselves to a simple case when the incident field { EO, HY)

is the plane wave falling perpendicular onto the hole. Then the field {EO, H 0}
is a similar wave with another polarization direction. Let the screen be located
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in the coordinate plane z = 0, the wave fall from the half-space z > 0 and the
field components normal to this plane be not present in the incident waves.

We accept that in the half-space z < 0, the field {E, H} of the first problem
coincides with the field {¢, ﬁ} obtained from the diffraction field Ediff, Fdiff of
the second problem as

hi = Ediff (7.108a)
¢ = —[diff (7.108b)

where Ediff — F — FO Fdiff — F _ FO, Since the field {E4iff, {diff} satisfies the
Maxwell equations, the field {¢, h) defined by condition (7.108) satisfies them
as well.

The proof of the fields {¢, h} and (E, H) identity is based on comparison
of the values of their tangential components on the plane z = —0. For the
components E;, Hy we have

Hi=H) onS§, (7.109a)
E;=0 on Sz. (7109b)

Formula (7.109a) follows from the fact that the field H differs from the incident
field H° by the field of currents induced on the screen Sy, that is, lying in the
plane z = 0. Currents located on a plane create the magnetic field normal to
this plane, that is, they have zero tangential components. Condition (7.109b)
holds since the domain S, is occupied by the metallic screen.

In the second problem (Fig. 7.5(b)), the domain S; is occupied by the metal-
lic screen, that is, E; = 0 in this domain, hence, Ef“ff = —E?. According to
(7.108a), the left-hand side of this equality equals h;, whereas the right-hand
side equals HY in accordance with (7.107a). Consequently, /iy = H? on S;. On
S», the component H; differs from HY by the field created by currents flawing
on Sj (i. e., on the same plane), therefore, I:I;jliff = 0. According to (7.108b), this
implies that e; = 0. Thus, the tangential components of ¢, I are

hi =HY onS, (7.110a)
et =0 onS. (7.110b)

Therefore, the fields {E, H} (7.109) and {¢, } (7.110) coincide on the plane
z = 0. Both these fields satisfy the radiation condition at z — —oo. We prove
that these fields coincide in the whole half-space z < 0. Difference of these
fields, that is, the field {E —Z H- ﬁ}, satisfies the homogeneous Maxwell equa-
tions and radiation conditions in the whole half-space. On the part S; of the
plane z = 0, the tangential component of the difference magnetic field equals
zero. On the other part S, this component of the difference electric field is
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zero, either. Therefore, the Poynting vector flux of this field through the plane
z = 0 equals zero. Since there are no currents in the half-space z < 0, the
Poynting vector flux through infinite half-sphere at z < 0 is zero as well. This
implies that at infinity the difference field decreases faster than the distance
from the origin. As it was already mentioned, such a field is identical to zero.
Consequently, E = & H = hatz < 0.

It is proven that if we replace the incident field according to (7.107) in the
diffraction problem on the hole and then replace the diffracted field in the
lower half-space according to (7.108) in the problem of diffraction of this in-
cident field on the finite screen, then the resulting field solves the diffraction
problem on the hole.

The duality principle reduces the problem of diffraction of the plane wave
falling perpendicular onto a small circular hole, to the above problem about
electric dipole momentum of the plane disk of small radius. The diffracted

field {Ediff, fldiff} arisen when a small disk is placed into the electric field

E? parallel to its plane, is the field of electric dipole with the momentum
P = iwppE?, where pg is given in (7.106). By (7.107), P = —iwpgH?. This
formula seems to be somewhat paradoxical: the electric dipole momentum is
proportional to the magnetic field of incident wave. It is connected with the
fact that this expression gives the momentum for the screen replacing the hole.
If the field {E, H} is known in the half-space z < 0, then the energy passing
through the hole can be found. It is twice smaller than the energy radiated by
elementary electric dipole in the whole space. According to (6.13), this energy
is k>w?p?/ (6c). Substituting expression (7.106) for p and dividing by the en-
ergy ¢/ (87) - tb? which falls onto the hole, we obtain the major characteristic
of the process of diffraction on small circular hole at the normal incidence,
namely, the relative part T of the energy passing through the hole. It equals

4 64
t=C(kb)", C= 572 0.24. (7.111)
Under the condition kb < 1, at which this formula is valid, very small part
of the incident energy passes through the hole. Of course, under the inverse
condition kb > 1, this ratio is close to unity.

Using (7.111), it is possible to find the electric field arising on a small circular
hole. The energy flux through the hole is equal (with accuracy to the factor
c/(87)) to the integral over the hole area taken of the tangential component
of E multiplied by the perpendicular to it tangential component of H of the
incident field. Consequently, the average value of E; on S (Fig. 7.5(a)) equals
the component EY of incident field, multiplied by the coefficient (7.111). The
field on the hole is much smaller than the incident one. On the hole border,
that is, on metal, E; = 0, and it cannot take large value at a small distance of
the order b.
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According to (7.108b), for the hole of arbitrary size and shape, the compo-
nent E; equals the magnetic field H; on the surface of metallic disk placed into
the external electric field E° which equals, according to (7.107a), the magnetic
field HY of the wave falling onto the hole.

The leakage of the field through the hole depends on how much the hole
cutting disturbs the current induced by the incident wave on the solid screen.
The larger this disturbance is, the larger the field E; on the hole, and the more
energy passes through it. The current easily flows around the small hole (Fig.
7.6(a)); a small electric field arises in the hole.

(a) (b) (©

Fig. 7.6 The current lines deformation by different holes

If the hole has a shape of a long slot, then the magnitude of the electric field
arising on it depends on the slot direction with respect to the current on metal.
The direction of the induced current coincides with the direction of E°.

We consider two limiting cases. In the first case, the slot is parallel to the
current, that is, to EJ. In the complementary problem about the metallic strip,
the external electric field LY is same directed as HY, that is, across the strip.
Then the current arising on the strip is small. In the initial problem about the
slot, the electric field on it is small and directed parallel to the slot sides. The
current easily flows around the slot parallel to it (Fig. 7.6(b)).

In the second limiting case, the slot is perpendicular to the field EY. In the
corresponding problem about strip, the external electric field E? is directed
along the strip. The large current arises on the strip and the large magnetic
field perpendicular to the strip arises on its surface. In the problem about slot
this means that a large electric field perpendicular to the slot, arises on it. The
slot cutting the current causes large perturbation of the current lines; they are
significantly deformed (Fig. 7.6(c)).

We compare these results with the theory of the strip arrays, stated in Sub-
sections 5.2.6 and 6.3.4. This theory is more complicated than that of isolated
slot, since there is no infinite screen in the strip arrays. However, there exists
an analogy between these two systems. The first limiting case (Fig. 7.6(b)) cor-
responds to the wave incidence onto the array with EC parallel to the strips. In
the approximation accepted in Subsection 5.2.6, according to which the field
in slots is exactly zero, the array transparency equals zero (5.68a). More exact
theory (Subsections 6.3.4) accounts the difference of this field from zero. Al-
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though the transparency Ps in (6.110a) is small, it differs from zero. In the ar-
ray theory, the second limiting case (Fig. 7.6(c)) corresponds to the case when
EV is perpendicular to the strips. In the simplest theory, the field in slots is as-
sumed to be equal to the incident one, which corresponds to formula (5.68b).
In the more exact theory the field in slots is close to EY but smaller than it. The
transparency Ps is large but smaller than unity.

744
Thin metallic cylinder of arbitrary cross-section: the H-polarization

Let the linearly polarized plane wave normally fall onto the thin metallic cylin-
der of an arbitrary cross-section. In the cylindrical coordinate system (z,7, ¢),
the cross-section does not depend on z. The field A has the only component
HY, the field E° lies in the transverse plane. The entire field does not depend
on the z-coordinate. Similarly as in Section 7.1, we denote V = H(r, ¢); the
components E,, E, are expressed by V according to formulas (7.3) with ¢ = 1;
other components do not present from the field. The potential V satisfies the
wave equation (7.2):

AV + KV =0. (7.112)

In this and the next subsections the symbol A denotes the two-dimensional
Laplace operator.

The total field V consists of the incident field V° = exp(—ikrcos ¢) and
diffracted field V4. On the cylinder surface, that is, on its cross-section con-
tour C, the function V4iff satisfies the condition

o diff
oN

__w
TN

(7.113)

C
where N is the normal to C, lying in the cross-section plane, that is, N is the
rlormal to the cylinder surface. Condition (7.113) means that E \C = 0, where
E is the total electric field, and s is tangent to the contour C. The current s
induced on the surface is directed along C, its surface density differs from the
value of H, on metal (i. e., from V|-) only by the factor ¢/ (47r), which we omit
further. The induced current creates the diffracted field. Far from the cylinder,
at r >> a, where a is the characteristic size of the cross-section, V3ff tends to
zero. The problem is to find the current [; and field Vit for the case ka < 1,
that is, for thin cylinders.

In the case of the circular cylinder, the problem has an explicit solution in
the form of the Rayleigh series (7.13). According to this solution, the current
on the cylinder surface r = a is

Vie="v0| + BoHS (ka) + BiH\? (ka) cos ¢ + O ((ka)z) . (7.114)
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Atka < 1,(7.15) gives
V|c =1 —2ikacos ¢. (7.115)

The current consists of two summands. The first (larger) one, independent of
the angle ¢, is called the ring current. For the circular cylinder, the ring current,
that is, the first term in (7.115) is equal (in this approximation) to the field of
the incident wave. The second summand, proportional to cos ¢, is called the
dipole current. In fact, the dipole current is co-linearly directed on the whole
line C, similarly as the current in the dipole. The elements of the ring current,
located on the opposite sides of any diameter, are oppositely directed.

In the far field zone, at > g, the field V4 can be calculated by integration
of the current over the contour C (which gives the additional factor a), with
accounting both the current direction and the difference between distances
to different current elements. The fields created by different elements of the
dipole current are, in fact, in-phase. The diffracted field created by the dipole
current, has the order (ka)?. The phase difference between fields created by
two elements of the ring current, located on opposite sides of a diameter (and
different in the sign of cos ¢, only), is approximately equal to 7r. These fields
do not cancel each other completely, since the distances from different ele-
ments of the current are different; they differ by values of the order a. The
diffracted field created by the ring current has the same order (ka)?, despite
the ring current is larger than the dipole one by one order. The total diffracted
field has the order (ka)z. Of course, this fact also follows from (7.114), since,
according to (7.15), the coefficients By and By have this order. The coefficients
By, n > 1 have higher order of smallness.

The diffracted field arising when a thin cylinder is placed into the field in
which E¥ is perpendicular to the cylinder director, is small. Therefore, in par-
ticular, for this polarization of the incident field, the reflection coefficient from
the array is small (see Subsection 6.3.4). A significant reflection occurs only
from the array with very narrow slots. Physically, this is explained by the fact
that the displacement current between the conductors (“capacity current”) is
essential in this case.

For the cylinder of arbitrary cross-section, in the higher order, the current
(i.e., the value V|) consists also of the two summands: first is constant along
C (ring current) and second changes its sign (dipole one). The field V satisfies
the Laplace equation in the whole domain kr < 1, the boundary condition
dV/0N|; = 0 on the cross-section contour and the asymptotic condition

cos @
r

V(r,9) = VO(r, 9) + pE +0(r 2 (7.116)

atr > a. In the two-dimensional problem, the Laplace equation is satisfied not
by the potential (as in the three-dimensional problem), but by the field V itself.
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It decreases as r—1, but not as R™2, as the three-dimensional potential (com-
pare (7.94) with (7.95)). The condition at the static infinity has such a simple
form only in the case if the coefficient pf is scalar (see the note below formula
(7.94¢)). Similarly as in the three-dimensional problem, the electric polariza-
tion coefficient pr is found from the conditions formulated before (7.114).

Far from the cylinder the field is much smaller, than on the cylinder and in
its neighborhood. In order to calculate the far field by the current, we must
know the current very precisely. First of all, this relates to the ring current,
since far from the cylinder the field created by it is (ka)? times smaller than
the current itself.

The ring current is proportional to the area of the cylinder cross-section. For
the circular cylinder this filed is proportional to a2. If the cylinder is a strip,
then this area is zero and the ring current does not create the external field.
This result follows from the fact that the distance from any point outside the
strip to both of its opposite sides is the same, and the ring currents on these
sides are directed toward each other.

7.4.5
Thin metallic cylinder of arbitrary cross-section: the E-polarization

Here we consider the second case: the electric field of the wave normally
falling onto the cylinder has the only component EJ. An induced current
flowing along the long cylinder is large and disturbs the incident field sig-
nificantly. Both these effects have some peculiar properties for the model of
infinitely long cylinder. The main property is that the problem cannot be re-
duced to the electrostatic one for arbitrarily thin cylinder.

The field is expressed by the scalar function U(r, ¢) = E(, ¢). The other
two nonzero components H,, H, are calculated by U according to (7.1). The
function U satisfies the wave equation

AU+KU =0 (7.117)
outside the cylinder, and the boundary condition
Ulc=0 (7.118)

on the cylinder boundary (and does not satisfy the radiation condition).

For the circular cylinder there exists the exact solution (7.7), (7.9) to this
problem. At ka < 1 the diffracted field expressed by the Rayleigh series (7.7),
can be substituted by the first term (for n = 0) of this series. The coefficient
Ay in the series has the order 1/ In(ka), all the next coefficients A,, (n > 0)
are much smaller, they have the order (ka)?". Dropping the terms of the order
(ka)? and replacing (in the same approximation) U°|. by the value U°(0) of
the incident field on the cylinder axis, we obtain the following expression for
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the diffracted field:
2
H(g )(kr) u°

udiff(r’ (P) _ _ 0 \YJ
H (ka)

(0). (7.119)

At kr < 1, this formula becomes

- EEZ; u°(0). (7.120)

udiff(r’ (P) _

This function satisfies the Laplace equation
AU = 0. (7.121)

However, in contrast to the similar functions for the three-dimensional small
bodies (see, e.g., (7.96)), function (7.120) does not vanish at r/a — oo. In
the electrostatic domain, that is, at kr < 1, the diffracted field in the two-
dimensional problem to which the idealization of “infinitely long cylinder”
leads for this polarization, is not a solution to the electrostatic problem.

In electrostatics, the problem about the field into which an infinitely long
metallic body directed along the field line, is placed, has no solution. This
idealization is not consistent with the electrostatic laws. Introducing such a
body into the electrostatic field destroys the field.

The diffracted field (7.120) satisfies the Laplace equation (7.121) and the
boundary condition following from (7.118), but at the “static infinity” (kr < 1,
r/a > 1) it does not decrease, it is proportional to In(kr) and increases; more-
over, this field depends on the wave number.

We find the current | flowing on the cylinder along the axis. It differs from
the integral of the component Hy, = —(i/k)oU /9r over the contour C, only by
the factor ¢/ (47). This integral equals

27
' - 2 g
b/H(pad(p = iy 4O (7.122)

In this integral, the term containing dU°/9r is small, proportional to (ka)?,
and it is omitted here. At ka < 1, the induced current weakly depends on the
cylinder radius. At a — 0, the current decreases to zero very slowly.

For the cylinder of arbitrary cross-section, the function U9 should be de-
termined from equation (7.121), the boundary condition

udiff

—uo‘ ) 7123
) (7.123)

equivalent to (7.118), and the condition that U9 is proportional to Inr far
from the cylinder. After U is found, the current ] induced on the cylinder,
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can be calculated. In the same approximation as formula (7.122), the current
is proportional to

: diff
—% aau—Nds. (7.124)
C

The problem about finding the field U9 and calculating the integral (7.124)
can be solved by the conformal mapping method. We outline the backgrounds
of this method.

Introduce the Cartesian coordinates x, y instead of the polar ones r, ¢. Asso-
ciate the complex value Z = x + iy with the point (x,y). Then, introduce the
auxiliary plane with the Cartesian coordinates u, v and associate the complex
value W = u + iv with the point (1,v) (see Fig. 7.7). Denote the main plane
by Z and auxiliary plane by W. Connect the complex numbers W and Z by
the equation

Z = F(W), (7.125)

where the function F will be found below. This equation connects any point
of the plane W with a point of Z. Separating the real and imaginary parts in
(7.125), we obtain the two equivalent equations

x=x(u,v), y=yuo). (7.126a)

When a point of the plane W draws a certain line, then the point of Z, corre-
sponding to it by (7.126a), draws a line as well.

y 7 v W
: ; X u
(a) (b)

Fig. 7.7 lllustration to the conformal mapping method

The function F can be found from the following two demands. Firstly, at
|W| — oo, that is, far from the coordinate origin, the ratio Z/W should tend
to unity, at the limit, both planes must coincide. Secondly, when a point of the
plane W draws the circle of certain radius a¢ (which should be found as well),
then the corresponding point of Z draws the given contour C, participating in
formulas (7.123), (7.124).

It is known that for any closed contour C there always exist an analytical
function F and a number a.¢ for which the above conditions are fulfilled. From
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the analyticity of the function F follows that the mapping (7.126a) has the fol-
lowing property: any function satisfying the Laplace equation in the variables
u, v, satisfies the same equation in the variables x, y connected with u, v by the
substitution

u=u(xy), v=ov(xy), (7.126b)

inverse to (7.126a). Obviously, the value of U(u,v) at any point on the circle
of radius a.¢ equals the value U(x, y) at the respective point on the contour C
(for simplicity, we use the same notation for these two functions). Behavior of
the function U(x,y) at x> + y?> — oo coincides with behavior of the function
U(u,v) at u> +v> — co. Consequently, if U(u,v) solves the problem con-
sisting of equation (7.121), the boundary condition (7.123) and the condition
that U (u, v) is proportional to In(u? + v?) at (u? + v?) — oo, then U(x,y), ob-
tained by substitution (7.126b), satisfies equation (7.121), condition (7.118) on
the contour C and the condition that U(x, y) is proportional to In(x? 4 y?) at
(x% +y?) — oo. If we know the function U% (4, v) for the circular cylinder,
then the function U%f(x, i) for the cylinder with the cross-section contour C
is calculated after determining F and a. corresponding to this contour.

The conformal mapping of the plane W onto Z is accompanied with an
extension (or compression) and hence the surface current density oU% /9Ny,
on the contour C does not equal the surface current density aU%f /9N, on
the circle. However, the extension is the same in any direction (as a mapping
by the analytical function), and the element 0U%f /9Ny, dsy, in the integral
(7.124) is invariant at this mapping. The total current is invariant as well, and,
according to (7.122), it equals

t/ Hyds =~ e U(0) (7.127)

for any contour C.

We give an example in which all calculations are elementary. Let C be the
ellipse with half-axes 4, b. It is easy to check that in this case equation (7.125)
has the form

A a® + b?
Z=W+ W’ A= i (7.128)
The mapping (7.126a) is
Av
x:u+m, y:v—m (7129)

When a point moves in the plane W along the circle of radius a., then
U =a,CO80, U = dosinw, where the angle a varies in the plane W from
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0 to 27t. Then, according to (7.129), x = (a¢ + A/de)cosa, y = (aef —
A/ag)sina. Consequently, the corresponding point in the plane Z moves
along the ellipse with the half-axes 4 = a¢f + A/aef, b = aof — A/aes. The
coefficient A introduced in (7.128), is calculated from these equations, and the
value a4 of the effective radius is

dog =% er b (7.130)

For instance, for the strip (b = 0) of the width 2a we have a,s = a/2, that is,
the current arising on such a strip is the same as on the circular cylinder of the
diameter a (twice smaller than the strip width) (Fig. 7.8).

V4 W

2a

(@) (b)

Fig. 7.8 Geometry of equivalent diffraction problems

7.4.6
The current on a metallic surface of small curvature

In general case, the current induced on the surface of metallic body can be
found from the integral equation obtained from the demand that the electric
field created by this current has the tangential component on the surface, equal
to the same component of the incident field with the opposite sign. If the sur-
face curvature radius is large in comparison with the wavelength, then there
exists an approximate solution to this problem. The solution is local: accord-
ing to it, at any point of the surface, the current does not depend on the cur-
rent on other parts of the surface. The solution is exact only for the case of the
plane wave falling onto the plane surface. In this case the surface current, that
is, the tangential component of the magnetic field equals the twofold value of
the same component in the incident wave.

In the approximate solution, the current at any point of the surface is as-
sumed to be equal to the current which would arise on the metallic plane
tangent to the surface at this point, when the same wave fell onto this plane.
This approach is called the physical optics method.

There exists an improved version of the method often called as the physical
diffraction theory. The improvement relates to surfaces with fractures and to
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the shaded domains arisen when illuminating surfaces with small curvature.
We consider these two case separately.

Let the surface have a fracture: the line on which two planes or surfaces of
small curvatures meet. Locally, such a body is a wedge. In the physical optics
approximation, the currents on both of these surfaces do not depend on the
distance to the wedge edge. They discontinue on the edge. If the geometrical
shadow arises, that is, one of the planes is not illuminated, then the current
does not overflow onto this surface.

In the physical diffraction theory, the current distribution near the edge is
assumed to be the same as for the wedge, for which the exact solution exists.
There is a strip near the edge of the width of the wavelength order, where
the currents depend on the distance / from the edge. The current component
parallel to the edge decreases when approaching it. For instance, for the half-
plane, this component tends to infinity as I=1/? (compare with (7.47)). The
second component is continuous on the edge. The current exists not only in
the illuminated domain but also it overflows into the shaded one.

The second improvement relates to the case, when the geometro-optical
shadow arises behind the smooth convex surface (Fig. 7.9). On the one side
of the light-shadow interface the surface is illuminated, on the other one it
lies in the shadow. In the physical optics approximation, the current on the
illuminated side is constant (twice larger than the magnetic field of the inci-
dent wave), on the shaded one it equals zero. On the interface the current is
discontinuous.

—
N
~

N

Fig. 7.9 Geometro-optical rays near a convex surface

In the physical diffraction theory, the current is continuous. There exists a
domain along the interface, in which a smooth change from light to shadow
takes place. The main result of the theory, transferred from the problems of
diffraction on the large sphere and large cylinder, is that the field in the semi-
shaded domain is described by a universal function. On the one side of the
interface it tends to the value 2, on the second one to 0. The argument of the
function is the ratio of the distance from the border to a number d defining
the order of the transient domain width. The value of d depends only on the
curvature radius 2 and the wavelength, and equals

a

At ka — oo, the transient domain width tends to zero; but not too fast.
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These results are also valid for large dielectric bodies. The field on their
shadowed surface varies approximately by the same law, as the currents on
the metallic bodies. Even at finite |¢|, the transient domain has the order, given
by (7.131). For instance, for the Earth (¢ = 64,000 km) and the wavelength
A = 0.1 mwe have d ~ 40 km.

Hence, the physical diffraction theory consists, mainly, in the fact that the
results obtained when solving the standard problems about the wedge, cylin-
der, and sphere, are extended onto the problems which have no analytical
solution, but are similar to the above ones.

The approximate methods explained in this subsection allow us to find the
currents induced on the surface of large bodies. In the next subsection, we give
an approximate method for finding the field in the whole domain adjacent to
such surfaces; not only on the surfaces themselves. The main interest of this
method lies in finding the field in the domain of the optical shadow. Below
we describe only this part of the method.

747
Ray structure of the field in shadow: geometro-optical theory of diffraction

If the field structure is close to that of the plane wave, then the field can be
described in terms of the ray optics. The field at any point depends on proper-
ties of the medium on a certain line (ray) passing through this point. Although,
formally, the field at any point depends on the medium properties and on the
bodies located in the whole space, this dependence is weak under conditions
permitting the ray interpretation. In the homogeneous medium the rays are
straight lines, in nonhomogeneous one they are curved (see Subsection 5.1.5).
The rays reflect and deflect on the medium interfaces. The field energy slowly
varies along the ray, except for the segments near the points and lines (focuses
and caustics) where the ray optics is nonapplicable. The rays are orthogonal to
the surfaces of constant phase (equiphase surfaces). They satisfy the Fermat
principle. The optical path (integral (5.32)) along the ray between the source
and any point is extreme (as a rule, minimal) in comparison with all close
paths connecting these two points. In the homogeneous medium, the ray is a
line of the smallest length, connecting the source with observation point.

When diffracting on large bodies, the field has the ray structure in almost
the whole illuminated domain. The rays do not penetrate into the shaded
domain. The rays do not envelop the obstacles and not come into the shadow.
The field in the shadow is zero in the geometro-optical description.

The ray concept can be extended in such a way that the field in the shaded
domain is also described in terms of the ray optics. In this generalized ap-
proach, the rays envelop obstacles. The rules, by which this process proceeds,
make up the base of the method called the geometrical (more exactly geometro-
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optical) diffraction theory. The geometro-optical and diffraction methods are
combined in this theory. Similarly as the physical diffraction theory, it is based
on the solutions of several standard problems. The Fermat principle is com-
pletely preserved. We explain the method on the problems about the shaded
domains behind a fraction and behind a smooth convex surface.

Let the wedge (fraction) be illuminated by the source located at the point
A (Fig. 7.10). The point B is located in the shadow, that is, under the light-
shadow line ACD. The ray (in the extended notion) connecting points A and
B, consists of the two straight segments. The first one connects the point A
with a certain point C on the edge, whereas the second one connects the points
C and B. If A and B lie in the plane perpendicular to the edge, then C lies in
this plane as well. If there is no plane perpendicular to the edge and contain-
ing A, B, then C is located on the edge in such a place that the lines AC and
BC make the same angles with edge. It is easy to check that the summarized
length of the segments AC and BC is minimal in this case, that is, the ray ACB
satisfies the Fermat principle.

D
B g

Fig. 7.10 Geometric-diffraction rays near a wedge

The same ray image can be described in other terms. The rays outgo from
the source A. The rays coming to the edge create secondary sources there.
Each of them generates the rays but not in all directions. The ray fan outgo-
ing from a secondary source consists of the rays making the same angle with
edge, which is made by the ray AC. If one of these rays passes through the
point B, then the sought point C is the point at which this secondary source is
located. For any point B there exists a point C on the edge, corresponding to
(“illuminating”) it.

The rays generated by a secondary source have different energy. The en-
ergy of each ray CB depends on the angle Ax made by the ray with the light-
shadow interface CD. The energy distribution among the rays can be obtained
from the exact solution of the problem about diffraction on the wedge. At
An < 1, the energy of the ray CD is smaller than that of AC by the factor
1 — NAwa, where N is calculated from the same problem.
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If an opaque body has the vertex instead of the edge (as the cone or pyra-
mid), then the vertex is the only secondary source, the rays of which penetrate
into the shaded zone.

The second example relates to the ray structure of the field in the shadow be-
hind a convex surface (Fig. 7.11). Let the surface be illuminated by the source
A, the line AC1D tangent to the source, separates the illuminated and shaded
domains. The point B is located in the shadow. According to the geometro-
optical diffraction theory, the ray consisting of three segments comes into
the point B: the tangent segment ACy, the line C;C;, following the curved
body surface, and the tangent segment C, B. The “creeping” ray C;C; “breaks
away” the surface at the point C; and comes into B along the straight line. The
creeping ray goes from C; to C; along a geodesic arc of the surface. The length
of the whole ray AC1C;B is minimal among all the lines connecting A and B
in presence of the opaque body.

Fig. 7.11 Geometric-diffraction rays near a convex surface

The deeper the point B is located in the shadow, the larger the segment C;Cp
is, and the smaller the energy of the ray coming to this point. The ray energy
decreases exponentially on this segment. This fact conforms with the above
result that the energy decreases by the factor 1 — NAwx on a small fraction. In-
deed, the bend can be treated as a limit of many fractions by small angles.
After passing many fractions the energy decreases by the product of such fac-
tors. Denote the angle between the tangents at the points C; and C;, by «, and
each small fraction of the ray by Aa. Then the number of the fractions is o/ Ax,
and the factor describing the total energy decrease is (1 — NAx)*/2%. At the
limit, this value describes the exponential decrease as exp(—aN).

7.4.8
The method of auxiliary sources

The method of auxiliary sources is based on the concept of a set of point sources,
which are located in the “nonphysical domain.” We have introduced this term
in Subsection 6.3.7 while finding the possible antenna surface, which creates
the desired radiation pattern. In the problem about diffraction on the metallic
body the nonphysical domain is the one occupied by the body. When using
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this concept, we compare the diffraction problem with an auxiliary one about
the field of sources located in the nonphysical domain. They radiate into the
space free from bodies. Outside the domain bounded by the same surface S as
in the diffraction problem, the sources create a field equal to the diffracted one.
On the surface this field satisfies the same demand: the tangential component
of the electric field is equal in magnitude and opposite in sign to correspond-
ing component of the incident field. The field in the nonphysical domain is
analytical on the surface, that is, it transforms into the diffracted one contin-
uously together with all its derivatives. The medium filling the nonphysical
domain in the auxiliary problem can be chosen arbitrarily; it is not connected
in any way with medium filling the actual body. As a rule, it is taken to be the
same as the exterior medium.

In contrast to the problem considered in Subsection 6.3.7, in the diffraction
problems the filed to be created by the auxiliary sources is a priori unknown,
and therefore the direct methods for localization of the singularity points of
analytical continuation of the field are nonapplicable.

Denote the location of the nth source and its amplitude by 7, and a;,, respec-
tively;n =1,2,..., N, where N is the number of sources. The field created by

the nth source at the point 7 equals anH(()z) (k|7 — 74|) in the two-dimensional
scalar problem or a, exp(—ik|F — 7, |) /|7 — 7| in the three-dimensional scalar
one. In the three-dimensional vector problem, the sums of such terms are the
Debye potentials.

The coordinates 7, are chosen arbitrarily to some extent and the coefficients
a, are found (as is shown below) from the boundary condition. Thus, as in the
spectral methods, the solution to the wave equation (the Maxwell equation
system) is expressed as a sum of the partial solutions of the homogeneous
equation. However, these partial solutions correspond to the same values
of the frequency and the medium parameters as those given in the diffrac-
tion problem. The partial solutions have the singularities in their sources and
therefore differ from zero. In contrast to the eigenfunctions in the spectral
methods, the partial solutions in the method of auxiliary sources are not or-
thogonal.

The auxiliary sources are located on a certain surface X. If their locations
are uniform (in some sense) and the number of them tends to infinity, then the
sums

N
Y anHg? (k|7 — 7)) (7.132)
n=0

approximate any field outside the surface . Here we confine ourselves to
the two-dimensional scalar problem. The coefficients a, are found from the
system of N linear algebraic equations obtained from the demand that the
sum (7.132) at the points 7 = 7, m = 1,2, ..., N (collocation points) located on
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the body surface S, satisfies the boundary condition, that is, equals the val-
ues of the incident field with opposite sign. The points 7, and 7, should be
chosen in such a way that the numbers a, tend to some limits when the num-
ber of equations increases. After finding these numbers we can calculate the
diffracted field by formula (7.132) (or similar one for the Maxwell equations).

The efficiency of the method depends on the location of the surface X with
respect to S (Fig. 7.12). The surface X should be located inside S. If 3 coin-
cides with S and 7, # 7, for any n,m, then the system of algebraic equations
coincide with that obtained in the collocation method applied to the integral
equation for the induced field. If X lies fully inside S, then the collocation
points and the source location ones are placed in the finite distances and all
coefficients of the equation system for a, are finite.

S

Fig. 7.12 Location of auxiliary sources for closed domains

In general, the computational procedure of the equation system solving be-
comes unstable at N — co. To improve the stability, the surface ¥, the number
of source points and their location on it should be carefully accorded. The
main demand to the surface X is that X should surround all singularity points
of the analytical extension of the diffracted field. This means that > should
not be too small. If this demand is not fulfilled and X is located too far from S,
then the coefficients a,, do not tend to limiting values, because the field of aux-
iliary sources has no singularities outside X. There exist qualitative methods
for approximate localization of the singularity points of the analytical exten-
sion of diffracted field by the incident field structure and specific properties of
the body surface S. The method of auxiliary sources is the most effective if the
sources are located in the singularity points (i.e, the surface X passes through
them) or close to them.

There exist different variants of the auxiliary sources method, applicable to
a wide class of the problems. For instance, when applying the method to the
diffraction problem on the dielectric body, we should construct the surface
¥ consisting of two parts X1 and X, (Fig. 7.13). One of them, X; lies inside
the body surface S, the second one, >y surrounds it. The field of the sources
located on X approximates the diffracted one outside S, the field of sources
located on X, approximates the field inside the dielectric body. In the field
of the latter sources, the wave number k must be replaced by k+/e, where ¢
is the permittivity of the body material. At the collocation points on S, the
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continuity conditions for the components E;, H; must be satisfied by the fields
of all auxiliary sources together with incident field. In another variant of the
method, the functions Héz)(k\?' — 7y|) in the sum (7.132) are replaced by the
functions H.? (k|F —7n|) exp(ime), m > 0.

The method of auxiliary sources is effective for the diffraction problems on
large bodies, as well as for the nonstationary problems, that is, for the prob-
lems with nonmonochromatic dependence of time.

Fig. 7.13 Location of auxiliary sources for dielectric bodies

The question on existence of the so-called back waves in the diffracted field
is also connected with the auxiliary sources method. This notion was intro-
duced in Subsection 6.3.7 as well. The problem is formulated as the question
whether the diffracted field can be expressed in the whole domain outside the
body boundary S only by the outgoing waves, or the field near the body also
contains incoming waves: in other words, whether anywhere outside S the
field is expressible as the series

Y AuH (kr) exp(ing) (7.133a)

n=—oo

by the functions H,SZ)(kr) describing the outgoing (direct) waves (Rayleigh hy-
pothesis), or we must supply this series by the second one

Y By Hr(ll) (kr) exp(ing) (7.133b)

n=-—oo

by the functions HY (kr) describing the incoming (“back”) waves.

Note that the question is rather mathematical than physical, since it is con-
nected with coordinate system choice. The above functions describe the direct
and back waves only in cylindrical coordinates. In other systems the sepa-
ration of the waves into these two types is different. For instance, the field
containing the terms Hr(,l) (kr) (back waves in the cylindrical system) may not
contain back waves in another coordinate system (e. g., in the elliptic one).
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A simple answer exists to the above question, based on using the location
of the analytical extension singularities. If the smallest circle centered at the
origin, inside which all singularity points are located, lies inside S, then the
back waves are not presented in the diffracted field (Fig. 7.14(a)). If this circle
partially lies outside S (although all singularity points lie, of course, inside S),
then the back wave may be present in the field (Fig. 7.14(b)). For instance,
it is known that when the plane wave falls onto the ellipse, the singularity
points lie on the segment connecting the focuses. The diameter of the smallest
circle containing this segment equals the distance between the focuses, that is,
2v/a? — b?2, where a, b are the ellipse half-axes, a > b. If the diameter is smaller
than the axis 2b (i. e., the eccentricity e < 1/ \/E), then the minimal circle lies
inside the ellipse and back waves do not participate in the diffracted field. For
the more prolate ellipse, when Va2 — b2 > b (i.e., e > 1/ \/E) the back waves
are present in the field.

(@) (b)
Fig. 7.14 lllustration to the existence of back waves

7.4.9
The optical theorem

The scattering pattern of the field, arisen at the incidence of the plane wave
onto an arbitrary body without losses, is subjected to the condition stated
by the so-called optical theorem. This theorem immediately follows from the
Maxwell equations together with radiation condition and does not depend
neither on the body shape nor on its material.

First, we derive this condition for the two-dimensional scalar problem.
When the plane wave of the unit amplitude, propagating along the x-axis,
falls onto any cylinder, then the field in the far field zone consists of the two
terms

exp (—ikr)

The sought condition on the pattern F(¢) can be obtained from the formula

27 ou*
/Im (U or
0

U (r,¢) = exp (—ikrcos ¢) + F (¢) (7.134)

) ds=0, ds=rde, (7.135)
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being the scalar analog of the energy conservation law. This formula is ob-
tained from the wave equation

AU + k*eU = 0. (7.136)
AtIme = 0, it follows from (7.136) that
div (U grad U* — U* grad U) = 0. (7.137)

Integrating over the domain bounded by the circle of radius », we obtain
(7.135).

If the circle radius is so large that (7.134) holds on it, then the integrand in
(7.135) equals

% IF(¢))* + \/% Re [F (¢) exp (—ikr (1 —cos ¢))] . (7.138)
The integral in (7.135) is calculated by the stationary phase method at kr >> 1.
Only the highest term of the order 1/+v/kr is found. Since the integration with
respect to the @-coordinate is performed only over the small interval around
the stationary phase point ¢ = 0, the factor cos ¢ before the exponent is re-
placed by unity. Terms of the next order of smallness, and those disappearing
at the integration over ¢ are dropped. Since, in the higher order,

2n

F (¢)exp [—ikr (1 —cos¢)]dp = 1(1 —i)F(0), (7.139)
j I

it follows from (7.135) that

[ IF () dg = —2v/7Re[(1 - )F (0)]. (7.140)
0
This is the two-dimensional scalar formulation of the optical theorem. It is
easy to check that the above solution of the problem about diffraction on the
metallic cylinder satisfies condition (7.140). The diffracted field (7.7) with co-
efficients (7.11), has the pattern F(¢) = Y_,” ;& cos(n¢), where

~Vi  [8 Ju(ka)
ty = (1”0”)\/7 Py (7.141)

Condition (7.140) holds if

Jn (ka)
s (14 60n) |an|” = .
ZO on) el Z 1+50n) “HP (ka)

(7.142)

The coefficients a;, (7.141) satisfy this equation.

313



314 | 7 Diffraction on Metallic and Dielectric Objects

We repeat this derivation for the three-dimensional vector field. Let the
plane wave having the two components E, = exp(—ikz), H, = exp(—ikz),
propagate along the z-axis. It diffracts on a certain body and creates a diver-
gent spherical wave with pattern defined, according to (1.33), by the functions
Fi(9,¢) and F>(9, ¢). In the highest order of 1/(kR) the components of the
total field in the far field zone are equal to

Ey=F (9, 9) w + cos ® cos pexp (—ikRcos ¥),
Ey=F (9, 9) w —sinpexp (—ikRcos 9),
CiR) (7.143)
Hy =F (9, ¢) % + cos ¥sin pexp (—ikRcos ¢),
Hy = —F (9,9) w + cos pexp (—ikRcos 9) .

By definition, there is no energy absorption inside the body on which the
diffraction takes place. The energy flux through a sphere encircling the body
is zero. The equality

27

7T
/ / Re (—EgHj, + EpHy) sin9 dédg = 0 (7.144)
00

holds. We substitute the expressions (7.143) for the fields in far field zone into
this condition. Dropping the terms which disappear during the integration
over ¢, and replacing the factor cos ¢ before the exponent by unity, we obtain

2w 1T

// IFL (8, 9)* + |F2 (9, 9)] }51n19d19dq)
00

21 T

= —2kR-Re //{—Fl (0, 9)cos @
00
+ F (8, ¢)sin ¢} exp [—ikR(1 — cos 9] sin 9 ddd¢. (7.145)

Denote the Cartesian components of the scattered field in the far field zone by
1/(kR)Ex(0) and 1/ (kR)E,(0). At small 9,

Fi(8,¢) = Ex (0)cos ¢ + E, (0) sin ¢,

' (7.146)
F(8,¢) = —Ex (0) sin g + Ey (0) cos ¢.
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Consequently,

7T

/F1 (9, @) cos pdg = mE, (0),
0

(7.147)
T
/Fz (8, 9)sinpdy = —mEy (0).
0
In the higher order of 1/(kR),
71.' .
/ exp [—1kR (1 — cos 9)]sin 9 d9 = —ﬁ. (7.148)
0

Substituting the above formulas into (7.145) we obtain the optical theorem for
the three-dimensional vector case

2w 1T

// [F1 (8,9) +|F2 (8, 9) "] sin 0d0dp = —4wRe E, (0).  (7.149)
00

Note that the right-hand side of (7.149) contains only the component of electric
field of the scattered wave, parallel to that of the incident plane one.

In particular, from the optical theorem (7.140), (7.149) it follows that if the
plane wave falls on any nonabsorbent body, then the scattering pattern cannot
be zero in the direction of the wave propagation. Although the shaded domain
appears immediately behind the body, there is no shading further, in the far
field zone, where the cylindrical or spherical wave is already formed. The
geometro-optical notions (ray, shade) are not applicable in the wave zone.

Formulas (7.140), (7.149) explain the mechanism of swapping the energy
from the plane wave into the divergent spherical one. This swapping is carried
out by the interference of the fields of both waves along the line ¢ = 0 or
¢ = 0. On these lines, both waves propagate in the same direction. The notion
“interference” emphasizes that the right-hand sides of these formulas contain
the cross-products of the terms corresponding to the spherical (cylindrical)
and the plane waves.

Certain fuzziness of the assertion about interference is explained by its ap-
plication to the plane wave being an idealized object. Such a wave carries
an infinite energy. The real (“quasi-plane”) wave, field of which is close to
(7.10) in a large but finite domain, is distorted by diffraction, and its energy
decreases. Formulas (7.134), (7.143) cease to be valid in the distance large
enough for the incident wave not to be a plane one. The wider the front of the
incident quasi-plane wave, the larger this distance.
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7.410
Spectral method for the diffraction problems

In the spectral method, the field created by certain given source (and hence sat-
isfying the nonhomogeneous equation) is found as a sum of the field of the
same source in free space and the series by the eigenfunctions of some aux-
iliary homogeneous problem. In some variants of the method, the total field
is also represented as the series of the eigenfunctions. One of the parame-
ters involved in the nonhomogeneous problem is chosen to be a spectral one.
The homogeneous problem is solvable only at some values of this parameter
(eigenvalues). Such a solution is an eigenfunction corresponding to the eigen-
value. In different variants of the spectral method, different parameters play
a role of the spectral one. In the problem for a closed resonator, the frequency
is usually chosen as such a parameter (see Section 4.1). In the problem of
diffraction on a certain body, it is more convenient to choose one of its elec-
trodynamic parameters as a spectral one. In the two examples below such a
parameter is the surface impedance and the dielectric permittivity of the body
material, respectively.

We begin with the problem about the field of the plane wave diffracted on
the metallic cylinder, already solved in Section 7.1. Series (7.7) can be consid-
ered as a series by the eigenfunctions u" (7, ¢) of certain homogeneous prob-
lem. In this problem the functions u"(r, ¢), n = 1,2, ... satisfy the wave equa-
tion (7.2) with ¢ = 1, radiation condition, and condition of the impedance

type

n
W(a, ¢) = —iwy 2P (7.150)
or s
on the cylinder surface. The constant (independent of ¢) quantities w; are the
eigenvalues in this problem. They have a physical meaning of the impedance
(eigenimpedance) of the cylinders considered in this auxiliary problem.

In Subsection 4.2.2 we noted that the auxiliary problems generating the sys-
tem of the eigenfunctions have an independent physical sense, that is, they
describe the electrodynamic oscillations in a certain domain. In the problem
considered here such a domain is the exterior of the cylinders having the sur-
face impedance w;, (note that each eigenvalue corresponds to different physi-
cal object: the cylinder with same geometry but different surface impedances).
The oscillations are described by the functions

u(a,¢) = H? (kr) cos(ng), n=0,1,... (7.151)

(as above, we confine ourselves only to oscillations, symmetrical with respect
to the x-axis).

In this variant of the spectral method the frequency in the homogeneous
problem remains the same real value, as in the diffraction one. Therefore,
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the eigenoscillations are not dumping in time. Since the radiation losses are
present in the auxiliary (exterior) problem, the surface impedance must posses
the property

Rew, < 0, (7.152)

opposite to Rew > 0 for the impedance of any surface absorbing the en-
ergy. In the auxiliary problem, the material of the body surface has “negative
losses.” Such a material radiates (does not absorb) the energy, proportional to
the squared electric field in it.

According to (7.140), in the homogeneous problem generating the eigen-
function system (7.151), the eigenimpedances are

(2)

H,” (k

wy = ik%. (7.153)
Hy”" (ka)

The value Rew, = —2mka/ |H,Sz)/(ka)|2 is negative, which is in accordance

with (7.152).

Existence of the impedance with property (19.56) does not contradict the
Maxwell equations. The auxiliary problem describes the eigenoscillations in
the infinite domain r > a, which exist in presence of objects having the prop-
erties which do not violate the physical laws.

The system of functions (7.151) allows us also to solve the problem of
diffraction on the cylinder with nonzero surface impedance w (Rew > 0).
The field U is found in the form U = U% + 110, where Ui is series (7.7).
The coefficients A, are calculated from the boundary condition at r = a

ik (uo +) Aw”) =w <u0’ +) A,m”’) . (7.154)
n=0 n=0

It is easily seen that the formula for A, has the same structure as (4.67). It

generalizes formula (7.9) and coincides with it at w = 0.

Now we apply the above spectral method to the diffraction problem on the
dielectric cylinder. Choose the dielectric permittivity of the body on which the
diffraction proceeds as the spectral parameter. The eigenfunctions u™N(r, ¢)
solve the homogeneous problem consisting of the equations

AuN + KPeyulN =0, (7.155a)
AuN +K2ulN =0, (7.155b)
which hold in the finite domain V' occupied by the body, and the infinite

one V~ outside the body, respectively, the continuity conditions for u" and its
normal derivative on the body boundary, and the radiation condition

N - FN((P)exp(—ikr)

7.156
r—00 Vkr ( )
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at infinity. In these formulas the index N is aggregate, N = (n,p),
n=20,1,2,..,p=0,1,2,..., numbers ey are the eigenvalues.
The orthogonality condition for the functions uN has the form

/‘./+ uN(r, @)uM(r, 9)dV =0, EN F EM. (7.157)

To prove it, we construct the equality

2 _ .
div(uM grad ulN —uN grad uM) — { k*(em ESI)UNMM 12 57, }

(7.158)

which follows from (7.155). Integrate this equality over V' and V~ and add
the results. The sum of the surface integrals on the left-hand side, to which
the volume integrals are reduced, equals zero owing to (7.156) and the bound-
ary conditions; from this condition (7.157) follows. It can be shown that the
eigenfunctions make up a complete system for a large class of functions.

The eigenvalues ey of this homogeneous problem have the property
Imey > 0. It is obtained from (7.158) after replacing u™ by uMN*, ey by
ey, integrating over the whole volume and using the asymptotic (7.156). As a
result, we obtain

2
1 LY@ de
2Kk3 [+ |uN\2 dv

Imey = (7.159)

Inequality (7.159) is opposite to Imey < 0, which is valid for any dielec-
tric with losses. It has the same meaning as inequality (7.152) for the eigen-
impedances. Note that the material having “negative losses,” really exists (see
Subsection 1.2.10). It is a medium with inverse population of the quantum lev-
els.

In the diffraction problem, the field is expressed in the form

U(r, @) = U’(r, @) + Y anu™(r,9), (7.160)
N

(recall, that N = {n, p} and the sum is double). The series termwise satis-
fies the boundary condition at r = g, the radiation one, and the wave equa-
tion in V~, outside the body. In VT, the functions U, u°, and uN satisfy the
wave equation with different values of the dielectric permittivity, namely, e,
1 and ey, respectively. Coefficients ap are found from the demand that the
right-hand side in (7.160) satisfy the wave equation AU + k?¢U = f in V7,
where f is the source (if it exists in V). Substituting (7.160) into this equation
and using equations (7.155a) and AU? + k*U° = f for the eigenfunctions and
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incident field, respectively, we obtain the equality

ZaN(sN—s)uN =K (e—-1)U°, (7.161)
N

valid in V*. The functions u™N are orthogonal and make up the complete sys-

tem in this domain. Applying (7.157) to (7.161) gives

=1 [, u%uNav 7162)
EN—E [, (uN)”dV

The factor ey — € in the denominator differs from zero owing to (7.159).
In the case of the circular cylinder of radius a the eigenfunctions N have
the explicit form
Jn(ky/ENT) cos(ne), r<a,
ulN(r, 9) = " 2) (7.163)
H,” (kr) cos(ng), r>a.

The eigenvalues ¢ are obtained from the demand that u™ and their normal
derivatives are continuous at 7 = a, which leads to the equation

VENH (ka) T} (ky/ena) — HYY' (ka) Jn (ko/Ena) = 0. (7.164)

The technique described above in application to the diffraction problem for
the electric polarization can be carried over to the case of the magnetic po-
larization with small modifications, connected with fact that € appears also in
the boundary condition in this problem. The method may be generalized for
the vector problem, as well as for the problem of diffraction on the body with
variable ¢ = (7).

This subsection has only a methodical value. It illustrates the possibility
to use the spectral methods for solving the diffraction problems in the open
domains, which was noted in Section 4.2. In this case one of the variants of the
method may be used, in which the frequency k in the auxiliary problem is the
same as in the diffraction one, but one of other physical parameters is chosen
as the spectral one.

Of course, if the solution can be obtained by the variable separation method
(as in the problems of this subsection), then the spectral method does not sim-
plify the solving procedure. However, in more complicated diffraction prob-
lems, use of the spectral method (and, in particular, the variational technique
for the eigenvalues finding) may turn out to be expedient.
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in-quadrature 44, 95, 132
induction

electric 4

magnetic 4
integral

Cauchy 21

Fresnel 275
interference 315

)
Jacobian 199, 227

)
law
energy conservation 37, 313
refraction 62, 68, 238
lens 207
line
co-axial 84
confocal 209
helix 184
lens 207
microstrip 187
two-conductor 84, 85, 187
lobe
main 230
side 231
localization
singularity points, of 258
losses
diffraction 196
period-average 18
thermal (joule) 18
m
metamaterial 66
method

asymptotic summation 264
auxiliary sources, of 308
complex variable 103
conformal mapping 248, 302
cross-section 108, 165
eigenfrequencies, of 150
eigenimpedances, of 150
factorization 126,274
Fourier 61
generalized
eigenoscillations, of 150
Green function 97,121, 228
physical optics 304
Ritz 137
spectral 39, 309, 316
stationary phase 162, 225, 234, 241, 313
variable separation 187, 263, 270, 272,
281, 319
Wiener-Hopf 126

mode
associated 96
cable 83
damping 106
dipole 153,155, 161
electric 74
hybrid 91, 153
longitudinal 80
magnetic 74
main 79
TE 74,153
TEM 83
™™ 74,153,158, 171
transverse 80
traveling 106
multipole
electric 215
elementary 278
magnetic 219

n
norm 267

o
optical distance 99
optical length 238

optical thickness 57, 59
optics

geometric 236

ray 306
orthogonality 38
P
particle concentration 8
pattern

directivity 215

radiation 230, 240

scattering 312
permeability 6
permittivity 6

complex 12
phase accumulation 113
phase corrector 207
point

branching 159

integration 215

observation 215

singularity 258, 309

stationary phase 162
polarization 15, 262

circular 46

electric 29, 269, 271, 273, 300, 319

elliptic 43

linear 45

magnetic 29, 270, 271, 298, 319
pole 265

Index
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Index

polynomial
Legendre 278
potential 15,261
Debye 309
electric 277
magnetic 277
Hertz
magnetic 244
principal value 21
principle
causality 20
duality 294
Fermat 69, 170, 238, 306
limiting absorption 13
reciprocity 125, 247
problem
Cauchy 112
electrodynamic 289
electrostatic 285, 289, 301
ill-posed 257
inverse 253
magnetostatic 285
two-point 112
propagation constant 71
pseudo-solution 202

q
Q-factor 145,249
quadrupole 214, 279

r
ray 206, 306
ray fan 307

ray tube 236
Rayleigh hypothesis 311
rectenna 189
reflection
complete internal 63
refraction 168
residue 265, 286
resistance
entrance 222
radiation 214
wave 43,53, 84
resonance 150
resonator 38, 129
closed 129
high-quality 251
open 39

s
scattering matrix 112
separation constant 61, 78
series

Fourier 262

Rayleigh 262,263, 284, 298

Taylor 226

Watson 264, 285
skin layer 24,26
slot

adjusted 245

narrow long 243

nonresonant 245

tuned-up 246
solution

nontrivial 74

super-directive 232
Sommerfeld contour 259
spectral parameter 316
spectrum

continuous 107

discrete 107, 129

sphere
large 285
small 284

static infinity 289, 300
stationarity 136

t
tensor 289
the second order, of 246
theorem
Cauchy 264
existence 38
Gauss 76
optical 312
residue 106, 159
Stokes 22,76,175,244
uniqueness 38
theory
aperture antennas, of 228
array 298
beam 231
diffraction
geometrical 307
physical 304
entire functions, of 259
geometro-optical 170
diffraction,of 306
lens 168,207
local nonregularities, of 117
thin vibrator, of 245
wave 208
transparency 246
tunneling 64
turning
left 45,48
right 45,47

u
under-barrier transmission 64



v
vector
Hertz 101
electric 15, 77,215
magnetic 77
Poynting 18
velocity
group 50
phase 42
vibrator
adjusted 245
half-wave 219
tuned-up 223

w
wave
back 42,311
Brillouin 80
circularly polarized 44, 45, 249
degenerated 43
direct 42,311
elliptically polarized 44, 249
hybrid 186
leaky 161

linearly polarized 43, 262
nonhomogeneous 63
partial 58
quasi-plane 315
slow 166, 181
transversal 64
wave number 1,42,71,208
waveguide
dielectric 151
arbitrary cross-section,of 154
circular homogeneous 151
elliptic 82
homogeneous 72
reference 108, 163
regular 72
wavelength 1
Wronskian 272

z

zone
far field 236
Fresnel 235
near field 234

Index
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